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Foundations of AFEM 1

For a closed subspace V C H(Q) we assume
a(,-): VxV-=R

to be a bounded, V-elliptic bilinear form, i.e.,
a(v,w)| < Cv]kalwlka, v.weV. av,v)2q|v[a vEV,
for some constants C > 0 and v > 0. We further assume £ € V* where V* denotes

the algebraic and topological dual of V and consider the variational equation:
Find u € V such that

a(u,v)=£L(v) , veV.

It is well-known by the Lax-Milgram Lemma that under the above assumptions
the variational problem admits a unique solution.




Department of Mathematics, University of Houston
Institut fiir Mathematik, Universitit Augsburg

Foundations of AFEM 11

Finite element approximations are based on the Ritz-Galerkin approach: Given
a finite dimensional subspace V), C V of test/trial functions, find u, € V}, such that

a(uy, vp) = £(vp), Vvh€ Vi
Since V), C V, the existence and uniqueness of a discrete solution uy, € V), follows
readily from the Lax-Milgram Lemma. Moreover, we deduce that the error
ey, .= U — uy, satisfies the Galerkin orthogonality

a(u—up,vy) = 0, vy € Vy,
i.e., the approximate solution u;, € Vj, is the projection of the solution u €V
onto Vy, with respect to the inner product a(-,-) on V (elliptic projection). Using
the Galerkin orthogonality, it is easy to derive the a priori error estimate

Hu—uhHm S M inf Hu—vhHm,
VhEVh

where M := C/~. This result tells us that the error is of the same order as the
best approximation of the solution u € V by functions from the finite dimen-
sional subspace V). It is known as Céa’s Lemma.
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Foundations of AFEM III

The Ritz-Galerkin method also gives rise to an a posteriori error estimate in terms
of the residual r: V— R

r(v) = £v) — a(u,v), veV.
In fact, it follows that for any v € V
Yo - g <afu—upu—uy) =ru—u) <[r]-10 Ju-uie

whence
v)|

Jlu—upf10 < = Su%Hva
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Foundations of AFEM IV

Definition. An error estimator 7, is called reliable, if it provides an upper bound

for the error up to data oscillations oscflel, i.e., if there exists a constant C,, > 0,

independent of the mesh size h of the underlying triangulation, such that

rel

leula < Cramy + o0scy”

On the other hand, an estimator 7, is said to be efficient, if up to data oscilla-

tions oscﬁff it gives rise to a lower bound for the error, i.e., if there exists a constant

Cet > 0, independent of the mesh size h of the underlying triangulation, such that

M < Cett [€ulla + OSC}elﬂ"

Finally, an estimator 1, is called asymptotically exact, if it is both reliable and effi-
cient with C,q = C;ﬂ%.
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Reliability and Efficiency of Error Estimators II

Remark. The notion ’reliability’ is motivated by the use of the error estimator in
error control. Given a tolerance tol, an idealized termination criterion would be

eu]la < tol.
Since the error |je,||, is unknown, we replace it with the upper bound, i.e.,
Crel my, + oscfle1 < tol.

We note that the termination criterion both requires the knowledge of C,. and

the incorporation of the data oscillation term oscflel. In the special case C,q =1

and osci® = 0, it reduces to

n, < tol.
An alternative, but less used termination criterion is based on the lower bound,
i.e., we require 1
(nh — oscflﬁ> < tol
Ceff

Typically, this criterion leads to less refinement and thus requires less computa-
tional time which motivates to call the estimator efficient.
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The Role of the Residual

The error estimate 1 r(v)]
[lu—w10 < = sup——

shows that in order to assess the error |le,||, we are supposed to evaluate the norm
of the residual with respect to the dual space V7, i.e.,
r(v)|
ey = sp EI
veV\{0} HVHa
In particular, we have the equality
Irllve = leulla
whereas for the relative error of r(v),v € V, as an approximation of |je,||, we obtain

llealla —r(v) 1 -
el =5 N H H v € V with ||v|,=1.

The goal is to obtain lower and upper bounds for |[r||y+ at relatively low compu-
tational expense.
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Model problem: Let {2 be a bounded simply-connected polygonal domain in Eucli-

dean space R? with boundary I' =T'p UT'y , I'p NI’y =0 and consider the ellip-
tic boundary value problem
Lu=-V-(@aVu=f inQ,
u=0 onI'p, n-aVu=g only,

where f € L*(Q0) , g € L*Ty) and a = (a;){,_, is supposed to be a matrix-valued func-

tion with entries a;; € L*(€2), that is symmetric and uniformly positive definite. The
vector n denotes the exterior unit normal vector on I'y. Setting
Horp(@) = {veH(Q) | vr,=0}
the weak formulation is as follows: Find u € H(%’FD(Q) such that
a<u7 V> - e<V) , VE H(l).FD<Q>7
where |
a(v,w) = / aVv-Vwdx, £(v) ::/ fvdx + / gvdo |, VEH(I)’FD(Q).
Q 0 Tn
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FE Approximation: Given a geometrically conforming simplicial triangulation 7, of
(), we denote by

Sir (2 Th) = {w eH}LFD(Q) | vy [r€ PuK), TET, }

the trial space of continuous, piecewise linear finite elements with respect to 7.
Note that Py(T) , k > 0, denotes the linear space of polynomials of degree <k on T.

In the sequel we will refer to V(D) and &,(D) , D C Q as the sets of vertices and
edges of 7, on D. We further denote by |T| the area, by ht the diameter of an
element T € 7y, and by hg = |E| the length of an edge E € £,(Q2UT'y). We

refer to fr .= |T|™! [, fdx the integral mean of f with respect to an element T € 7,
and to gg := [E["' [; gds the mean of g with respect to the edge E € &,(I'x).

The conforming P1 approximation reads as follows: Find uy, € Sy, (£%;7;,) such that

a(un,vi) = £(vn), Vh € Siry(S4Th).
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Representation of the Residual I
The residual r is given by
r(v) = /fvdx + /gvds — a(u,v) , veV.
Q Ty

Applying Green’s formula elementwise yields

a(uy, v Z/ Vu, - Vv dx = Z /n a Vuy| v ds+ z /n-aVuhvds,

TE']il T EEgh EEgh(FN) E

where [n-a Vuy| denotes the jump of the normal derivative of uy, across E € &,({2)
and where we have used that Au, =0 on T € 7y, since uy|r € P1(T). We thus obtain

= Y mlv) + Y rg(v),

TeT, Ec&,(QUT'y)
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Representation of the Residual I1
Here, the local residuals ry(v), T € 7y, are given by

ro(v) = / (f - Luy)v dx,

T
whereas for rg(v) we have

rg(v) = —/[n -a Vuylv ds, E € §(9Q),

rg(v) = / (g -n-a Vuh>v ds, E € &(I'n).

E
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A Posteriori Error Estimator and Data Oscillations

The error estimator 7, consists of element residuals 7y, T € 7;,, and edge resi-
duals g, E € Ey(Q UTy), according to

M :=(Zn%+ ) n%),

. TeT, Ecép(QUl'y)
where nr and 7y are given by

nr = by ||[fr — Luy|or , T € Ty,
oo | ea Valos E€&(©)
hy*l|lge —n-a Vuy[og , B € &(TN)
The a posteriori error analysis further invokes the data 0301l}at10ns

2
0sCp = (ZOSCT Z 0SCh(g ) ,

TE’]il EEgh FN
where oscr(f) and oscg(g) are given by

oscr(f) =hr [[f — fror, oscr(g) =hy” g - gxlor.
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Clément’s Quasi-Interpolation Operator I

For p € Vy(Q2) UNy(I'x) we denote by ¢, the basis function in Sy r,(€2; 7;,) with suppor-
ting point p, and we refer to D, as the set

D, = |J{Teh | peM(T) }.
We refer to 7, as the L*-projection onto P;(D,), i.e.,
<7TP<V>7W>0,Dp = <V7W>07Dp ) LAS P1<DP>7

where (-,-)op, stands for the L*-inner product on L*(D;) x L*(Dy). Then,
Clément’s interpolation operator P is defined as follows

Pc : LQ) — Sirp(@T), Povi= ) (V) ¢p.
PEM(Q)UN,(T'N)
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Clément’s Quasi-Interpolation Operator 11

Theorem. Let v € H(I)ID(Q). Then, for Clément’s interpolation operator there holds
IPc vlor < Clvlypm: IPevios < Clivlypm,  [VPevor < ClIVV], o,
[v = Pcvlor < Chy v w. [[v = Pev|op < Chg* V] o
il —E

Further, we have

1/2
(Z me&”) <C|vllpo 0<p<l,
TeT, ’

1/2
> M) < CVlpa 0<p<l,
Eeéy(Q)uéy(Ty) o

where DV := | {T' € Tp, | Na(T)NNG(T) # 0},Dy =U{T €T | MaENNG(T) # 0}
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Element and Edge Bubble Functions I

The element bubble function vy is defined by means of the barycentric coordi-
nates }\iT, 1 <i<3, according to
Yo = 2T AL Ay As.

