
ON UBIQUITY PROBLEMS IN INFINITE DIGRAPHS
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Abstract. We prove that the consistently oriented double ray is ubiquitous if and only if it is ubiquitous
restricted to the class of one-ended digraphs. Additionally, we prove the same equivalence for the disjoint
union of a consistently forward and a consistently backward oriented ray. Furthermore, we discuss the
connection between these two ubiquity problems.

§1. Introduction

The property of a graph H to be ubiquitous describes the concept that the existence of n pairwise
disjoint copies for all n ∈ N of a graph H in a graph G implies that G already contains ℵ0 many pairwise
disjoint copies of H. Originally, this was considered with respect to the subgraph relation and Halin
showed that the ray is ubiquitous [13, Satz 1] and that the double ray is ubiquitous [14, Satz 3]. Later,
counterexamples [1, 4] regarding being ubiquitous were found, which even include trees. Hence, ubiquity
was also considered with respect to other relations such as the minor and topological minor relation, and
we refer to [2, 3, 7–9] for ubiquity results regarding these notions. Many of these results leverage that finite
graphs (resp. trees) are well-quasi ordered under the minor (resp. topological minor) relation.

It should be noted that Andreae [4] posed the major and still open conjecture whether all locally
finite connected graphs are ubiquitous under the minor relation. In the same paper he also provided an
example of an uncountable non-ubiquitous graph under the minor relation, whose construction exploits
that uncountable graphs are not well-quasi ordered under minors.

Further modified questions regarding ubiquity have been raised, e.g. where disjointness is replaced
by edge-disjointness. In this setting it turned out to be complicated to even verify that double rays are
ubiquitous regarding the subgraph relation [6].

For digraphs, much less is known, even for the subdigraph relation, and for the rest of this article, we
shall only consider the property of being ubiquitous under that relation. While Zuther [17, Theorem 2.17]
proved that the consistently oriented ray is ubiquitous, Gut et al. [11, Theorem 1.1] proved the same for
all possible orientations of the undirected ray. Later, Gut et al. [12, Theorem 1.3] classified almost all
orientations of the undirected double ray that are ubiquitous. The only orientation they left out was the
consistently oriented one. Due to that, they posed the following problem.

Problem 1.1. [11, Problem 1.3] Is the consistently oriented double ray ubiquitous?

Our main result (Theorem 1.2) states that it suffices to verify Problem 1.1 for one-ended digraphs. (We
refer to Section 2 for the definition of ends of digraphs.)
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Theorem 1.2. The consistently oriented double ray is ubiquitous if and only if it is ubiquitous restricted
to the class of one-ended digraphs.

As a major step in the proof of Theorem 1.2, we verify Problem 1.1 for a large, but technical, class of
digraphs, see Theorem 4.2.

Additionally, we consider the following more general version of [15, Problem 4.2].

Problem 1.3. Is the disjoint union of a consistently forward and a consistently backward oriented ray
ubiquitous?

We also verify Problem 1.3 for a large, but technical, class of digraphs (Theorem 3.1) and show that
Problem 1.3 holds if it holds for all one-ended digraphs.

Theorem 1.4. The disjoint union of a consistently forward and a consistently backward oriented ray is
ubiquitous if and only if it is ubiquitous restricted to the class of one-ended digraphs.

This paper is structured as follows. After introducing some terminology in Section 2, we prove
Theorem 1.4 in Section 3. In Section 4, we prove Theorem 1.2. In Section 5, we discuss connections
between Problems 1.1 and 1.3.

§2. Preliminaries

For general facts and notation regarding graphs we refer the reader to [10], regarding digraphs in
particular to [5].

For the sake of brevity we call a directed path just a dipath. Given a dipath P containing two vertices
u, v such that v is reached from u via P , we define uPv as the subdipath of P starting at u and ending
in v. Given two vertex sets A, B, we call a dipath P an A–B dipath if P starts at a vertex of A, ends at a
vertex of B and is internally disjoint from A ∪ B.

A digraph R is called a ray if it has precisely one vertex v with out-degree 1 and in-degree 0, there exists
a dipath from v to each vertex of R, and each vertex distinct from v has out-degree 1 and in-degree 1. An
anti-ray is obtained from a ray by reversing all its edges. The vertex v is called the starting vertex (resp.
end vertex) of the ray (resp. anti-ray). A tail of R is a subray of R. If this tail starts at the vertex x, then
we denote it by xR.

Let Q and R be rays or anti-rays. We write Q ≤ R if there are infinitely many pairwise disjoint Q–R

dipaths and we write Q ∼ R if Q ≤ R and R ≤ Q. Then ≤ is a preorder on the set of rays and anti-rays
in a digraph D and ∼ is an equivalence relation on that set. The equivalence classes of ∼ are the ends
of D and we can extend the relation ≤ to the ends: we write ε ≤ η for ends ε and η if there are Q ∈ ε and
R ∈ η with Q ≤ R. Note that ε ≤ η if and only if Q ≤ R for every Q ∈ ε and R ∈ η. In particular, we
have ε ≤ η and η ≤ ε if and only if ε = η. Note that ≤ is an order on the ends of D.

A double ray is an infinite digraph all of whose vertices have in- and out-degree 1 and such that for every
v, w there exists either a v–w or a w–v dipath. For every vertex x on a double ray R, the subdigraphs
that are rays starting at x or anti-rays ending in x are the tails of R, more specifically, the forward and
backward tails of R, and we denote them by xR and Rx, respectively. If ε and η are ends and R is a double
ray such that some tail of R that is a ray lies in η and some tail of R that is an anti-ray lies in ε then we
call R an ε–η double ray.
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Let X and Y be disjoint sets of ends of D. We say that a vertex set S ⊆ V (D) separates X from Y

in D if for every ε ∈ Y every R ∈ ε has a tail Q such that every ray in elements of X that starts at a
vertex of Q meets S. In case X (or Y ) is a singleton set, we ease the notation and analogously define that
the end εX ∈ X (or X) is separated from Y (or from the end εY ∈ Y ). Note that if ε ̸≤ η, then there
exists a finite vertex set separating η from ε.

We call the digraph in Figure 2.1 the bidirected quarter-grid. Formally, this digraph is defined as follows.
The first digraph is built from infinitely many pairwise disjoint rays R1 = x1

1x1
2 . . ., R2 = x2

1x2
2 . . ., . . .

where we add edges xi
4j+7xi+1

4j+1 and xi+1
4j+2xi

4j+8 for all j ≥ 0 and i ≥ 1. Finally, we suppress all vertices
v ∈ V (Ri) with d−(v) = d+(v) = 1 that have only neighbours on Ri to obtain the bidirected quarter-grid.
Furthermore, we call the digraph obtained from the bidirected quarter-grid by reversing all orientations of
the edges the reversed bidirected quarter-grid.

