Calculus — 11. Series, Solutions
1. Prove that for a,b > 1 and z,y € R
(@) (@) = a™;
(b) a®b® = (ab)*;

@ (1) =

Proof. We use the new definition of power function, a* = e*!°6¢. This implies
loga® = log (e*'6%) = zloga. (a) Then we have

x
(aw)y — eylog(a ) — eywloga — q¥*.

(b) Using "™ = e“e" and loga + logb = log(ab) we have

a®a¥ = ewlogaezlogb — ew(loga+logb) — exlog(ab) — (ab)w

(c) logb+1log(a/b) = log(b-a/b) = loga implies log% = loga—logb. Sincelogl =0

we have

1\?
(_ — emlog(l/a) — ex(log 1-loga) _ e~ — T
a

2. Prove that for all z,w € C

(a) cosh®? z —sinh? z = 1

(b) cos(z + w) = cos z cosw — sin z sinw

(¢) cos z = cosh(iz)

(d) tanh(z) = —itan(iz)

Prove that for y € R

(e) arcosh (y) =log(y + v/y2—1), y>1
y+1
y—1
Proof. (a) Using the binomial formula we have
L
4
_1 (e +2+e - (¥ —2+e %)) =1

1
(f) arcoth (y) = 5 log ly|>1

cosh? z — sinh? z = (ez + e_z)2 - i (ez - e_z)2

e~

(b) We use the definition of cos z and sin z.

. : 1 iz —iz iw iw 1 iz —iz iw —iw
coszcosw—smzsmwzz(e +e )(e +e )—W(e —e )(e —e )

(ei(z—l—w) + e—i(z—l—w) + ei(z—w) + ei(w—z) + ei(z—l—w) + e—i(z—l—w) _ ei(z—w) _ ei(w—z))

DN = | =

() 4 7)) = cos(z + w).



1., . .
cosh(iz) = 3 (€% +e™%) = cosz.
Similarly,
1, . .
sinh(iz) = 3 (e —e™) =isinz.
(d) By (c),
b - .
_itanh(iz) = —iSniz) __isinz  sinz
cosh(iz) cosz  COSZ

(e) Since e™* = im and for every y > 0 we have y+1/y > 2, coshz = 3 (y+1/y) > 1
where y = e*. Seince lim, ,,, e = +oo continuity of coshz and the intermediate
value theorem show, that the image of coshz is [1,+00). It is easy to show that
cosh z is strictly increasing on R, . Hence, cosh x has a strictly increasing continuous

inverse function
arcosh : [1,+00) = R

given by
arcosh (coshz) =z, x>0

One gets the inverse function by solving for x
y = coshz = 1 (e" +e77)
5 :

Put z = €%,
1 1 1,
= — — e — 1
Yy 2<z+z) 2Z(z+)
2uz =22 +1
0=22—2yz+1.

This is a quadratic equation in z; its two solutions are

Zl,gzy:}: \/@/2—1.

Since z > 0, y < €® = z. Therefore, the only solution is z; = y + /3% — 1 since
2o =1y — v/y? — 1 < y. We conclude

" =y+y — 1= z=log(y ++y%2—1).

(f) Since |sinhz | < coshz for all z, |cothz | = ‘ oSz ‘ > 1. It is easy to see that
coth x is strictly decreasing both on R, \0 and on the negative axes; the image of
cothz is (—oo,—1) U (1,+00). Hence cothz has a strictly decreasing continuous
inverse function

arcoth : (—oo,—1) U (1,+00) = R



given by arcoth (tanhz) = z, x # 0. We obtain the inverse function by solving for

z
_Cothx_coshx e te™ e 41
y= "~ sinhz  eT—e T @20 —1
2c ., __ 2z 2z - _ 2x_y+1
ye y=e"+1=e"(y—-1)=y+1=c¢e =1

2z = log Y

3. Prove that for all z € C

Hint. Use Proposition 2.31.

1 1 1
+1 - xzarcothyzilogy—i_

y—1

e =e*

Proof. Let (z,) be convergent complex sequence with lim, . 2, = 2. Proposi-
tion 2.31 implies lim,,_,, Re 2z, = Rez and lim,,_,,, Im 2z, = Im 2; hence

lim Z, = lim (Rez, —ilmz,) = Rez—ilmz =Z.

n—0o0

That is, the complex conjugation is a continuous operation on C, we have lim z,

n—oo

lim?z,. In particular, the partial sums of the exponential series
no ok
z
sa(2) =) 4
k=0

converge to e* as n tends to infinity. Hence, s, (z) converges to e?. But the algebraic
properties of conjugation, wv = uv, u + v = u + v, show

sn(2) =

n
k=0

k

z
k!

n

-k
< —

n ok
D
k=0

Now, this sequence of partial sums converges to e (by definition) which completes

the proof.

4. Compute the following limits

(a

(b

(c

)
)
)

lim xlogx
z—0+0

. tanz
lim
x—0 x

.oef—1
lim
2—0 z

Hint. For (a) substitute z = 1/e*; for (c) use Proposition 17 with n = 2.



Solution. (a) Let (z,) be a sequence converging to 0 and z, > 0. Then

zn = — log(zy,) tends to +o0o by Proposition 19 (d). Since x, = e *» we obtain
lim 2, logz, — lim — = lim — =0
A o log e = g oo (7m) = I =0

where the last equation is by Proposition 18 (e¢). This shows lim,_,¢;¢ zlogz = 0.
(b) Since tanz = sinz/cosx, lim, ,ocosz = cos0 = 1, and lim, ,gsinz/z = 1 by
Corollary 25 we have

tanx . sinz

lim lim cos x = 1.
z—0 € z—0 x—0

(c) Inserting n = 2 into Proposition 17 gives

1 2‘2‘2 2
r2(2) | =] =1 —2] < —— = 2]

Dividing this inequality by | z | yields

‘ez—l

—1‘§\z| if |z] <15
z

This shows

.oef—1
lim =
2—0 z

1.