Note that supp ¢ = Tiy, i.e., ¥ [pr=0, T € 7;. On the other hand, for E € &,(Q)U
&('n) and T € 7y, such that E C 0T and pi’ € V,(E) , 1 <i< 2, we introduce
the edge-bubble functions 1y

g = 4 A Ay

Note that vy |p=0 for E' € &,(T),E' # E.
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Element

and Edge Bubble Functions 11

The bubble functions 1 and ¥y have the following important properties that can
be easily verified taking advantage of the affine equivalence of the finite elements:

Lemma. There holds

Ipuly < C / b2 o dx, pycPy(T)

T

Ioulldp < C / b ¥y do. pn € Pi(E),

‘ Ph P
th wT\
th wE‘

E
17 <C hEl Ipnljor,  pn € Py(T),
o1 < C |lpnljor, pn € P1(T),

o < C llpuloe , pnePi(E).
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Element and Edge Bubble Functions II1

For functions py, € P1(E) , E € &,(9) U&,(T'x) we further need an extension p’ € L(T)
where T € 7, such that E C 0T. For this purpose we fix some E' C 0T , E' # E, and
for x € T denote by xg that point on E such that (x — xg) || E'. For p, € P1(E) we
then set

PE = ph<XE>-

Further, for E € &,(Q) U&,(I'n) we define Dg ' as the union of elements T € 7, con-
taining E as a common edge

Dy = (J{TeTh | Be&(T) ).
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Element and Edge Bubble Functions IV

Lemma. There holds
P3|, o < Chg” [pafloe, P € Py(E)
[P el < Chg” [puloe.  pu € PA(E)

Further, for all ve 'V and p=0,1 there holds

1- -
DU s HVHZ,D9>1/2 <C (Y b # v pV2
Eeéy (@)U, (Ty) TET,
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Step MARK of the Adaptive Cycle: Bulk Criterion

Given a universal constant 0 < ® < 1, specify a set My of elements and a set
Mg of edges such that (bulk criterion, Dérfler marking)

(ZUT+ Z’?E)< Z”’?T+ Z’?E

TeTy(Q Ecéy(Q TeMr EcMg

Step REFINE of the Adaptive Cycle: Refinement Rules

o Any T € M, E € My is refined by bisection.

e Further bisection is used to create a geometrically conforming triangula-
tion 7,(€2).
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Elliptic Optimal Control Problems: Unconstrained Case

Let €2 be a bounded polygonal domain with boundary I' = 0€). Given a desired state
yd € L3(Q), f € L’Q), and o > 0, find (y,u) € H}(Q) x L*(Q) such that

inf J(y,u) = /]y ya? dx + — /u2 dx,
y,u) J

subject to — Ay =u in {2,
y=0 onl.
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Reduced Optimality Conditions in y and p

Substituting u in the state equation by p = au, we arrive at the following system
of two variational equations:

aly,v)—a '(p,v)oe = &4(v), veV:=HyQ),
a(p,w) + <Y7W>0¢Q — £2<W>; W€ V7

where the functionals £, : V — IR, 1 <v <2, are given by

GL(v) =0, veV, Lyw) =y, wlq weV.
The operator-theoretic formulation reads
L(Y? p> - <£17£2>T7

where the operator £:V xV — V*x V* is defined according to
<£<Y7 p>><vv W> = a(Y? V> o O(_1<p, V)O,Q + a(pa W> + <Y7 W)(LQ-
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Operator Theoretic Formulation of the Optimality System I

Theorem. The operator L is a continuous, bijective linear operator. Hence, for
any (£1,£3) € V' x V* the system admits a unique solution (y,p) € V x V. The
solution depends continuously on the data according to

|y, p)[[vev < C |[(£41,£5)

V*xV*.

Proof. The linearity and continuity are straightforward. For the proof of the
inf-sup condition, we choose v=ay —p and w =p +y. It follows that

(L(y,p))(ay —p.y+p) =0 aly,y) +ap,p)+ (y,y)oo + " (P, Plog,

which allows to conclude.
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Operator Theoretic Formulation of the Optimality System II

Corollary. Let (yy, pn) € VixVy, Vi C V, be an approximate solution of (y, p) € VxV.
Then, there holds

I(y = ¥u, P — p)|[vxv < C ||(Resy, Resy)|lvxv,

where the residuals Res; € V*, Resy € V* are given by

Res;(v) = £(v)—alyy,v)+a ' (py, V)on, VEV,
Resy(w) = Lo(w) —a(pp, W) — (Yn, W)oo, W€ W.

Proof. The assertion is an immediate consequence of the previous theorem.
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Using Galerkin orthogonality and Clément’s quasi-interpolation operator P,
for the first residual Res; we find

Res;(v)= ), (f,v—Pcvjor— ) (a(uh, v—Pev)+a(py,v- P0V>0’T>.
TeT, () TeT, ()

By an elementwise application of Green’s formula and the local approxima-
tion properties of P it follows that

V*§C< Z Ma + Z 77]%371>1/27

TeT, () Ec&, ()

|Res;

The local residuals are given by
nr1 = hr |Ayn + unor,
1/2
me1 = by - [Vyios.
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Likewise, for the second residual Res; we obtain

V*SC( Z Mo+ Z ”7}%,2)1/2;

TeT, () Ec&, ()

|Ress

where the local residuals are given by

nra = hy [y*+ Apn — yulor, T € Tu(Q),
ne2 = by’ |In- [Vpullog. E € &(Q).
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Reliability of the Residual-Type A Posteriori Error Estimator

Theorem. Let (y,p) € V x V and (yp, pn) € Vi, X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there holds

(¥ = ¥1, P — Pu)|lvxv < Cp,

where the estimator 7, is given by

1/2
o= T (nh,+n%,) (1 +155)"2

+ X
TETh(Q> E€5h<9)
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Efficiency of the Residual-Type A Posteriori Error Estimator I

Lemma. Let (y,p) € V x V and (yy, pn) € Vi X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,(€2)} such that for T € 7;,(2)

77f2r,1 < c (‘Y—Yh‘iTth?r HU—UhHg,T>-

Proof. Setting z;, := up|r1)p and observing that Ayy|r = 0, Green’s formula
and the fact that z; is an admissible test function imply

p1 =ht [lunlfp <c hd o (un+ Ay, zn)or = ¢ hf (- alyn,zn) + (U, zn)or
+(11h — U, Zh)o,T) =C hrzr (a(y — Yh, Zh> + (Uh — U, Zh)o,T)
< ¢ b} |y — ynlurlznlir + hi Ju—wwllor ||zn]or).
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Proof cont’d. By the property of the element bubble function
| pu g [1r< e by [pulor . pn € Py(T),

and Young’s inequality we obtain

1
ha [[u 5 < elly = yufir + hallu—wllor) + 5 b ooy

which gives the assertion.
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Efficiency of the Residual-Type A Posteriori Error Estimator I1

Lemma. Let (y,p) € V x V and (yy, pn) € Vi X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,(€2)} such that for T € 7,(2)

My < ¢ (lp—pufip+hy [y —yulor +oscy)

where
osct := ht Hyd — yﬂHQT, T € Tu().