R1

R2

R3

R4

Figure 2.1. The bidirected quarter-grid.

The following lemma follows directly from the structure of the (reversed) bidirected quarter-grid.

Observation 2.1. Let D be the subdivision of a (reversed) bidirected quarter-grid and let U be an infinite
vertex set in D. Then there exist infinitely many pairwise disjoint (anti-)rays in D such that their end
vertices lie in U . □

A sufficient condition for the existence of (reversed) quarter-grids was given in [16].

Theorem 2.2. [16, Theorem 1.2] If D is a digraph that contains an end ε with infinitely many disjoint
(anti-)rays, then there exists a subdivision of the (reversed) bidirected quarter-grid in D with all its
(anti-)rays in ε.

We will need the following results later.

Lemma 2.3. [15, Proposition 4.4] For every n ∈ N, if a digraph D contains a set of n rays and n anti-rays
that are all pairwise disjoint and lie in the same end, then there exists a set of n pairwise disjoint double
rays in D all of whose tails lie in that end.

Theorem 2.4. [15, Theorem 3.1] Let D be a digraph. If an end of D contains n pairwise disjoint rays
(anti-rays) for all n ∈ N, then it contains countably infinitely many pairwise disjoint rays (anti-rays).

The last result that we need is by Zuther [18].

Theorem 2.5. [18, Theorem 3.1] Let D be a digraph and let (εi)i∈N be a strictly increasing sequence of
ends in D each of which contains rays (anti-rays). Then there exists the supremum ε of this sequence and
it contains infinitely many pairwise disjoint rays (anti-rays).
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§3. On the ubiquity for a pair of an anti-ray and a ray

In this section, we will verify a special case of Problem 1.3 and obtain Theorem 1.4 as a corollary. For
this, we will need the following definition. We say that a sequence (Xn)n∈N, where, for every n ∈ N, Xn is
a set of n rays and n anti-rays in a digraph D that are all pairwise disjoint, concentrates in an end ε of D

if there exists N ∈ N such that there are at most N rays and at most N anti-rays in each Xn that do not
lie in ε.

Theorem 3.1. Let D be a digraph. If there is a sequence (Xn)n∈N such that, for every n ∈ N, the set Xn

consists of n rays and n anti-rays of D that are all pairwise disjoint and such that the sequence (Xn)n∈N

does not concentrate in any end of D, then D contains a set of infinitely many rays and infinitely many
anti-rays every two of which are disjoint.

Proof. For every n ∈ N, let Xn be a set of n rays and let Yn be a set of n anti-rays such that all elements
of Xn := Xn ∪ Yn are pairwise disjoint and such that (Xn)n∈N does not concentrate in any end of D. Let us
first assume that there exists infinitely many rays R1, R2, . . . ∈

⋃
n∈N Xn all in distinct ends. If there are

also infinitely many anti-rays Q1, Q2, . . . ∈
⋃

n∈N Yn all in distinct ends, then we may pass to an infinite
subset of both of them such that no ray Ri is equivalent to any anti-ray Qj . Then, we can successively
take tails of each Ri and Qi for all i ∈ N such that they are disjoint from all previously chosen tails. Thus,
we obtain a set consisting of infinitely many rays and infinitely many anti-rays such that all of them are
pairwise disjoint.

If there are not infinitely many anti-rays in
⋃

n∈N Yn all from distinct ends, then there are finitely many
ends that contain all anti-rays in

⋃
n∈N Yn. In particular, there exists an end ε that contains m pairwise

disjoint anti-rays from
⋃

n∈N Yn for all m ∈ N. By Theorem 2.4, this end contains infinitely many anti-rays
Q1, Q2, . . . that are all pairwise disjoint. We may assume that no Ri lies in ε. Then, we can again take
tails of each Ri and Qi for all i ∈ N successively and obtain infinitely many rays and infinitely many
anti-rays such that all of them are pairwise disjoint. This finishes the case that there exists infinitely many
rays from

⋃
n∈N Xn all in distinct ends.

By a symmetric argument, we also obtain infinitely many rays and infinitely many anti-rays that are all
pairwise disjoint in the case that that there exist infinitely many anti-rays from

⋃
n∈N Yn all in distinct

ends.
Thus, all elements of

⋃
n∈N(Xn ∪ Yn) lie in only finitely many ends. By the assumption on (Xn)n∈N,

there exists an end ε and a different end η such that
⋃

n∈N Xn contains k pairwise disjoint rays for every
k ∈ N from ε and

⋃
n∈N Yn contains k pairwise disjoint anti-rays for every k ∈ N from η. By Theorem 2.4,

there are infinitely many pairwise disjoint anti-rays Q1, Q2, . . . in η and infinitely many pairwise disjoint
rays R1, R2, . . . in ε. By successively taking tails of Ri and Qi for all i ∈ N such that they are disjoint
from all previously chosen tails, we also obtain in this case a set of rays and anti-rays as desired. Thus, we
have found such a set in each case, which shows the assertion. □

The property for sequences of concentrating in an end seems to imply that there is a unique end where
it suffices to look at. This is indeed the case and, moreover, this allows us to construct a one-ended digraph
in which we find a sequence of sets of rays and anti-rays as in the premise of the ubiquity condition. Let
us make this precise in our next lemma.
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Lemma 3.2. Let D be a digraph and let (Xn)n∈N be a sequence such that, for each n ∈ N, the set Xn

consists of n rays and n anti-rays in D that are all pairwise disjoint. If there is an end ε such that all
R ∈ Xn for all n ∈ N lie in ε, then there exists a one-ended subdigraph D′ of D such that there is for every
n ∈ N a set Yn consisting of n rays and n anti-rays in D′ that are all pairwise disjoint.

