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Abstract. An end of a graph G is an equivalence class of rays, where two rays are equivalent if
there are infinitely many vertex-disjoint paths between them in G. The degree of an end is the
maximum cardinality of a collection of pairwise disjoint rays in this equivalence class.

Halin conjectured that the end degree can be characterised in terms of certain typical ray
configurations, which would generalise his famous grid theorem. In particular, every end of regular
uncountable degree κ would contain a star of rays, i.e. a configuration consisting of a central ray
R and κ neighbouring rays (Ri : i < κ) all disjoint from each other and each Ri sending a family
of infinitely many disjoint paths to R so that paths from distinct families only meet in R.

We show that Halin’s conjecture fails for end degree ℵ1, holds for ℵ2,ℵ3, . . . ,ℵω, fails for ℵω+1,
and is undecidable (in ZFC) for the next ℵω+n with n ∈ N, n > 2. Further results include a
complete solution for all cardinals under GCH, complemented by a number of consistency results.

§1. Overview

1.1. Halin’s end degree conjecture. An end of a graph G is an equivalence class of rays, where
two rays of G are equivalent if there are infinitely many vertex-disjoint paths between them in G.
The degree deg(ε) of an end ε is the supremum of the sizes of collections of pairwise disjoint rays
in ε; Halin showed that this supremum is always attained, see Halin [10] or [6, Theorem 8.2.5].

Figure 1. The Cartesian product of a star and a ray.

However, for many purposes a degree-witnessing collection R ⊆ ε on its own forgets significant
information about the end, as it tells us nothing about how G links up the rays in R; in fact
G[
⋃
R ] is usually disconnected. Naturally, this raises the question of whether one can describe

typical configurations in which G must link up the disjoint rays in some degree-witnessing subset
of a pre-specified end.
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Observing that prototypes of ends of any prescribed degree are given by the Cartesian product
of a sufficiently large connected graph with a ray (see e.g. Figure 1), Halin [10] made this question
precise by introducing the notion of a ‘ray graph’, as follows.

Recall that two or more paths are independent if none of them contains an inner vertex of
another. Given a set R of disjoint equivalent rays in a graph G, we call a graph H with vertex set
R a ray graph in G if there exists a set P of independent R-paths (independent paths with precisely
their endvertices on rays from R) in G such that for each edge RS of H there are infinitely many
disjoint R–S paths in P . Given an end ε in a graph G, a ray graph for ε is a connected ray graph
in G on a degree-witnessing subset of ε. The precise formulation of the question reads as follows:

Does every graph admit ray graphs for all its ends?

For ends of finite degree it is straightforward to answer the question in the affirmative. For ends
of countably infinite degree the answer is positive too, but only elaborate constructions are known.
These constructions by Halin [10, Satz 4] and by Diestel [4, 6] show that in this case the ray graph
itself can always be chosen as a ray:

Theorem 1.1 (Halin’s grid theorem). Every graph with an end of infinite degree contains a
subdivision of the hexagonal quarter grid whose rays belong to that end.

. . .

. . .

Figure 2. The hexagonal quarter grid; cf. [6, p. 223]

For ends of uncountable degree, however, the question is a 20-year-old open conjecture that
Halin stated in his legacy collection of problems [9]:

Halin’s conjecture ([9, Conjecture 6.1]). Every graph admits ray graphs for all its ends.

In this paper, we settle Halin’s conjecture: partly positively, partly negatively, with the answer
essentially only depending on the degree of the end in question.

1.2. Our results. If the degree in question is ℵ1, then any ray graph for such an end contains a
vertex of degree ℵ1, which together with its neighbours already forms a ray graph for the end in
question, namely an ‘ℵ1-star of rays’. See Section 3 for a formal definition. Thus, finding in G a
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ray graph for an end of degree ℵ1 reduces to finding such a star of rays. Already this case has
remained open.

Let HC(κ) be the statement that Halin’s conjecture holds for all ends of degree κ in any graph.
As our first main result, we show that

HC(ℵ1) fails.

So, Halin’s conjecture is not true after all. But we do not stop here, for the question whether HC(κ)

holds remains open for end degrees κ > ℵ1. And surprisingly, we show that HC(ℵ2) holds. In fact,
we show more generally that

HC(ℵn) holds for all n with 2 6 n 6 ω.

Interestingly, this includes the first singular uncountable cardinal ℵω. Having established these
results, it came as a surprise to us that

HC(ℵω+1) fails.

How does this pattern continue? It turns out that from this point onward, set-theoretic considera-
tions start playing a role. Indeed

HC(ℵω+n) is undecidable for all n with 2 6 n 6 ω,while HC(ℵω·2+1) fails.

The following theorem solves Halin’s problem for all end degrees:

Theorem 1. The following two assertions about HC(κ) are provable in ZFC:

(1) HC(ℵn) holds for all 2 6 n 6 ω,
(2) HC(κ) fails for all κ with cf(κ) ∈ {µ+ : cf(µ) = ω}; in particular, HC(ℵ1) fails.