Proof. The assertion can be proved along the same lines as in the previous lemma.
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Efficiency of the Residual-Type A Posteriori Error Estimator III

Lemma. Let (y,p) € V x V and (yu, pn) € Vi X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,,({2)} such that for E € &,(Q2)

2
771%3,1 < C(‘Y—Yhﬁ,wE+h% llu—Uh\|3,wE+V§1?7¢2r%1) :

Proof. We set (g := (ng - [Vyn)|g and z, := (gtpg. Then, applying Green’s formula
and observing that z, is an admissible test function, we find

2 2 _ 2
g1 = hallne - [Vynllog < ¢ by (ng - [Vyn) Gedbplop = ¢ by X (mar, - [Vyn),zn)osr,
= ¢ hg (a(yn —y,zn) + (0 — up, ZnJowg + (f + un, Zn)owy)

1/2 2
< c by ve - [Vyalloe(ly ~ yulwp(he [u—wow, + (£ iy, 1))

which allows to conclude.
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Efficiency of the Residual-Type A Posteriori Error Estimator IV

Lemma. Let (y,p) € V x V and (yy, pn) € Vi, x V}, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,(€2)} such that for E € &,({2)

2
Mz < cllp = Poliwy +he [V~ ulowy + = 7ry2)

Proof. The proof is similar to the one in the previous lemma.
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Efficiency of the Residual-Type A Posteriori Error Estimator V

Theorem. Let (y,p) € V x V and (yy, pn) € Vi x Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exist positive
constants C and c depending only on {2 and the shape regularity of the triangu-
lations such that

|y = ¥0. = Pu)lyy + [[u = wflg 0 > C 7 — ¢ osc.

where

0SCi == Z 0SCH.

TeTy(2)

Proof. Combining the results of the previous four lemmas gives the assertion.
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Model Problem (Distributed Elliptic Control Problem with Control Constraints)

Given a bounded domain © C IR* with polygonal boundary I' = 99, functions
y4,1p € L?(Q), and a > 0, consider the distributed optimal control problem
I

L 1 o
Minimize J(y,u) = §Hy—y (21,9 -+ 2 Hqug,

over (y,u) € Hy(Q) x L*(Q)
subject to —-Ay = u,
ucK = {veL}Q)|v<ae inQ).
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Optimality Conditions for the Distributed Control Problem

There exists an adjoint state p € Hj(Q2) and an adjoint control A € L*(Q) such that
the quadruple (y,p,u, \) satisfies

aly,v) = (uvv>0_ﬂ , V& H(1)<Q) ;
alp.y) = — (y—y'vyq . veHS),
p =au+l),
A€ (91}((11) .

In particular, the following complementarity conditions hold true:

AeL2(Q), Y-u>0, (A\PY—u)g=0.
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Finite Element Approximation of the Distributed Control Problem

Let Ti1(€2) be a shape regular, simplicial triangulation of Q2 and let

Vg = { VH € C(Q) ‘ VH‘T € P1<T> . T e TH<Q> , VH‘aQ =0 }
be the FE space of continuous, piecewise linear finite elements.
Consider the following FE Approximation of the distributed control problem

Minimize  J(yp,up) = % Hyh—degTQ + % HuhHEQ :
over (Y, up) € Vi X Vi |
subject to  a(yn,vn) = (un,Vn)o) . vu € Vi,

up € Ky o= {vp € Vi | vy <t ae. in Q} .
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Optimality Conditions for the FE Discretized Control Problem

There exists an adjoint state p, € Vy, and an adjoint control A, € Vy, such that
the quadraduple (yy, pn, up, Ay) satisfies

alyn,va) = (W, V) » Vu€ Vn,

a<phavh> - = <yh - yd,Vh>0’Q , VhE& Vh 3
pn = oau, + )\h) :
A, € 8IKh(uh) :

The following complementarity conditions hold true:

>\h 2 07 ¢ — Up Z 07 (Aha w - uh)O,Q = 0.
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The A Posteriori Error Estimator
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Element and Edge Residuals for the State and the Adjoint State

(i) Element and edge residuals for the state y

- (X nyT+ > nyE)

TeT,(Q Ee&, (2

nyr = hrlullr  TE€R(Q) . nyp = hy |ve [Vyullog . B € &(Q)
N ——

element residuals edge re51duals

(ii) Element and edge residuals for the adjoint state p

( Z in+ Z 77pE>

TeT,(Q Ec&,(Q

’71(01% =ho |y = wfox . mpp = h g [Vph]HOE, E € &(Q)

-~
element residuals edge re51duals
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Reliability of the Error Estimator
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Reliability of the A Posteriori Error Estimator

Theorem Let (y,p,u,A) be the solution of the distributed control problem and
(Yh, Ph, Un, An) be the finite element approximation with respect to the triangu-

lation 7,(€2). Further, let n be the residual type error estimator.

Then, there exists a positive constant C, depending only on « , {2 and on the

shape regularity of the triangulation 7,(€2) such that

y-wilio + P-pufio + Ju-wmllgg + [A=foe < Cn’.
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Important Tool in the Error Analysis: Intermediate State and Adjoint State

Given a discrete control uy, € Vy, the intermediate state y(u,) € H}(€2) and the intermediate
adjoint state p(uy) € H{(Q) are the unique solutions of the variational equations

aly(u).v) = (wv)yq . veHYQ).
a(p(up),v) = — (y(uy) —ydaV%,Q . vEH(Q).
Lemma. Let y(uy) and p(uy) be the intermediate state and adjoint state. Then, we have
(p—plu) u—woo = — [y —ylwfoe < 0.
Proof: Obviously, there holds
aly-y(u),vi) = (u—up,vijoo , a(p-plu),ve) = (y(un)=y,vaoo , vi,v2 € Hy(2).

The assertion follows readily by choosing v; == p — p(uy) and vy .=y — y(uy).
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Proof. Since u=a !(p—A), u, = a !(py — An), we have

alu—uy 39 = (Ah— A u—uy)oo+ (P — Pn,u— Up)oo.

Using the complementarity conditions for A and \;, we find

(A=A u—upoo = (An,u—Plog+(on Y —unlog

0
- (A u-9log -\ ¥ - uog < 0.

~~

=0 >0

Moreover, for the remaining term there holds

(P—Pnu—unoe < (p—plun),u—unjog + (P(un) — pn,u—unjog .

<0
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Numerical Example: Distributed Control Problem with Control Constraints

. . . 1 a
Minimize J(y,u) = 2 Hy—def,ﬂ + 9 Hu—udHaQ v
over (y,u) € H(1)<Q> X L2<Q> )
subject to —-Ay =f + u,

ucK = {vel*Q)|v<iae inQ}.

Data:

yd = sin(2mwx) sin(27x,) exp(2x1)/6

a =00 , wt=0, v =0, f:=0
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Numerical Results: Distributed Control Problem with Control Constraints [

I-J-.r

Optimal state (left) and optimal adjoint state (right)
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Numerical Results: Distributed Control Problem with Control Constraints [

i-l HL

Optimal control (left) and optimal adjoint control (right)
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Numerical Results: Adaptive FEM for a Distributed Control Problem

Initial triangulation and triangulation after 6 refinement steps ( © = 0.6)
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Numerical Results: Distributed Control Problem with Control Constraints I

Total error, errors in the state, adjoint state, control, adjoint control (® = 0.7)

Ndof

|1z — x|

’}’—YHH

’P—PH|1

| u — ugllo

|A = Aallo

OO J O O i W N - O —

5

13

41
126
374
968
2553
5396
12318

3.24e-01
2.27e-01
1.24e-01
6.19e-02
3.57e-02
2.50e-02
1.77e-02
1.24e-02
8.60e-03

3.63e-02
1.95e-02
1.35e-02
6.85e-03
3.93e-03
2.63e-03
1.91e-03
1.30e-03
9.21e-04

3.28e-02
1.48e-02
1.36e-02
7.86e-03
4.41e-03
2.75e-03
2.32e-03
1.66e-03
1.16e-03

2.52e-01
1.91e-01
9.59e-02
4.68e-02
2.65e-02
1.88e-02
1.33e-02
9.33e-03
6.45e-03

2.80e-03
2.11e-03
1.06e-03
5.09e-04
3.67e-04
2.50e-04
1.56e-04
1.16e-04
7.48e-05
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Numerical Results: Distributed Control Problem with Control Constraints I

Components of the error estimator and data oscillations (© = 0.7)

Ndof

My

)

osch(yd)