Proof. Let R1, R2, . . . be an enumeration of the rays in
⋃

n∈N Xn and let Q1, Q2, . . . be an enumeration
of the anti-rays in

⋃
n∈N Xn such that i < j implies ni ≤ nj for the smallest ni, nj such that Xni

, Xnj

contains Ri, Rj (or Qi, Qj), respectively. By shortening each Ri or Qi, if necessary, we may assume that
no vertex lies on infinitely many Ri or Qi. We join each pair Ri, Ri+1 by infinitely many pairwise disjoint
dipaths in both directions, i. e. from Ri to Ri+1 and from Ri+1 to Ri, such that these dipaths are arranged
as the vertical edges of the bidirected quarter-grid in Figure 2.1. For the anti-rays Qi and Qi+1 we do the
same with respect to the reversed bidirected quarter-grid. Lastly, we join R1 and Q1 by infinitely many
pairwise disjoint dipaths in both directions. By choosing all these dipaths one after the other along an
enumeration, we can achieve that each of these dipaths is disjoint from all previously chosen ones. Hence,
all these dipaths are pairwise disjoint. We call the resulting subdigraph D′. Obviously, D′ admits the sets
Yn as claimed in that we may take Yn such that each element of it is a tail of some element of Xn. Thus,
it remains to prove that D′ has a unique end. Note that all Ri and Qj are equivalent by construction.
Now, let R be ray or anti-ray in D′. By construction, R meets either one Ri or one Qi infinitely often or
infinitely many Ri or infinitely many Qi. In the first case, R and Ri or R and Qi are obviously equivalent.
In the second case, it is easy to construct infinitely many pairwise disjoint R1–R and infinitely many
pairwise disjoint R–R1 dipaths, where we use that each vertex lies on only finitely many of the Ri. The
third case is symmetric to the second one. Thus, all rays and anti-rays in D′ are equivalent. □

As a corollary of Lemma 3.2 and Theorem 3.1, we obtain Theorem 1.4.

Proof of Theorem 1.4. Let us assume that Problem 1.3 holds for the class of one-ended digraphs and let
D be a digraph that admits a sequence (Xn)n∈N such that, for every n ∈ N, the set Xn consists of n rays
and n anti-rays that are pairwise disjoint. We may assume that (Xn)n∈N concentrates in some end ε as
otherwise the assertion follows from Theorem 3.1. Then we find a sequence (Yn)n∈N such that Yn, for
every n ∈ N, is a set of n rays and n anti-rays that are all pairwise disjoint and all lie in ε. Then there
exists a one-ended subdigraph D′ of D by Lemma 3.2 that also admits a sequence (Zn)n∈N such that Zn,
for every n ∈ N, is a set of n rays and n anti-rays in D′ that are all pairwise disjoint. By assumption, there
exists a set consisting of infinitely many rays and infinitely many anti-rays in D′ that are all pairwise
disjoint. In particular, such a set exists in D. □

§4. On the ubiquity for double rays

In this section, we will prove our main result, Theorem 1.2. For this, we consider the situation that a
digraph contains n pairwise disjoint double rays for all n ∈ N. For this, we call a sequence (Rn)n∈N≥N

with N ∈ N such that Rn is a set of n pairwise disjoint double rays in D a valid sequence. It is often
useful to pass onto new sequences that arise from (Rn)n∈N in a certain way. For this, a sequence (Pi)i∈N

is a valid sequence induce by (Rn)n∈N if there exists a strictly increasing sequence (ni)i∈N such that Pi is
a subset of size i of Rni

.
A valid sequence (Rn)n∈N concentrates in finitely many ends if there exist N, M ∈ N and M ends

ε1, . . . , εM of D such that for all n ∈ N for every double ray R ∈ Rn except for at most N there exists
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1 ≤ i ≤ M such that all tails of R lie in εi. Furthermore, we say that the rays (the anti-rays) in (Rn)n∈N

concentrate in a set E of ends if there exists N ∈ N such that every forward tail (every backward tail) from
each Rn with n ≥ N lies in an element of E . If ε is the only element of E , we simply write that the rays
(the anti-rays) concentrate in ε.

It is well-known that every infinite poset contains either a countably infinite anti-chain, or an infinite
strictly increasing chain isomorphic to N, or an infinite strictly decreasing chain isomorphic to Z ∖ N. We
need a similar but stronger result, see Proposition 4.1. Before we state that proposition, we need some
more notations for its proof.

Let ε be an end of a digraph D. Then we define the following sets

⌊ε⌋∗ := {η > ε | η end of D},

⌈ε⌉∗ := {η < ε | η end of D},

ε⊥ := {η | η end of D : η ̸≤ ε and η ̸≥ ε}.

Proposition 4.1. Let D be a digraph and let (Rn)n∈N be a valid sequence. Then there is a valid sequence
(Qn)n∈N induced by (Rn)n∈N such that for the set En of ends containing the forward tails (the backward
tails) of the double rays in Qn one of the following holds:

(i) there is a unique end ε with {ε} = En for all n ∈ N;
(ii) εn < εm for all n < m ∈ N and εn ∈ En and εm ∈ Em;
(iii) εn > εm for all n < m ∈ N and εn ∈ En and εm ∈ Em;
(iv) εn and εm are incomparable for all n ̸= m ∈ N and εn ∈ En and εm ∈ Em.

Proof. If suffices to prove the proposition for the forward tails: the other case follows from this by applying
the result for the forward tails to the digraph obtained from D by reversing all edge directions.

Let us assume that no valid sequence induced by (Rn)n∈N satisfies (i). Then, in particular, for no valid
sequence induced by (Rn)n∈N, the rays concentrate in any end. Let R1

1 ∈ R1, set Q′
1 := {R1

1}, and let η1
1

be the end that contains the forward tail of R1
1. Then there is a valid sequence (R1

n)n∈N≥2 induced by
(Rn)n∈N≥2 all of whose forward tails either lie in ⌊η1

1⌋∗, or lie in ⌈η1
1⌉∗, or lie in (η1

1)⊥.
If there exists an n ∈ N such that R1

n has two double rays R2
1 and R2

2 whose forward tails lie in the same
end, then we denote this end by η2

1 . As before, we find a valid sequence (R2
n)n∈N≥3 induced by (R1

n)n∈N≥3

all of whose forward tails either lie in ⌊η2
1⌋∗, or lie in ⌈η2

1⌉∗, or lie in (η2
1)⊥. We set Q′

2 := {R2
1, R2

2}. If
there are no two double rays in any R1

n whose forward tails lie in a common end, then we consider R1
4.