Furthermore, the following assertions about HC(κ) are consistent:

(3) Under GCH, HC(κ) holds for all cardinals not excluded by (2).
(4) However, for all κ with cf(κ) ∈ {ℵα : ω < α < ω1} it is consistent with ZFC+CH that HC(κ)

fails, and similarly also for all κ strictly greater than the least cardinal µ with µ = ℵµ.

For the consistency results in (4) we do not presuppose any advanced set-theoretic knowledge
beyond the usual concepts of ordinals, order trees, cardinals and cofinality. Rather, we identify in
the literature a suitable combinatorial statement about tree branches that is known to be consistent,
and then set out from there to construct our counterexamples for Halin’s conjecture in the cases
of (4). The proof sketch below offers a flavour which statements we need precisely.

The affirmative results in (1) and (3) are proved in the first half of this paper, up to Section 5. The
counterexample for HC(ℵ1), which can be read independently of the other chapters, is constructed
in Section 6. The remaining counterexamples in (2) and (4) are constructed in Sections 7 to 9.
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1.3. Proof sketch. The following proof sketch is informal only. It contains frequent forward
pointers to later sections where the precise details can be found.

The first step behind our affirmative results for HC(κ) is the observation that it suffices to
find some countable set of vertices U for which there is a set R of κ many rays in ε, all disjoint
from each other and from U , such that each R ∈ R comes with an infinite family PR of disjoint
R–U paths which, for distinct R and R′, meet only in their endpoints in U . Let us refer to this
constellation by saying that the rays are ‘independently attached to U ’. Then it is not difficult to
find a ray R∗ that contains enough of U to include the endpoints of almost all path families PR,
yielding a κ-star of rays on {R∗} ∪ R′ for some suitable R′ ⊆ R (Lemma 2.1).

While it may be hard to identify a countable such set U directly, for κ of cofinality at least ℵ2
there is a neat greedy approach to finding a similar set U ′ of cardinality just < κ rather than ℵ0
(Lemma 2.2).

Let us illustrate the idea in the case of κ = ℵ2: Starting from an arbitrary ray R0 in ε, does
U0 = V (R0) already do the job? That is to say, are there ℵ2 disjoint rays in ε that are independently
attached to U0? If so, we have achieved our goal. If not, take a maximal set of disjoint rays R0

in ε all whose rays are independently attached to U0 as above, and define U1 to be the union of
U0 together with the vertices from all the rays in R0 and all their selected paths to U0. Then
|U1| 6 ℵ1. Does U1 do the job? If so, we have achieved our goal. If not, continue as above. We
claim that when continuing transfinitely and building sets U0 ( U1 ( . . . ( Uω ( Uω+1 ( . . ., we
will achieve our goal at some countable ordinal < ω1. For suppose not. Then U ′′ :=

⋃
{Ui : i < ω1}

meets all the rays in ε. Indeed, any ray R from ε outside of U ′′ could be joined to U ′′ by an infinite
family of disjoint R–U ′′ paths. But then their countably many endvertices already belong to some
Ui for i < ω1, contradicting the maximality of Ri in the definition of Ui+1. Hence, |U ′′| = ℵ2. For
cofinality reasons there is a first index j = i+ 1 with |Uj | = ℵ2. Now U ′ = Ui is as required.

Having identified a <κ-sized set U ′ together with κ disjoint rays all independently attached to
it, we aim to restrict U ′ to a countable set U while keeping κ many rays attached to U (Section 4).
For κ = ℵ2 this is straightforward, since if U ′ is written as an increasing ℵ1-union of countable sets,
one of them already contains all the endpoints of the path systems for some ℵ2-sized subcollection
R′ ⊆ R. Take this countable set as the set U originally sought. This completes the proof of HC(ℵ2);
the other affirmative results for HC(κ) are similar (Corollary 5.2 and Theorem 5.4).

What about general cardinalities κ? The above strategy can fail in two different ways: First,
if cf(κ) = ℵ1, the greedy approach may not terminate: for example, it may well be possible that
|U ′| = ℵ1 while |Ui| = ℵ0 for all i < ω1. And indeed, we will show that rays in ends of degree
ℵ1 may be ‘arranged like an Aronszajn tree’, witnessing the failure of HC(ℵ1). This idea can be
captured as follows (see Definition 6.1 for precise details): For an Aronszajn tree T , consider first a
disjoint family of rays {Rt : t ∈ T} indexed by the nodes of the tree. If t is a successor of s in T ,
add an infinite matching between the rays Rt and Rs. And if t is a limit, pick a cofinal ω-sequence
t0 < t1 < . . . < t of nodes below t, and add an edge from the nth vertex of Rt to the nth vertex
of Rtn , for all n ∈ N. If these cofinal sequences t0 < t1 < . . . < t below each limit t are chosen
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carefully (for this we rely on a trick by Diestel, Leader and Todorčević, see Theorem 6.4), the
resulting graph, which we call the ray inflation of T , is one-ended of degree ℵ1 but contains no
ℵ1-star of rays. This refutes HC(ℵ1). See Theorem 6.6 for details.