W J O O W N O —

5

13

41
126
374
968
2553
5396
12318

2.57e-01
1.04e-01
7.95e-02
5.16e-02
3.15e-02
2.13e-02
1.56e-02
1.06e-02
7.56e-03

4.16e-01
2.04e-01
1.09e-01
6.49e-02
4,10e-02
2.79e-02
1.92e-02
1.33e-02
9.45e-03

2.83e-01
1.12e-01
2.58e-02
7.12e-03
2.77e-03
1.22e-03
4.58e-04
1.87e-04
8.48e-05
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Numerical Results: Distributed Control Problem with Control Constraints I1

. . . 1 a
Minimize J(y,u) = 5 Hy—YdH(zm t 2 Hu—ung,Q
over (v, u) € Hy(2) x L*(Q)

subject to — Ay =f + u inQ,
ucK = {vel*Q)|v<ae in Q)

Data: Q:=01?%, y9 =0, v =0+ale+A%),
(Xl — 05)8 , <X1,X2) €y,
= = ]_ f =
v (x; —0.5) , otherwise 01, 0
A lp ) (Xl,X2> € Ql U Qg, 5 — 2.25 (Xl — 075> . 10_4 , (Xl,X2> - Qg,
"~ | -1.01% , otherwise ’ - 0 , otherwise

0 = {(X17X2> e ‘ <(X1 — 05)2 + <X2 — 0.5)2>1/2 < 015} .y = {(Xl,X2> Y ’ Xq > 075} .
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Numerical Results: Distributed Control Problem with Control Constraints 11

T W0

ERE ]

L B

I-I.H-F

-4

Optimal state (left) and optimal adjoint state (right)
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Numerical Results: Distributed Control Problem with Control Constraints Il

nu SRl

.16 4. bl
1082 4. He-E
2 -5

| s - LI

-0 150

I B -

4, He-lE

I -1l8e-1

Optimal control (left) and optimal adjoint control (right)
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Numerical Results: Distributed Control Problem with Control Constraints I1

Grid after 6 (left) and 8 (right) refinement steps ( © = 0.6)
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Numerical Results: Distributed Control Problem with Control Constraints 11

Total error, errors in the state, adjoint state, control, adjoint control (© = 0.6)

Ndof

|1z — x|

’}’—YHH

’P—PH|1

| u — ugllo

|A = Aallo

OO J O O i W N - O —

5
13
41

102

291

873
2325
5813
14513

8.50e-02
5.35e-02
3.12e-02
2.09e-02
1.39e-02
9.14e-03
6.08e-03
4.04e-03
2.53e-03

9.31e-03
6.87e-03
3.84e-03
2.39¢e-03
1.58e-03
9.71e-04
6.14e-04
3.97e-04
2.60e-04

1.87e-04
1.05e-04
6.04e-05
4.11e-05
2.94e-05
1.93e-05
1.21e-05
7.56e-06
5.19e-06

7.95e-02
4.66e-02
2.73e-02
1.84e-02
1.23e-02
8.15e-03
5.46e-03
3.63e-03
2.26e-03

1.31e-05
8.86e-06
4.62e-06
2.28e-06
1.38e-06
8.35e-07
5.52e-07
3.68e-07
2.32e-07
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Numerical Results: Distributed Control Problem with Control Constraints II

O

® @i =(0.6
107° 4 + uniform

105 4
1054

1078 4

108 104 10°  Npor

Decrease in the quantity of interest versus total number of DOF's
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Goal-Oriented Dual Weighted Approach
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Goal-Oriented Dual Weighted Approach I

The goal oriented dual weighted approach allows to control the error e, :=u — uy
with respect to a rather general error functional or output functional

J: VCHY(Q) —R.
The goal oriented dual weighted approach strongly uses the solution z € V of the
associated dual problem alvz) = Jv) . vev

and its finite element approximation z, € Vy, i.e.,

a(vh,zh) = J(Vh), vy € Vi

Using Galerkin orthogonality, we readily deduce that

J(ey) = aley,z) = aleg,z—vy) = r(z—vy), Vy€ Vy,
where r(-) stands for the residual with respect to the computed finite element
approximation uy,.
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Goal-Oriented Dual Weighted Approach II
Theorem. Let uy € Vi, := S 1(€2; 7,(€2)) be the conforming P1 approximation of

the solution u € H}(2) of Poisson’s equation with f € L*(Q) and homogeneous
Dirichlet boundary data. Then, the following error representation holds true

Jew = Y (2= vilor + (2= Wilor), Vi€ Vi,
TeTy ()
where the element residuals ry and the edges residuals ryr are given by

1

. _Jsve-[Vu,E€&(0TNQ)

rT T f7 T € ﬁl(ﬂ>7 raT‘E T { 0 7 E c 8}1(8’1‘ ﬂ F)
Moreover, we have the error estimate

Jie] < mw = ) wrpr,
TeT, ()
where for vy, € Vy, the element residuals pr and the weights wr read
1/2 1/2
pri= (Irxl3e + hg' Ironln) o wr = (Jlz=vilir + hr 2= vl
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(Goal-Oriented Dual Weighted Approach III

We remark that the previous result is not really a posteriori, since the solu-
tion z € V of the dual solution is not known. Therefore, information about
the weights wr, T € 7;,(12) has to be provided either by means of an a priori
analysis or by the numerical solution of the dual problem.

Theorem. Under the assumptions of the previous theorem let the error func-
tional be given by

(VV, Veu)gjg

J =
¥ = T ¥edn

vev.

Then, there holds

[Veuoa <C (Y hT i)
TETh
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Proof. The dual solution z € V satisfies
<VV7 veu>0,Q

[Veuloa

a(v,z) = vev,

from which we readily deduce the a priori bound
HVZHO,Q S 1.
In view of the basic error estimate it follows that

e = Weden < ( ¥ 13 #) x b )

TeT,(Q TeT, (2
Choosing vy, = Pcz, where P is Clement’s qua31-1nterpolat10n operator, we find
1/2
uf (Y (g fa- vl + b 2 villn) - <C [Valon
VhEVH TeT (@)
Using the last inequality in the previous one and observing the error represen-
tation gives the assertion.
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Goal-Oriented Dual Weighted Approach IV

Theorem. Consider the conforming P1 approximation of Poisson’s equation
under homogeneous Dirichlet boundary conditions and assume that the solution

u e V:=Hj(Q) is 2-regular. Using the the error functional

<V7 eu)O,Q

J(v) = :
Y= Jedlon

vev,

gives rise to the a posteriori error estimate

lewlon <C (Y bk pd)

TeTn ()

1/2
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Goal-Oriented Dual Weighted Approach V

Finally, we apply the goal-oriented dual weighted approach to the pointwise
estimation of the error at some point a € {). Given some tolerance ¢ > 0,

ider the ball
we consider the ba K(a) = {xeQ|[x—a|<e}
around the point a and define the regularized error functional

J(v) = |Kela)|™ / v dx.

Kel(a)
The dual solution z of a(v,z) = J(v) behaves like a regularized Green’s function

2(x) ~ log(r(x)), r(x) = /|x—af2+e2
With the residual p; we obtain

h3
(u—uy)(a)] ~ Z r—g pr, T'T = MaXyer I(X).
TR (Q)




Department of Mathematics, University of Houston
Institut fiir Mathematik, Universitit Augsburg

Goal-Oriented Dual Weighted Approach for
State Constrained Elliptic Optimal Control Problems
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State Constrained Elliptic Control Problems
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Model Problem (Distributed Elliptic Control Problem with State Constraints)
Let Q C IR’ be a bounded domain with boundary ' =Tp UI'y , I'pNTn =0,
and let A:V—H(Q), V:={veH(Q) | v|[p =0}, be the linear second order

elliptic differential operator Ay .= —Ay+cy , ¢ > 0, with ¢ > 0 or meas(I'p) > 0.
Assume that ) is such that for each v € L*(2) the solution y of Ay = u satis-

fies y € WH(Q)N'V for some r > 2. Moreover, let ud,y? € L*(2), and ¥ € W'*(9Q)
such that MI‘D > (0 be given functions and let o > 0 be a regularization parameter.