Note that the forward tails of the double rays from R1
4 lie in at least four ends η2

1 , . . . , η2
4 . We find a valid

sequence (R2,1
n )n∈N induced by (R1

n)n∈N all of whose forward tails either lie in ⌊η2
1⌋∗, or lie in ⌈η2

1⌉∗, or lie
in (η2

1)⊥, then we also find such a valid sequence (R2,2
n )n∈N induced by (R2,1

n )n∈N with respect to η2
2 , then

for η2
3 and finally for η2

4 . Then there are i ̸= j ∈ {1, . . . , 4} such that all forward tails of (R2,i
n )n∈N and

(R2,j
n )n∈N either lie in ⌊η2

i ⌋∗ and ⌊η2
j ⌋∗, or lie in ⌈η2

i ⌉∗ and ⌈η2
j ⌉∗, or lie in (η2

i )⊥ and (η2
j )⊥, respectively. Let

R2
1 ∈ R1

4 whose forward tails lie in η2
i and let R2

2 ∈ R1
4 whose forward tails lie in η2

j . Set Q′
2 := {R2

1, R2
2}

and R2
n := R2,4

n for all n ∈ N≥3.
We continue the construction for 3 instead of 2, where the case distinction is whether we find at most

6 ends that contain all forward tails of all elements of all R2
n or whether there are at least 7 such ends.

So among the valid sequences induced by the (R3,i
n )n∈N in the latter case at least three have the same

behaviour with respect to where the ends lie that contain their forward tails. We continue this whole
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construction for all m ∈ N. Then there must be one option that we picked infinitely often: either ⌊ηi
j⌋∗,

or ⌈ηi
j⌉∗, or (ηi

j)⊥. Building a valid sequence (Qn)n∈N induced by (Q′
n)n∈N by using the ends where we

always did the same choice, this sequence satisfies (ii), if the choice was ⌊ηi
j⌋∗ infinitely often, or (iii), if

the choice was ⌈ηi
j⌉∗ infinitely often, or (iv), if the choice was (ηi

j)⊥ infinitely often. □

This proposition enables us to verify Problem 1.1 for a large class of digraphs.

Theorem 4.2. Let D be a digraph. If there is a valid sequence (Rn)n∈N that does not concentrate in
finitely many ends, then D contains infinitely many pairwise disjoint double rays.

Proof. Let (Rn)n∈N be a valid sequence in D. We distinguish several cases depending on whether there
are ends in which the rays or the anti-rays in valid sequences induced by (Rn)n∈N concentrate. For this,
let us first prove that our assumptions imply that one of the following three cases holds.

(i) There are distinct ends ε and η and a valid sequence induced by (Rn)n∈N for which the anti-rays
concentrate in ε and the rays concentrate in η.

(ii) There exists an end ε and a valid sequence induced by (Rn)n∈N either whose rays or whose anti-rays
concentrate in ε but such that (i) does not hold.

(iii) For every end ε and every valid sequence induced by (Rn)n∈N, neither the rays nor the anti-rays
concentrate in ε.

To show that one of (i)–(iii) happens, it suffices to show that there is a valid sequence (Qn)n∈N induced by
(Rn)n∈N such that no valid sequence induced by (Qn)n∈N concentrates in any finite set of ends. For all
n ∈ N, let En be the set of all ends ε such that some double ray R ∈ Rn has all its tails in ε. Since (Rn)n∈N

does not concentrate in only finitely many ends, there is a subsequence (Rni
)i∈N with strictly increasing

ni such that Rni contains at least i double rays each of which either has its tails being equivalent but
not in any end from

⋃
j<i Enj

or has non-equivalent tails. We set Q′
1 := Rn1 . For i > 1, let Q′

i be the
subset of Rni

that consists of all double rays with non-equivalent tails, of all double rays whose tails are
all equivalent but do not lie in any element of

⋃
j<i Enj

and, for all elements ε in
⋃

j<i Enj
for which there

exists a double ray in Rni with all its tails in ε, exactly one such double ray. By construction, (Q′
i)i∈N

induces a valid sequence (Qi)i∈N with Qi ⊆ Q′
i. This sequence clearly satisfies one of (i)–(iii).

Case 1. First, let us consider the case that there exist two distinct ends ε and η and a valid sequence
(Qn)n∈N induced by (Rn)n∈N for which the anti-rays concentrate in ε and the rays concentrate in η. Then
there is no finite vertex set separating Q from R, where Q is an anti-ray in ε and R is a ray in η. Thus,
there are infinitely many pairwise disjoint Q–R dipaths and we have ε < η. Since the anti-rays and rays in
(Qn)n∈N concentrate in ε and η, respectively, there are infinitely many pairwise disjoint anti-rays in ε and
infinitely many pairwise disjoint rays in η by Theorem 2.4. Hence, Theorem 2.2 implies the existence of
subgraphs D1 and D2 of D such that D1 is a subdivision of the reversed bidirected quarter-grid with all
anti-rays in ε and D2 is a subdivision of the bidirected quarter-grid with all rays in η. Since ε ≠ η, there
is a finite vertex set separating either η from ε or ε from η and hence, D1 and D2 have at most finitely
many vertices in common. So we may assume that they are disjoint. Because of ε < η, there are infinitely
many pairwise disjoint D1–D2 dipaths P1, P2, . . . . By Observation 2.1, there are infinitely many pairwise
disjoint anti-rays R1, R2, . . . in D1 that end at distinct first vertices of those dipaths, say the last vertex
of Ri is the first vertex of Pni . Also by Observation 2.1, we find infinitely many pairwise disjoint rays
Q1, Q2, . . . in D2 such that Qi starts at the end vertex of the dipath Pnki

. Then each Rki
Pnki

Qi is an ε–η
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double ray and every two such double rays are pairwise disjoint. Thus, there are infinitely many pairwise
disjoint ε–η double rays.

Case 2. Now, we consider the case that there exist an end ε and a valid sequence (Qn)n∈N induced by
(Rn)n∈N either whose rays concentrate in ε but whose anti-rays do not concentrate in any end or whose
anti-rays concentrate in ε but whose rays do not concentrate in any end. We assume that the latter case
holds. The other case will follow by a completely symmetric argument. We may assume Qn = Rn. By
Theorem 2.2, there exists a subdigraph D′ of D such that D′ is a subdivision of the reversed bidirected
quarter-grid with all anti-rays in ε. Furthermore, by Proposition 4.1, there is a valid sequence (Qn)n∈N

induced by (Rn)n∈N such that for the set En of ends containing the forward tails of the double rays in Qn

one of (ii), (iii), or (iv) from that proposition holds. We may assume that Qn = Rn for all n ∈ N. We split
the remaining proof of this case into the three cases from Proposition 4.1.