Consider the state constrained distributed elliptic control problem
C 1 o
Minimize  J(y.u) = [y~ y'2g + 5 lu-u'fiq
subject to Ay = uinf) , y =0onlp , v-Vy = 0onIy,
IycK = {veCQ)|v(x)<9(x), xeN}.
where I stands for the embedding operator W'*(Q) — C(Q).
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The Reduced Optimal Control Problem

We introduce the control-to-state map
G:L*Q)—C(Q) , y=Gu solves Ay+cy=u.

We assume that the following Slater condition is satisfied
(S) There exists vy € L*(Q) such that Gv € int(K) .

Substituting y = Gu allows to consider the reduced control problem

| 1 o
i Jreaw) = |Gu-y'lsq + 5 [u-v5q .

ucU,y
U = (vel*Q) | (Gv)(x) <9(x), x€Q} .

Theorem (Existence and uniqueness). The state constrained optimal
control problem admits a unique solution y € W'*(Q) N K.
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Optimality Conditions for the State Constrained Optimal Control Problem

Theorem. There exists an adjoint state p € V*:={v € W'5(Q) | vr, =0}, where 1/r+1/s =1,
and a multiplier o € M. (Q) such that

(Vy, Vv)pa+(cy, Voo = (0,v),0 ., veV®,
(Vp,Vwoa +(cp,wloa = (y -y w)yq +{o.w) , weV",
ptau-ul) =0,

<07y_¢> =0.
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Proof. The reduced problem can be written in unconstrained form as

it J(v) = Jrea(v) + (Ix o G)(u)
vel2(Q)

where Ik stands for the indicator function of the constraint set K. The Slater condition and
and subdifferential calculus tell us

3<IK 0 G) (u) = G"o0Ik(Gu) .
The optimality condition then reads
0€du) = J 4u) + G odlk(Gu).
Hence, there exists o € dlx(Gu) such that
(\G*(Gu ;yd +0)+afu- ud),v>0‘Q =0 , vel¥Q).

::p

Since o € M(Q), PDE regularity theory implies p € W5(Q),1/s+1/r =1,
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Finite Element Approximation

Let 7y(Q) be a simplicial triangulation of {2 and let
V£ ={vE€ C(ﬁ) | V@‘T cePy(T), Te %(Q) : Vﬁ’I‘D =0}
be the FE space of continuous, piecewise linear functions.

Let u% € Vy be some approximation of ud, and let 1 ¢ be the V-interpoland of 9.

Consider the following FE Approximation of the state constrained control problem

Minimize Jp(yp,up) = ; Hyg—degﬂ - (; HuE—u%Hgﬂ ,

over (g up) €Vpx Vy,

subject to  (Vyy, Vvy)i+(cypveon = (upvgoq » vo € Vy.
ye€Kp = {vpeVy [ vplx) <epylx), xe 0}

Since the constraints are point constraints associated with the nodal points, the discrete
multipliers are chosen from

Mp = {pp e M(Q) | pp= eN(%ur )mada, Ka € R} .
ac/Vy N
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Representation of the Error

in the Quantity of Interest
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Primal-Dual Weighted Error Representation I

We set X := V' x L2() x V* as well as Xyp:=VyxVpxVyand introduce the Lagrangians
L:XXM(Q)— 1R as well as Ly : Xy x My — IR according to

’C<X70-> = J(Ya“) + <VY7VP>OQ - <u7p>0,9 + <0-7y_17b>7
Loxp.op) = Jplyp.up) + (Vyp. Vpplon — (up.pploa + (0p.yp— ) |

where x = (y,u,p) and xp = (yp,up, py).

Then, the optimality conditions can be stated as
Villx,o)lp) =0 . peX,

VX££<X£70'£><90£> - 0 ) SOE S Xﬂ :
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Primal-Dual Weighted Error Representation II

Theorem. Let (x,0) € X and (xy, ) € Xy be the solutions of the continuous and discrete
optimality systems, respectively. Then, there holds

1
J(Yv U.) o Jﬁ(Yﬁa uf) - _2VXX£<X£ X, Xp X) T <U7 Yy — ¢> + 08C(£1) 3

where the data oscillations osc(el) are given by

oscél) = ) osc(Tl),

TETK(Q)
1 Qa
1 d d_d d_.d d.d_.d d_.d
osch’ = (yp=ypyg—yhor + 5 Iy —yillin + e (g~ ufug—utor + o Jut iy
Remark: In the unconstrained case, i.e., ¢ = oy = 0, the above result reduces to the error

representation in [Becker, Kapp, and Rannacher (2000)].
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Interpolation Operators (State Constraints)

We introduce interpolation operators
i%:erVE, r>1r>2 | iZ:V§—>V£, 0<5<s<2,

such that for all y € V' and p € V*® there holds
r(t—1) . r 1fr
(B iy =yl ) S Iylheny » 0<E<T,
—r 'y r —r/2 'y r 1/1‘ <
(b iy = ylber +0g" iy = yleor ) S Iylheny
—s/2

—S : S . S 1/5
(127 1i5p — plisr +1r" 50— pliasr ) S e [plisny

where Dy = {T' € Ty(Q) | Np(T') N N(T) # 0},
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Primal-Dual Weighted Error Representation III

Theorem. Under the assumptions of the previous Theorem let iz, z € {y,p}, be the interpo-
lation operators introduced before. Then, there holds

Iy, )= Jglypup) = —(rliy —y) + rip—p)) + pylx,0) + oscy + osc; .

where r(iyy —y) and r(iyp — p) stand for the primal-dual weighted residuals

: 1 : : .
igy —y) = 5 (v~ yp. iy = Yha + (V{i)y -y, Vpgloa + {op5y-y)) .
: 1 : :
r(ipp —p) = 5 (V(ijp —p, Vypha — (upipp—Pplog) -
Moreover, py(x, o) represents the primal-dual mismatch in complementarity

ugleo) = o (loyg ) + lopg—v).
(2)

and 0scy are further oscillation terms

1
OSC(;> = Z OSC'(I?) ) OSCE_[?) = 2<<yd o y%) y[ - Y>0,T +« (ud - 11%, U.E — U—)O,T) .
TETe(Q)
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Primal-Dual Weighted Residuals
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Primal-Dual Weighted Residuals
Theorem. The primal-dual residuals can be estimated according to
riy -yl <€ Y (wheh + wpf) . kip-pl < C Y wheh
TeTy(Q) TeTp(Q)
Here, py and ph are L'-norms and L*-norms of the residuals associated with the state and
the adjoint state equation

. /2 1 . 1/r
o = (Iuglher + b2 15 (99 glliar )

—g/2 1 1/s
B = (Ive=vilhar + b I5v- Vgl ) -
The corresponding dual weights w} and wf. are given by

) 9 . 1/s
= (1Ep—pller + B3 D ~plisr )

p Ly r r/2 sy r Lr
Wp = <H15y_}’|‘0,r,T + hy Hley_YHO,r,(?T> :

The residual pg and its dual weight w9 are given by

p? = n;' Z Ko , wd = Hi?y—y”z/r%’ﬂ, 0<e<(r—2))r.
aENZ(T)
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Primal-Dual Mismatch in Complementarity
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Primal-Dual Mismatch in Complementarity

The primal-dual mismatch py(x, o) can be made partially a posteriori in the following two

particular cases (cf. [Bergounioux/Kunisch (2003))):

Regular Case

The active set A is the union of a finite num-

ber of mutually disjoint, connected sets A;,
1 <i<m, with C''-boundary.

plz € HX(T) , pliug(4) € H?(int(A))

~Ap=yl-yinZ, p=—alAyin A
0 on 71
GA{yd—w—aA2¢ on A
0O=0,+0rF,
Oplz 0AY

or=——/— 1t «
d 811] BI/A

Nonregular Case

The active set A is a Lipschitzian curve

that divides () into two connected com-
ponents (), and (_.

(Vpa VW)O,Q - (yd -y, W) o <07W> , WE \A

c=04=V4 Vpla, —v4 Vpls
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Primal-Dual Mismatch in Complementarity

The primal-dual mismatch in complementarity has the representations

1 1
Wplzrz, = 5(0%3%—‘?)0,%@, + 2 Z kalyg —¥)(@),
aeNy(F/NI)
1 1
fplina, = 5((7%1#5—1#)0.%,@ t 3 z Kalthp —y)(a),
acNy(InAy)
1 1
pplang, = 5 (7, yp = V)oFnz, + 5 (v =¥ - aA’.yp — o,
1 1
Nﬁ‘AmAg = 2 (o7, ¢£ - w)o.fmAg + i(yd —P - aAzw, W - ¢>0,AﬂAg :

Hence, we need appropriate approximations of the continuous coincidence set A,
the continuous non-coincidence set 7, the continuous free boundary F, and of o .
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Primal-Dual Mismatch in Complementarity (State Constraints)

The coincidence set A and the non-coincidence set 7 will be approximated by

flg = U{TEQ’X?(X) > 1—kh for all x€ T} |
jﬁ = U{TEQ’X?(X) < 1-kh for some x € T} |

where - i%yg
X? = I - .y )
~h' + 1) — 1Yy

0<~y<1,r>0.

Note that for T C A we have
Ix(4) = xglox < min (T2 570y = §ylox) — 0 for [y = ijylor =09, a>r.

Moreover, o5 will be approximated by

_ | v Vbl tav VAY . EedTyA )maQ(A) -
Vi VPgla, —va Vpgly o EclA D)\ (8Ty(A) N OTy(T))

of

/
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Primal-Dual Mismatch in Complementarity (State Constraints)

The primal-dual mismatch in complementarity can be estimated from above as follows:

A~ (1 ~ (2 ~(1 ~ (3 A~ (1 ~ (4 ~ (1 ~ (D
’Nﬁ’IﬂIAISN(/‘l‘N(E)a !ug\mklﬁu(/w(/, !ug!mzkléu(/w(g), 1plana,| Su(/ﬂt(/.

where

(1 (1 N

a =Yy u@::guaﬁguo,]auyg—wuo,la,
EEgg(]:—g)

(2 ~ (2

a =Y by Z (v —tpyg)lal| Ka ,
EGgg(.ﬂﬂjg) aG./\/g

(3 . (3

D DR ;Y |yz—1gyz [ Ras
TETg(jgﬂAg) aENE

. (4 . (4 .

=) :=§Hyd—¢—aA2¢Ho,T g~ #lor
TeTy(ANnT))

. (5 ~ (5 291
B = ) B b =gy Y- adMlor [y - bl

TE'Z}(A@QAE)
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Primal-Dual Weighted Data Oscillations
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Primal-Dual Weighted Data Oscillations
2)

The data oscillations osc(e as given by
osc? = Y osc? | osc - = yd v, —ylor+a (uf - uduy —u)
/A T ) T = 9 y YE7YK Yor & (u U-e?ue UrT)
TeT;(Q)

can be estimated from above according to

2 (2 (2 . .
osc<£> < Z osc(T) , osc(T> = Wy Hud—u%Ho,T + @ Hyd—}’%Ho,T + aHud—u%HaT7
TeT(©)

where the weights &} and &% are given by

wr = |ipg—pgllor &1 = [yg—ygllor -
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State Constraints: Numerical Results
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Numerical Results: Distributed Control Problem with State Constraints I

C 1 o
Minimize  Jy.u) = o ly-y'5a + 5 Ju-u'ffo over (y.u)eHy®) x L*Q)
subject to - Ay =u inQ , yeK = {veHy) |v<yae. inQ}

Data: 9 = (-2,+2)* , y%r) = y(r)+Ap(r)+o(r) , ulr) = ur)+a'pr),
v =0 , a = 01,

where y(r),u(r),p(r),o(r) is the solution of the problem:

$i) = el ) = Ayl plr =)+ 3 et ot = {07 PO
1 , r<0.25
v o= { —192(r—0.25)° +240(r — 0.25)* —80(r —0.25°+1 , 025<r<0.75 .
0 , otherwise

1, r<0.75
27 0 , otherwise
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Numerical Results: Distributed Control Problem with State Constraints I

Cells

Z-Coords
1.09e-31
I:0.0247
—-0.0494
—-0.0741
—-0.0888
-0.123

-0.148

—-0.173
-0.198 -0.282
-0.222 [S.SG
-0.247 -11.8

Optimal state (left) and optimal control (right)
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Numerical Results: Distributed Control Problem with State Constraints I

9070 ) - 35y U 3l
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Decrease in the quantity of interest versus total number of DOFs
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Numerical Results: Distributed Control Problem with State Constraints 11

C e 1 Q
Minimize — Jly.u) = oy~ y*Rq + 5 Ju-u'ly over (y.u) e H'Q) x 30)

subject to — Ay +cy =u inQ , ycK = {veHY Q) |v<eae. inQ}

1 1 1
= B(0,1) = {x= Txi+x3<1 i) = 4+ = - —r*+ =1
( ) ) {X <X17X2> |X1+X2 } Y <I'> —l_ﬂ_ 47Tr +27r n(r>7
1 1
ul(r) = 4+Er2—%ln(r) , Y =44r , a =1.

The solution y(r),u(r), p(r),o(r) of the problem is given by
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Numerical Results: Distributed Control Problem with State Constraints 11

Ce
Z-Coords

[_
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|
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Numerical Results: Distributed Control Problem with State Constraints 11

Cells £
7

-Coords
1.18
1.07

— 096

— 085

—074 I
l— 063

0.52
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0.3

[ 019
0.0796

Optimal adjoint state (left) and mesh after 16 adaptive loops (right)
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Numerical Results: Distributed Control Problem with State Constraints 11
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Control Constrained Elliptic Control Problems
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A Posteriori Error Analysis of AFEM for Optimal Control Problems

(i) Unconstrained problems
R. Becker, H. Kapp, R. Rannacher (2000) R. Becker, R. Rannacher (2001)

(ii) Control constrained problems
W. Liu and N. Yan (2000/01) R. Li, W. Liu, H. Ma, and T. Tang (2002)
M. Hintermiiller /H. et al. (2006) A. Gaevskaya/H. et al. (2006/07)
A. Gaevskaya/H. and S. Repin (2006/07) M. Hintermiiller/H. (2007)
B. Vexler and W. Wollner (2007)
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Model Problem (Distributed Elliptic Control Problem with Control Constraints)

Given a bounded domain 2 C R? with polygonal boundary I' = 0Q, a function
yd,1 € L?(Q), and a > 0, consider the distributed optimal control problem

C 1 x
Minimize J(y,u) = §Hy_de(2J,Q + > Hquﬂa

over (y,u) € Hy(Q) x L*(Q) ,
subject to —-Ay = u,
ucK = {vel*Q)|v<ae inQ}.
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Optimality Conditions for the Distributed Control Problem

There exists an adjoint state p € Hj(Q2) and an adjoint control ¢ € L*(£2) such that
the quadruple (y, p,u, o) satisfies

a<yav> - <u7v>0,ﬂ 7 VEH%(“);

ap,v) = (y'-y.vjpg . veHQ),
au=p-0,

UZO,uﬁw ) (0-;11_1@019:07
where a(-,-) stands for the bilinear form

a(w,z) = /VW-Vzdx . w,z € Hy(Q) .
Q
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Finite Element Approximation of the Distributed Control Problem

Let 7y(Q) be a shape regular, simplicial triangulation of {2 and let
Vp = {vpeC(Q) | vylr €Py(T), T€Tp(Q), ki €N, vulpn =0}
be the FE space of continuous, piecewise polynomial functions (of degree k;) and
Wy = {wpeL}Q) | wylr € Pi,(T), Te Ty(Q) , ko e NU{0} }
the linear space of elementwise polynomial functions (of degree k).
Consider the following FE Approximation of the distributed control problem

o 1 8}
Minimize — Jy(yp uy) = 5 Hyg—y%H(z)ﬂ iy HWHEQ :
over (yp.up) €Vpx Wy,
subject to a(yp,vy) = <u£’V£>0,Q , VpEVp,

up €Ky = {wp e Wy [ wylr <tglr, TeTp(Q)}.

where 1y € Wy is the discrete control constraint.