So, let us first assume that (iv) from Proposition 4.1 holds, that is, that all µ ∈ Ei and η ∈ Ej for i ≠ j

are incomparable. By restricting to a valid sequence induced by (Rn)n∈N, if necessary, we may assume
that either µ > ε for all µ ∈

⋃
i∈N Ei or there exists for each µ ∈

⋃
i∈N Ei a finite vertex set Sµ separating

µ from ε. First, we consider the case that µ > ε for all µ ∈
⋃

i∈N Ei. Then there exists a ray R1 starting
at D′, that is otherwise disjoint from D′, and that lies in µ1 ∈ E1. Because of µ2 > ε for every µ2 ∈ E2,
there is another ray R2 that starts at D′, that is otherwise disjoint from D′, that lies in some µ2 ∈ E2, and
that does not contain any vertex from R1: we can pick an arbitrary ray R′

2 in some µ2 that is disjoint
from D′ and from R1 and since µ2 > ε and µ1 ̸≤ µ2, there must be a finite D′–R′

2 dipath P2 that avoids R1

and hence P2 ∪ R′
2 contains a ray as claimed. Recursively, we obtain for every i ∈ N a ray Ri that starts

at a vertex of D′, that is otherwise disjoint from D′, that lies in some µi ∈ Ei, and that is disjoint from all
Rj for j < i. By Observation 2.1, there exist infinitely many anti-rays Q1, Q2, . . . in D′ whose last vertices
are among the starting vertices of an infinite subset of the Ri, say that the last vertex of Qi is the first
vertex of Rni . Then the union of all Qi with all Rni forms an infinite set of pairwise disjoint double rays.

So let us now assume that ε ̸≤ µ for all µ ∈
⋃

i∈N Ei, that is, for every µ ∈
⋃

i∈N Ei, there is a finite
vertex set Sµ that separates µ from ε. Let {R1

1} := R1 and let µ1 be the unique element of E1. Since
there are infinitely many pairwise disjoint D′–R1

1 dipaths, let P 1 be one of them that avoids S1 := Sµ1 and
such that no vertex of S1 lies on R1

1 before the end vertex of P 1. Then there exists a ray R1 in P 1 ∪ R1
1

that starts at the first vertex of P 1 and, since S1 separates µ1 from ε, there is a subdipath P1 of R1 with
the same first vertex as R1 whose last vertex is the last vertex on R1

1 in S1. Set i2 := |P1| + |S1| + 1 and
{R1

2, . . . , Ri2
2 } := Ri2 . Then there is some Rj

2 that avoids V (P1) ∪ S1. As S1 separates µ1 from ε, the
double ray Rj

2 is disjoint from R1 − P1 and hence from the whole ray R1. As in the previous case, we find
a D′–Rj

2 dipath P 2 that meets Rj
2 before any vertices from S2 := Sµ2 , where µ2 is the end that contains

the forward tail of Rj
2. Let R2 be a ray in P 2 ∪ Rj

2 with the same first vertex as P 2 and let P2 be the
subdipath of R2 that has the same first vertex as R2 and ends at the last vertex on Rj

2 in S2. We set
i3 := |P1| + |S1| + |P2| + |S2| + 1 and continue this construction recursively. Thus, we obtain infinitely
many disjoint rays Ri that start at (distinct) vertices of D′, that are otherwise disjoint from D′, and that
lie in elements of Ei. By Observation 2.1, there are infinitely many pairwise disjoint anti-rays in D′ that
we can join to a suitable infinite subset of {Ri | i ∈ N} to obtain infinitely many pairwise disjoint double
rays. This completes the subcase that (iv) from Proposition 4.1 holds.
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Now, let us assume that (ii) from Proposition 4.1 holds, that is, we have µ < η for all µ ∈ Ei and all
η ∈ Ej if i < j. In particular, we find a countably infinite ascending sequence µ1 < µ2 < . . . with µi ∈ Ei.
By Theorem 2.5, there exists an end µ with infinitely many pairwise disjoint rays that is the supremum
of the µi. Note that η < µi+1 < µ holds for every η ∈ Ei. Let us first assume that µ ̸= ε. Let D′′ be a
subdivision of the bidirected quarter-grid with all its rays in µ. By an argument used above, we may
assume that µ and ε are disjoint since they are distinct. Let R1 ∈ R1. Then there are D′–R1 and R1–D′′

dipaths P ′
1 and P ′′

1 , respectively, such that P ′
1 ∪ R1 ∪ P ′′

1 contains a D′–D′′ dipath P1. Note that the
R1–D′′ dipath exists as µ1 < µ. Set i2 := |P1| + 1. Then there exists R2 ∈ Ri2 that avoids P1. Since the
backward tail of R2 lies in ε, there exists a D′–R2 dipath that avoids P1, too. We already saw η2 < µ for
the end η2 that contains the forward tail of R2. Thus, there exists an R2–D′′ dipath P ′′

2 that avoids P1 and
such that P ′

2 ∪ R2 ∪ P ′′
2 contains a D′–D′′ dipath P2. By construction, P1 and P2 are disjoint. We continue

with i3 := |P1| + |P2| + 1 and recursively obtain infinitely many pairwise disjoint D′–D′′ dipaths Pi. By
Observation 2.1, there is an infinite subset of those paths that can be extended to rays with tails in D′′.
By the same lemma, we can extend infinitely many of these rays by anti-rays in D′ to double rays. Thus,
D contains infinitely many pairwise disjoint double rays.

So, let us now assume that µ = ε. Then there exists some ray R1 that starts at D′ and lies in η1 ∈ E1.
Since η1 < µ, there exists a finite vertex set S1 that separates η1 from µ. If R1 contains a vertex of S1,
then let P1 be the initial subdipath of R1 whose last vertex is the last common vertex of R1 and S1. If
R1 contains no vertex of S1, then let P1 be the trivial dipath consisting of the first vertex of R1. Set
i2 := |P1| + |S1| + 1. Then there exists a double ray Q2 ∈ Ri2 that avoids S1 and P1 and that ends
in η2 ∈ Ei2 . Some D′–Q2 dipath avoids S1 and P1, too. Furthermore, as η1 < ε, we may assume that this
D′–Q2 dipath also avoids R1. So there exists a ray R2 in η2 that has exactly its first vertex in D′ and that
avoids S1 and P1 and is disjoint from R1. As in the previous case, we recursively construct infinitely many
pairwise disjoint rays that start at distinct vertices of D′ and end in distinct ends ηi. By Observation 2.1,
there are infinitely many pairwise disjoint anti-rays in D′ whose end vertices are among the first vertices
of the rays Ri. Thus, we find infinitely many pairwise disjoint double rays by joining those anti-rays with
a suitable infinite subset of {Ri | i ∈ N}. This completes the subcase that (ii) from Proposition 4.1 holds.

As the last subcase of Case 2, we now assume that (iii) from Proposition 4.1 holds, that is, we have
η < µ for all µ ∈ Ei and all η ∈ Ej if i < j. By passing to a valid sequence induced by (Rn)n∈N, we may
assume that the ends in

⋃
i∈N Ei either all lie above ε, or all lie below ε or all are incomparable with ε. Let

µ1 ∈ E1. If ε ̸≤ µ1, then there exists a finite vertex set S such that every ε–µ1 double ray meets S. In Rs

for s := |S| + 1 at least one double ray R avoids S. Let η be the end that contains a forward tail of R.
Let R′ be a ray in µ1 that avoids S. Because of η ≤ µ1, there are infinitely many pairwise disjoint R–R′

dipaths, one of which avoids S. Thus, there exists an ε–µ1 double ray avoiding S, which is a contradiction
that shows ε ≤ µ1. Analogously, we have ε ≤ η for all η ∈

⋃
i∈N Ei. For every i ∈ N, let µi ∈ Ei and let

Ri be a ray in µi such that no Ri contains vertices from D′ and such that all these rays are pairwise
disjoint. We recursively choose D′–Ri dipaths Pi and find rays Ri in µi that start at a vertex of D′ and
are otherwise disjoint from D′ and such that all rays Ri are pairwise disjoint. For this, we start with an
arbitrary D′–R1 dipath P1 and choose a ray in P1 ∪ R1 that starts at D′. For general i, there exists a
D′–Ri dipath Pi such that the ray Ri in Pi ∪ Ri that starts at the same vertex as Pi avoids all Rj for
j < i because of ε < µi < µj . These rays clearly satisfy the properties as claimed. By taking an infinite
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subset of them for which we find by Observation 2.1 infinitely many pairwise disjoint anti-rays in D′ that
end at the starting vertices of those rays, we obtain infinitely many pairwise disjoint double rays in D.
This finishes the case that (iii) from Proposition 4.1 holds and it finishes Case 2.

Case 3. Let us now consider the remaining case: For every end ε and every valid sequence (Qni)i∈N

induced by (Rn)n∈N, neither the rays nor the anti-rays concentrate in ε. Then we may assume that all
double rays from distinct sets Ri have their tails which are anti-rays in distinct ends and have their tails
which are rays in distinct ends. So by Proposition 4.1, there is a valid sequence (Qn)n∈N induced by
(Rn)n∈N such that for the set En of ends containing the forward tails of the double rays in Qn one of
(ii), (iii), or (iv) from that proposition holds. We may assume that Qn = Rn for all n ∈ N. We split the
remaining proof of this case into which of those three cases from Proposition 4.1 holds. Analogously, we
may assume that for the backward tails of the double rays in each Rn and for the set E ′

n of ends containing
these tails, one of (ii), (iii), or (iv) from Proposition 4.1 holds.

We start with the case (ii) from Proposition 4.1, that is, we have µ < η for all µ ∈ Ei and all η ∈ Ej if
i < j. For all i ∈ N, let µi ∈ Ei. So we have µ1 < µ2 < . . . . By Theorem 2.5, there is a supremum µ of the
chain (µi)i∈N containing infinitely many pairwise disjoint rays. If, for each µi, there are only finitely many
ends η that contain anti-rays and satisfy µi < η < µ, then we can assume, by passing to a valid sequence
induced by (Ri)i∈N, that there are no such ends η at all. Let T1, . . . , Ti be i pairwise disjoint rays in µ.
Since ε < µi+1 ≤ µ for all ε ∈ Ei, there exists a set P consisting of i dipaths from each element of Ri to
each Tj that are all pairwise disjoint. By Menger’s theorem there exist a set Qi consisting of i pairwise
disjoint double rays in the union of the elements of Ri, of the Tj and of the elements of P such that their
forward tails lie in µ and the backward tails coincide with backward tails from elements of Ri. Thus, there
is a valid sequence induced by (Qi)i∈N that concentrates in µ. So, the assumption of Case 2 is satisfied
and, hence, we find infinitely many pairwise disjoint double rays in D.

So, we may assume that for every µi there exists an end ηi with µi < ηi < µ that contains anti-rays.
In particular, there are infinitely many pairwise disjoint anti-rays R1, R2, . . . that lie in distinct ends
ε < µ. By Theorem 2.2, there exists a subdigraph D′ of D such that D′ is a subdivision of the bidirected
quarter-grid with all rays in µ. Since each Ri lies in an end ε < µ, we recursively find dipaths Pi from Ri

to D′ and tails R′
i of Ri such that Pi ∪ R′

i and Pj ∪ R′
j are disjoint for all i ≠ j. By Observation 2.1, there

is an infinite index set (ji)i∈N such that we can extend an anti-ray in Rji
∪ Pji

by a suitable ray in D′ to
obtain an infinite set of pairwise disjoint double rays.

The case that (iii) from Proposition 4.1 holds for the backward tails of the Ri is analogous, that is, if
µ > η for all µ ∈ E ′

i and all η ∈ E ′
j with i < j, then we find infinitely many pairwise disjoint double rays

in D.

Let us now assume that (iii) from Proposition 4.1 holds, that is, we have µ > η for all µ ∈ Ei and all
η ∈ Ej if i < j. By the previous situation, we may assume that (iii) from Proposition 4.1 does not hold for
the backward tails of the Ri. Thus, we have ηj ̸≤ ηi for all ηj ∈ E ′

j , all ηi ∈ E ′
i and i < j. If there are, for

every j ∈ N, infinitely many i ∈ N such that E ′
i contains an element η < µj ∈ Ej , then we pick an arbitrary

η1–µ1 double ray R1, where η1 lies in E ′
n1

and µ1 ∈ E1. Now we pick some µ2 ∈ E2 and some η2 ∈ E ′
n2

with
n2 > n1 such that η2 < µ2 < µ1 and η2 ̸≤ η1 hold. We want to construct an η2–µ2 double ray R2 disjoint
from R1. If for some anti-ray in η2 and ray in µ2 there are infinitely many pairwise disjoint dipaths from
the anti-ray to the ray all of which meet R1, then they must meet some forward tail of R1 since η2 ̸≤ η1.
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So η2 ≤ µ1 ≤ µ2 must hold, which contradicts our assumptions. Thus, all but finitely many of the dipaths
are disjoint from R1. So we can find an η2–µ2 double ray R2 disjoint from R1. Similarly, we find an ηj–µj

double ray Rj that is disjoint from all Rk with k < j. Thus, we find infinitely many pairwise disjoint
double rays in D.