1
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Optimality Conditions for the FE Discretized Control Problem

There exists an adjoint state py € Vy and an adjoint control oy € W) such that the
quadruple (yy,upy,py, o) satisfies
alypvg) = (upveha + Vg€ Vg,
apgve) = Yp-¥.veha  Ve€Vy,
auy = Mypp—oay,
op 20, up <9y, (opup—1thyln =0,

where y% € Vpand My: Vy - Wy, eg., for ky =0:

(Myvy)lr = [T /Ve dx , TeTyQ).
T
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Primal-Dual Weighted Error Representation (Control Constraints)

Theorem. Let (x,0) € X x L*(Q) and (xy,0p) € Xy x W be the solutions of the continuous

and discrete optimality systems, respectively. Then, there holds

1
Jiy.u) = Jplyp.up) = —2VXX£(X£—X,XE—X) + (ouy—-9¢) o + OSC(KD.

Remark: In the unconstrained case, i.e., ¢ = oy = 0, the above result reduces to the error

representation in [Becker, Kapp, and Rannacher (2000)].
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Primal-Dual Weighted Error Representation (Control Constraints)

Theorem. Under the assumptions of the previous Theorem let iz, z € {y,u,p}, be the interpo-
lation operators introduced before. Then, there holds

Iy, u) = Iplyg,up) = —(r(i%y—y) + r(izp—p) — r(i%u—u)) + pylx,o) + osc(ﬁl) + oscf)7

where r(iiy -y), r(izp —p) and r(izu —u) stand for the primal-dual weighted residuals
: 1 : .
iy —y) = 3 ((w ~yp iy —¥hoa + (Viiyy ), Vpg)a,n) ,

, 1 : . " 1 u
t(igp—p) = 5 <(V(12p -P), Vygha — (upip- p)o,n) - tipu—w) = o (Mypy —py.ipu—u)q -

Moreover, py(x, o) represents the primal-dual mismatch in complementarity
1
H’K(X: U) = 5 <<07 Uy — ’Lp)(),/ﬂ + (0'[7 /‘pf - u)(),/ﬂ) )

and oscf) is a further oscillation term

1
osc(;) = Z osc(T2> : oscg) =3 (yd—y%,ye—y)om.
TETK(SD
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Primal-Dual Weighted Residuals (Control Constraints)

Theorem. The primal-dual residuals can be estimated according to

’I‘(i?}"}’)‘ < C Z w%p% : ‘r(i?p—p)‘ < C Z (w%p%l n w%p%z).
TeTpl) TeT)(0)

Here, p} and p%l are L2-norms of the residuals associated with the state and the adjoint state

y 2 -1 1 2 1/2
o= (gl + ba' v (Vygllior )

p,1 dj2 B 2 1/2
A= (Ive=vilie + b I5v: Vgl ) -

The corresponding dual weights w/ and wf. are given by

) ) 1/2
= (1Ep—plir + br [p -l )

. ’ 1/2
o= (1iy -yl + br Jiy -yl )
The residual p%z and its dual weight wr. are given by

2 u . su
pr- = |Mgpp—pgllor , wr = [iju—ufor.
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Primal-Dual Mismatch in Complementarity (Control Constraints)

Using the complementarity conditions
u < ¢ , 020, (G>u_¢>0‘ﬂ =0, au-p+o =0,
u <Y op 20 (opup=tylg =0, aug-Mypgtoy =0,

the primal-dual mismatch 1y = py(x, o) can be further assessed according to

peInZy =0,

pp(ANAy) = % (0 +0p,¢p— )0

pp(INAp) = % (09,99 — & 'Plona,

ugANTY) = S u=uglizny, + 5 (b My pug— oz,

and we finally obtain
g0 Ap) + pp(ANTy)| < vy

with a fully computable a posteriori term v, (consistency error).
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Numerical Results: Distributed Control Problem with Control Constraints I

Data:

. . . 1 a
Minimize — J(y,u) = J ly - yl5a + 5 Julgq

over (y,u) € Hy(Q) x L*(Q)
subject to — Ay = u in(Q,
ucK = {vel*Q) | v<ae. in Q)

Q =(0,1)?,

d _ 200 x; Xg (x; — 0.5)? (1-x%3),0<x%x; <05
Y 71200 (x1—1) (x2 (x1-0.5)2 (1—%5) , 05<x; <1 °

a =001 , ¥ =1.
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Numerical Results: Distributed Control Problem with Control Constraints I
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Optimal state (left) and optimal control (right)
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Numerical Results: Distributed Control Problem with Control Constraints I

Grid after 6 (left) and 10 (right) refinement steps
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Numerical Results: Distributed Control Problem with Control Constraints I

1l Ngot  On My 0SCy, Vh
0 12/2.73E-03|1.47E-02|1.17E-01 0.00E+00
1 25|8.57E-042.03E-02/6.23E-02| 2.04E-03
2 4215.09E-04 | 1.42E-02|3.44E-02 | 4.86E-03
4 138 1.52E-04 | 4.61E-03 | 1.27E-02| 1.66E-04
6 47814.24E-051.35E-03 4.20E-03| 3.67E-05
8 1706/9.91E-06 3.67E-04|2.08E-03| 4.27E-06
10| 6237|2.52E-06 9.95E-056.60E-04| 3.82E-07
12| 22639|5.92E-07|2.74E-051.63E-04 | 1.63E-07
14| 81325|1.57E-07 7.57TE-065.05E-05| 7.60E-09
16299028 |4.65E-08 | 2.05E-06 | 1.58E-05| 1.32E-09

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints I1

. 3 . 1 a
Minimize — J(y,u) = J Iy -y'l3a + 5 Ju—u'|3
over (y,u) € Hy(Q) x L*(Q)
subject to — Ay =f + u inQ,

ucK = {vel*Q)|v<eyae. in Q}

Data: 0 =(0,1° , y*=0 , u'=da+al6-A%),

._ (Xl - 05>8 g <X17X2> € 917 ._ ._
¥ = { (x; —0.5)* , otherwise , a=01, £:=0
P Yo, (x1,%) € QU 5 - 422 (x1-0.75)-107* | (x1,%y) € Dy,
" | -1.01¢ , otherwise ’ B 0 , otherwise '

1/2
0 = {(x1,%) € Q| ((X1—0.5)2+(x2—0.5)2> <015} . D = {(xux)€Q | x> 0.75) .
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Numerical Results: Distributed Control Problem with Control Constraints I1
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|--0.00252
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Optimal state (left) and optimal control (right)




Department of Mathematics, University of Houston
Institut fiir Mathematik, Universitit Augsburg

Numerical Results: Distributed Control Problem with Control Constraints I1

Grid after 6 (left) and 10 (right) refinement steps
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Numerical Results: Distributed Control Problem with Control Constraints I

1| Ngot Oy, My 0SC, Uy,
0 5/2.41E-04|2.58E-06 | 1.07E-01 | 0.00E+4-00
1 12/1.61E-04|5.26E-06 | 8.11E-02| 2.71E-07
2 26 7.62E-05 4.78E-06 | 5.25E-02 | 4.19E-07
4 7311.54E-05 2.08E-06|2.89E-02|0.00E400
6 253|4.09E-06 | 6.45E-07 | 1.59E-02 | 0.00E4-00
8 953/1.16E-06|1.79E-07 8.39E-03 | 9.86E-12
10, 3507 3.41E-07 |4.87E-08 4.70E-03| 2.66E-13
12| 12684 1.03E-07/1.33E-08|2.59E-03 | 3.08E-14
14| 45486 2.99E-08 3.71E-09|1.52E-03 | 2.23E-15
16165366 | 8.12E-09 1.05E-09 9.06E-04 | 2.65E-16

Error (quantity of interest), estimator, oscillations, and consistency error
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Numerical Results: Distributed Control Problem with Control Constraints II

O
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Decrease in the quantity of interest versus total number of DOF's
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Elliptic Optimal Control Problems
Constraints on the Gradient of the State
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Elliptic Optimal Control with Pointwise Gradient-State Constraints

Let 2 C R? be a bounded polygonal domain with boundary T, y¢ € L%(2) a desired
state, f a forcing term, v € L*(Q) s.th. ¢ > 4., > 0 a.e. in ©, and «a > 0, find (y, u)
e Hj(Q) x L*(Q) such that

1
Pl ifdw = [y axe ] [ dx
(v, u) 2 2
0 0
subject to Ly =-V.aVy+4+cy =f+u in (),
y=0 onl,
VycK={vel*Q)? | |v|<tae inQ}
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Pointwise Gradient-State Constraints: State-Reduced Formulation