So, we may assume that there are, for each j ∈ N, only finitely many i ∈ N such that η < µ for some
η ∈ E ′

j and µ ∈ Ei. As (iii) from Proposition 4.1 holds for the forward tails in the Ri, we may assume by
switching to a suitable valid sequence induced by (Rn)n∈N that there are no i, j ∈ N such that η < µ for
any η ∈ E ′

j and µ ∈ Ei. Let R1 ∈ R1 and let S1 be a finite vertex set that separates E2 from E ′
1 and E1,

which exists by the choice of our valid sequence. Note that then S1 also separates every Ei for i ≥ 2
from E ′

1 and E1. Let us suppose that there exists no vertex v on R1 such that R1v avoids all double rays in⋃
i>1 Ri that lie in D − S1. Since the end that contains the forward tail of every R′ ∈

⋃
i>1 Ri that meets

R1 but avoids S1 lies below the end in E1, we find a ray R′′ equivalent to the forward tail of R1 and an
R′–R′′ dipath P1 whose first vertex lies after some vertex in R1 ∩ R′ such that R′ and P1 avoid S1. Then
the union of R1, R′, R′′ and P1 contains a double ray from an end in E ′

1 to an end in E2 that avoids S1,
a contradiction. Thus, there exists v on R1 such that R1v avoids all double rays in

⋃
i>1 Ri that lie in

D − S1 and, if R1 contains vertices from S1, then we may assume that v lies before the first vertex of S1

on R1. If there exists no vertex w on R1 and no finite vertex set S′
1 such that wR1 avoids all double rays

in
⋃

i>1 Ri that lie in D − (S1 ∪ S′
1), then we can use these double rays and the fact that their forward

tails lie in ends in
⋃

i>1 Ei to find infinitely many disjoint dipaths from a forward tail of R1 to some ray in
ε ∈ E2. This implies that ε is larger than the end that contains the forward tail of R1 and, hence, these
two ends must be the same, which contradicts that (iii) from Proposition 4.1 holds. Thus, there exists w

on vR1 and a finite vertex set S′
1 such that wR1 avoids all double rays in

⋃
i>1 Ri that lie in D − (S1 ∪ S′

1).
Let i2 > |V (vR1w)| + |S1| + |S′

1|. One of the double rays R2 ∈ Ri2 must be disjoint from vR1w and from
S1 ∪ S′

1. Note that R2 is also disjoint from R1v and wR1 by the choices of v and w, respectively, so it is
disjoint from R1. We continue by taking a finite vertex set S2 that separates Ri2+1 from the four ends
that contain the tails of R1 and R2, finding vertices on R1 and R2 similar to v and w and a vertex set
S′

2 similar to S′
1 and then finding a suitable double ray R3. Recursively, we find infinitely many pairwise

disjoint double rays in D.
The case that (ii) from Proposition 4.1 holds for the backward tails of the Ri is analogous, that is, if

µ < η for all µ ∈ E ′
i and all η ∈ E ′

j if i < j, then we find infinitely many pairwise disjoint double rays in D.

It remains to consider the situation (iv) from Proposition 4.1 holds for the Ei’s as well as the E ′
i ’s,

that is, η and µ are incomparable for all η ∈ Ei and µ ∈ Ej for i ̸= j and for all η ∈ E ′
i and µ ∈ E ′

j

for i ̸= j. Let R1 ∈ R1 =: P1. Then there is a valid sequence (R1
n)n∈N induced by (Rn)n∈N such that

either all R ∈
⋃

n>1 R1
n intersect R1 or all of them are disjoint from R1. We consider i2 = 3 and let

{R2
1, R2

2, R2
3} = R1

i2
. There is again a valid sequence (R2,1

n )n∈N induced by (R1
n)n∈N all of whose double

rays behave the same to R2
1 with respect to intersection, the same for a valid sequence (R2,2

n )n∈N induced
by (R2,1

n )n∈N for R2
2 and the same for a valid sequence (R2,3

n )n∈N induced by (R2,2
n )n∈N for R3

2. For i ̸= j

two of these sequences show the same behaviour with respect to R2
i and R2

j . We set P2 := {R2
i , R2

j }
and continue the construction for i3 = 5 and so on. In the end, one type of behaviour (either trivial or
non-trivial intersection) was used infinitely often to build the induced sequences and thus, there is a valid
sequence (Qn)n∈N induced by (Pn)n∈N where either all elements of

⋃
n∈N Qn pairwise intersect or they are



12 M. HAMANN AND K. HEUER

pairwise disjoint. In the second case, we directly have infinitely many pairwise disjoint double rays. So
let us assume that all elements of

⋃
n∈N Qn pairwise intersect. In this case, we fix double rays Qi ∈ Qi

for i ∈ {1, 2, 3} with Qi = Ai ∪ Bi for an anti-ray Ai and a ray Bi. Since the 4j double rays in Q4j are
pairwise disjoint, there exists, for each i ∈ {1, 2, 3}, 2j double rays Qk

i ∈ Q4j such that Qk
i contains no

vertices among the last j or first j vertices of Ai or Bi, respectively, but contains a vertex either on Ai

of distance more than j to the last vertex of Ai or on Bi of distance more than j from the first vertex
of Bi. In particular, either j such double rays contain vertices on Ai or j such double rays contain vertices
on Bi. Thus, there exist distinct k, ℓ ∈ {1, 2, 3} such that for every j ∈ N there are either j pairwise
disjoint Ak–Aℓ or Bk–Bℓ dipaths that originate from double rays of Q4j . This implies either Ak ≤ Aℓ or
Bk ≤ Bℓ, which is impossible, as the ends that contain these anti-rays or rays are incomparable since (iv)
from Proposition 4.1 holds for the Ei’s as well as the E ′

i ’s. This contradiction finishes the third case and
thus the proof of the theorem. □

Let us now prove a lemma similar to Lemma 3.2 but for double rays instead of rays and anti-rays.

Lemma 4.3. Let D be a digraph and let (Rn)n∈N be a valid sequence. If there is an end ε such that all
tails of all R ∈

⋃
n∈N Rn lie in ε, then there is a one-ended subdigraph D′ of D such that there is a valid

sequence (Qn)n∈N induced by (Rn)n∈N in D′.

Proof. For all n ∈ N and all 1 ≤ i ≤ n, let Rn
i be the elements of Rn and let Rn

i = An
i ∪ Bn

i , where An
i

is an anti-ray, Bn
i is a rays and they share a unique vertex vn

i . Let Q1 = R1 and set S1 := {v1
1}. Then

there are two elements in R3 that are disjoint from S1 and we let Q2 be the set of these two double rays.
We let S2 be the set consisting of v1

1 together with its in- and out-neighbour in R1
1 and of v3

i and v3
j . In

R|S2|+3, we find three double rays that avoid S2. Let Q3 be the set of those double rays. We construct
S3 analogously such that we enlarge the in- and out-balls in Rn

i around the vertices vn
i by 1 in each step.

Thereby, we construct a valid sequence (Qn)n∈N induced by (Rn)n∈N such that every vertex lies in only
finitely many double rays from

⋃
n∈N Qn. Now we enumerate all ordered pairs of elements from

⋃
n∈N Qn

such that every pair occurs infinitely often. We then recursively add dipaths from the rays Bn
i to the

anti-rays Am
j and from the anti-rays Am

j to the rays Bn
i from each pair such that all these dipaths are

pairwise disjoint. This is possible as all rays and anti-rays involved are equivalent in D. We denote the
resulting subdigraph of D by D′. By construction, it only remains to show that D′ is one-ended. This,
however, follows from the choice of the dipaths: as every pair of double rays occurred infinitely often in the
enumeration, all An

i and Bm
j are equivalent in D′. Furthermore, as the additional dipaths are all pairwise

disjoint, every ray or anti-ray R in D′ must either meet some An
i or some Bm

i infinitely often or must meet
infinitely many An

i or Bm
j . While in the first case R is equivalent to An

i or Bm
j directly, we can use the

infinitely many double rays that R meets to find infinitely many pairwise disjoint dipaths to and from A1
1

in the other case. This is possible since each vertex lies in only finitely many double rays from
⋃

n∈N Qn.
Thus, D′ is one-ended. □

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Let us assume that Problem 1.1 holds for the class of one-ended digraphs and let
D be a digraphs and (Rn)n∈N be a valid sequence in D. By Theorem 4.2, we may assume that (Rn)n∈N

concentrates in finitely many ends. Then there is a valid sequence (Qn)n∈N induced by (Rn)n∈N such that
all tails from all elements of

⋃
n∈N Qn are equivalent. By Lemma 4.3, there exists a one-ended subdigraph
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D′ of D and a valid sequence (Pn)n∈N in D′ induced by (Qn)n∈N. Thus, there are infinitely many pairwise
disjoint double rays in D′ and hence in D. □

§5. On the equivalence of ubiquity problems

In this section, we discuss connections between Problems 1.1 and 1.3. We also introduce two more
problems related to them.

Theorem 5.1. Every counterexample to Problem 1.3 is also a counterexample to Problem 1.1.
Furthermore, if every one-ended digraph that contains infinitely many rays and infinitely many anti-rays

that are all pairwise disjoint also contains infinitely many pairwise disjoint double rays, then there exists a
counterexample to Problem 1.3 if and only if there exists one to Problem 1.1.

Proof. Let D be a digraph. Let us first assume that D is not a counterexample to Problem 1.1. For all
n ∈ N, let Xn be a set consisting of n rays and n anti-rays in D all of which are pairwise disjoint. By
Theorem 3.1, we may assume that all elements from all sets Xn lie in a common end ε. By Lemma 2.3,
there exists for every n ∈ N a set Yn of n disjoint double rays all of whose tails lie in ε. Since D is not a
counterexample to Problem 1.1, there exist infinitely many pairwise disjoint double rays in D. By taking
two disjoint tails from each double ray, we obtain a set consisting of infinitely many rays and infinitely
many anti-rays such that all its elements are pairwise disjoint, which shows that D is not a counterexample
to Problem 1.3.

By the previous argument, it suffices for the additional statement to show the backward implication.
Let us assume that Problem 1.1 has a counterexample D, but Problem 1.3 has none. In particular, D

is no counterexample to Problem 1.3. Let (Rn)n∈N be a valid sequence in D. By Theorem 4.2, we may
assume that (Rn)n∈N concentrates in finitely many ends. Thus, there exists a valid sequence (Qn)n∈N

such that all tails of elements from the sets Qn lie in a common end ε. In particular, we find sets Xn, for
all n ∈ N, consisting of n rays and n anti-rays all of which are pairwise disjoint and all of which lie in ε.
By Lemma 3.2, there exists a one-ended subdigraph D′ of D and, for every n ∈ N, a set Yn consisting of
n rays and n anti-rays in D′ that are all pairwise disjoint. By assumption, D′ is no counterexample to
Problem 1.3. Hence, D′ contains a set of infinitely many rays and infinitely many anti-rays that are all
pairwise disjoint. Then the assumption implies the existence of infinitely many pairwise disjoint double
rays in D′ and hence in D, which shows that D is not a counterexample to Problem 1.1 which contradicts
the choice of D. □

Let us now state two more problems.

Problem 5.2. Let m ∈ N. If a digraph contains for all n ∈ N a set of m rays and n anti-rays that are
pairwise disjoint, does it contain a set of m rays and infinitely many anti-rays that are pairwise disjoint?

Problem 5.3. If a digraph contains for all n ∈ N a set of n rays and infinitely many anti-rays that
are pairwise disjoint, does it contain a set of infinitely many rays and infinitely many anti-rays that are
pairwise disjoint?

These two problems are strongly related to Problem 1.3 as we shall discuss now.

Theorem 5.4. Let D be a digraph that contains for each n ∈ N a set consisting of n rays and n anti-rays
in D that are all pairwise disjoint. Then D is a counterexample to Problem 1.3 if and only if it is a
counterexample either to Problem 5.2 for some m ∈ N or to Problem 5.3.



14 M. HAMANN AND K. HEUER

Proof. If D is a not counterexample to Problem 5.2, for any m ∈ N, and not to Problem 5.3, then the
existence, for each n ∈ N, of a set of n rays and n anti-rays that are all pairwise disjoint implies that the
assumptions of Problem 5.3 are true and hence there is a set with infinitely many rays and infinitely many
anti-rays that are all pairwise disjoint. Thus, D is not a counterexample to Problem 1.3.

Lastly, if D is not a counterexample to Problem 1.3, then this directly implies that it is for no m ∈ N a
counterexample to Problem 5.2. So, the assumption and conclusion of Problem 5.3 and thereby D is not a
counterexample to that problem, either. □
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