Let V C H)(Q) be a reflexive Banach space and let G : L2(Q) — V be the map
that assigns to the rhs f +u the solution y = G(f + u) of the state equation. Assume

that G is a bounded linear operator which is invertible such that u = G_ly —f.
This leads to the state-reduced formulation:
Find y e K .={ve V| |Vv| <4 bf a.e. in 2} such that

1 A
inf Jyed(y) = —/\y—yd!2 dx+ 5 /Gly—f\2 dx.
yeK 2 2
Q Q

Unconstrained formulation:
inf Jyeq(y) + IK(Y)

yev

where I stands for the indicator function of the set K.
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State-Reduced Formulation: Optimality Conditions

Theorem. The gradient-state constrained optimal control problem admits a unique
solution (y,u) € K x L(Q) which is characterized by the existence of a unique pair
(p,w) € L¥(Q) x V* satisfying
Lp=-V-(aVp)+cp = y'—y—-w in V",
p=oau inL*Q),
weNg(y) ={€€ V" | (£2-y)g.y <0, 26K},

Remark. If V = W21 (Q) n HY(Q),r > 2, there exists a Slater point, i.e., yo € int K and
V(yo+v)| <t in Q for all v e CY(Q) s.th. [v]cyq < 0 for sufficiently small § > 0.

0 € Joq(y) + 01 0 V)(y) = Joqly) = V - 014 (Vy),

i.e., there exists p € 01 (Vy) C M(Q)* such that w=-V - p.
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Control-Reduced Formulation and Dual Problem

Denoting by G : H () — H(Q) the solution operator associated with the state
equation, the optimal control problem can be written according to

inf F(u)+G(Au)

u e L*(9)
where

Flu):=J(G(f+u),u), G(q):=Ik(q), A:=VG,
Denoting by F* and G* the Fenchel conjugates of F and ¢

X X 1 X X * X *
Pl =g W+ Gy st 0a) = [vialdx
0
where M= G'G + al and ||}, == (M +)gq, the dual problem reads as follows:

q € L) pel?(Q)

X X X * * ° 1 X *
(D) sup —F(A'q)-G'(-q) < inf 5 1G*(V u+yd)+af\§41+/w\u|dx.
Q
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Tightened Formulation of the Primal Problem

Consider the following tightened formulation of the primal problem

A : 1 2 o 2
P) ., iof IO -—5/!y—y | dX+§/u\ dx,
Q Q

(y,u) € Vx L?

subject to
Ly=f+u inQ, y=0 onl, |[Vy/ <v¢ ae. infd

Theorem. Let {p,}y C L?(Q)? be a minimizing sequence for the dual (D) to (P).

Then, there exist a subsequence {p, }iy and p € M(Q2)? such that

w —limp,=p inMQ? and w-limV.p,=-w inV"
Moreover, the limit w € V* satisfies
() Ly=f+u inL%Q), Lp=y'-y-w inV', p=au inL¥Q)

Remark. A quadruple (y,u,p,w) € V x L) x L2(Q) x V* such that (+) holds true and
Vy € (M(Q)%)*\ C(Q)?, is called a weak solution of (P).
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A

Finite Element Discretization of (P) and (P)
Let 7,(€2) be a simplicial triangulation of {2 and denote by &,(D) the set of edges of
Th(Q2) in D C Q. We refer to Vy, .= {vy, € Cy(Q) | vi|7 € P1(T), T € T,(2)} as the finite
element space of P1 conforming FEs w.r.t. 7,(2) and set Wy, := {wy, : Q — R? | wy|r
e Py(T)*, T € To(Q)}. We define 1, according to 1y|r = |T|™" [ ¥dx, T € 7,() and set
Ky = {zn € Wh | [zn|z] < hplr, T € Tu(Q)}

The discrete optimal control problems reads:

A

1 o
(Py)  inf Jlynu) = / yu—y 4 dx+ o / uy[* dx,
(y}nuh) 2 2
Q Q

subject to a(yn,vn) = (f+un, vu)oq, Vi€ Vi,
Vyh - Kh.
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Discrete Optimal Control Problem: Optimality Conditions

Theorem. The discrete optimal control problem (f’h) admits a unique solution
(Y, up) € Vi, x Vi, which is characterized by the existence of an adjoint state p, € Vy,
and a multiplier p;, € Wy, such that

a(pn, Vi) = (" = ¥n, ViJoo + Z (n|T, VVnlT)or = 0, v € Vi,
Teh ()
pn—oup = 0,

Z (M |s anl = Vynlr)or <0, dn €Ky,
TETh(ﬂ)

Remark. The Fenchel dual associated with (Py,) reads

A . 1 * *
D ol 5 IGH Vi +y ol + [ wax
h
Q
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Prager-Synge Equilibration (cf. Braess/Schoberl (08), Braess/H./Schoberl (09))

Construct fi, € RT(£2; 7,,(€2)) such that
A:& D (e, Vvilrlor =) (e[l vio

TeT, () Ec&, ()

== Z (V-fiy, VnJor, Vi € Vi
TETh(Q)

Then the discrete optimality system can be written according to

a(pn, i) = (v —yn vl — Y (Vefiy, Vvilor = 0, vy € Vi,
TETh(Q)
pn —auy = 0,

Z (n) 7, anr — Vyn|rlor <0, qn € Ky,
TeTy(Q)
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Residual-Type A Posteriori Error Estimator

We choose V = W, "(Q),r > 2, such that V= W15(Q),1/r+1/s = 1.
The associated residual-type a posteriori error estimator reads
1/s

M 3:( Z "7;7T>1/r+ ( Z U;E> +< Z nZ,T>1/S+< Z 77;,13> :

TeT, () Ec&, () TeT,(Q) Ec&,(Q)

1/r

where the element residuals 7, 1,7, v and the edge residuals 7, 5,7, 5 are given by
My = hy [[f +u+ V-(@Vyn) - cynlor,
Mp = by [y' —yu+ V- (aVpy) —cpu + V- i[5 1.

r r/2 r S s/2 S
yE = hE/ HHE'[aV}’h]EHQEa hE = hE/ HHE'[aVPh]EHo,E-
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Reliability of the A Posteriori Error Estimator

Theorem. Let [y, u,p.w) € Wi" x L2(€2) x WE¥() x W) and (yy, s, p,wi) €

Vi, x Vi, x V, x Wy, be the solution of (f’) and (f’h), respectively. Let further n be
the residual error estimator. Then, there holds

ly - yh”évém +u - uhHg,Q N n + (w,y - yh>W—1,S<Q)’Wé’r(Q)"
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Gradient-State Constraints: Numerical Examples

We choose Q= {(r,¢) | r € (0,1),¢ € (0,w)} with
boundaries I'y := |0,1] x {0} U {(rcosw, rsinw) | r € |0,1]}.
and Ty := {(cosp, sing) | ¢ € (0,w)}. We further

choose y4 = r™/¥sin(mp/w), 1 € LI(Q) for some q > 2
and a=1aswellasa=1,c=0and f =0.

Remark. The state satisfies y € W*(Q) with r := .

Ex. 1: w=53m, r=10, ¥(x) :=2/x[ 5+ |x| - 1.9 (¢ € L*(2)).

Ex. 2: w=3m r=6, (x):=0.1[x]"13+0.9 (¢ € L5(Q2))..
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Gradient-State Constraints: Numerical Example I

Computed optimal control uy (l.), state y, (m.), and |Vyy|p| (r.)
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Gradient-State Constraints: Numerical Example I
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= 4020 (1.) and #MN,(22) = 9088 (r.

Adaptively refined meshes with #M;, (9
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Gradient-State Constraints: Numerical Examples I/I1

e ©=06 e ©=06

0t o uniform 0 1 o uniform
-1 - -1
-2 -2
-3 4 -3
-4 —4
-5 -5

] ) 3 4:1 logNpor 1 2 3 4:1 logNpor

Convergence history: Example 1 (1.) and Example 2 (r.)
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Gradient-State Constraints: Numerical Example 11

Computed optimal control uy (l.), state y, (m.), and |Vyy|p| (r.)
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Gradient-State Constraints: Numerical Example 11
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Adaptively refined meshes with #

Mi(Q) = 2345 (1.) and #N,(Q) = 4289 (r.
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