What about the remaining cardinals κ with cf(κ) = ℵ1? Also there, counterexamples to HC(κ)

exist, and we have a machinery that produces a multitude of such examples: Any counterexample
for HC(κ) for regular κ may be turned canonically into a counterexample for HC(λ) for all λ with
cf(λ) = κ, see Theorem 9.1.

The second way in which our above strategy can fail is that even if our greedy algorithm
terminates and provides a <κ-sized U ′ to which there are κ disjoint rays independently attached,
it may not be possible to further reduce U ′ as earlier to some countable subset U . And indeed,
using our idea of ray inflations of order trees, also this constellation can be exploited to construct
counterexamples to Halin’s conjecture. However, the trees that work now are quite different from
the earlier Aronszajn trees: Generalising the concept of binary trees with tops introduced by Diestel
and Leader in [5], we consider the class of λ-regular trees with tops, where λ is any singular cardinal
of countable cofinality. These are order trees of height ω + 1 in which every point of finite height
has exactly λ successors, and above some κ > λ many selected branches we add further nodes to
the tree at height ω, called tops.

There is a reason why we take λ to be singular of countable cofinality: Just like the binary tree
has uncountably many branches, these λ’s are the only other cardinals for which an uncountable
λ-regular tree is guaranteed to have strictly more than λ branches. And just like the precise number
of branches of the binary tree is not determined in ZFC alone (it is 2ℵ0 , which may be ℵ1 if CH
holds, or may be arbitrarily large), also the precise number of branches of the λ-regular tree is λ+

if GCH holds, but it also may be much larger.
Now the starting point for our consistent counterexamples of (4) in Theorem 1 are simply models

of ZFC + CH in which the two λ-regular trees for λ = ℵω and λ equal to the first fixed point of
the ℵ-function have a lot more branches than nodes. In these cases, any λ-regular tree with tops
gives rise to counterexamples for Halin’s conjecture (Theorem 8.1). What happens if one looks for
ZFC-counterexamples, not just consistent ones? With significantly more effort, and building on the
concept of a scale from Shelah’s pcf-theory, we will show in Theorem 7.1 that for any singular λ of
countable cofinality one can directly select a suitable set of λ+ many branches so that the λ-regular
tree with corresponding tops gives rise to the counterexamples for Halin’s conjecture, settling the
remaining cases of (2) in Theorem 1.

1.4. Open problems. We suspect that (1) and (2) in Theorem 1 capture all the cases of Halin’s
conjecture that can be proved or disproved in ZFC alone. This is certainly true up to ℵω1 , as for
each κ 6 ℵω1 our main Theorem 1 provides either a ZFC or an independence result regarding the
truth value of HC(κ). While for all remaining cardinals assertion (3) of Theorem 1 gives consistent
affirmative results, we do not know whether any of these can be established in ZFC.

Question 1. Is Halin’s conjecture true for any κ > ℵω1?



6 GESCHKE, KURKOFKA, MELCHER, AND PITZ

Question 2. Is it true that any end of degree ℵ1 either contains an ℵ1-star of rays or a subdivision
of a ray inflation of an Aronszajn tree, as in Theorem 6.6?

Question 3. Is it true that for every cardinal κ there is f(κ) > κ, such that every end ε of degree
f(κ) contains a connected ray graph of size κ?

§2. Ray collections with small core

For general notions in graph theory and in set theory we generally follow the textbooks by
Diestel [6] and Jech [11]. Let ε be an end of a graph G, and U be a set of vertices in G. An ε–U
comb is a subgraph C = R∪

⋃
P of G that consist of a ray R disjoint from U that represents ε and

an infinite family P of disjoint R–U paths. The ray R is the spine of the comb, and the vertices
in C ∩ U are the teeth of the comb. We write C̊ for C − U , the interior of the ε–U comb, which
is disjoint from U . We call two ε–U combs internally disjoint if they have disjoint interior. The
centre of a subdivided infinite star is its unique vertex of infinite degree. A vertex v ∈ G dominates
a ray R ⊆ G if v is the centre of a subdivided infinite star with all its leaves in R. It dominates an
end ε of G if it dominates some (equivalently: each) ray in ε.

Lemma 2.1. Let ε be an end of a graph G and U a countable set of vertices. If there is an
uncountable collection C of internally disjoint ε–U combs in G, then ε contains a |C|-star of rays
whose leaf rays are the spines of (a subset of) combs in C.

Proof. Denote by U ′ ⊆ U the vertices of U that belong to the teeth of only finitely many combs
in C, and let C′ ⊆ C be the subcollection of combs with a tooth in U ′. Then C′ is countable, so
C \ C′ is of size |C|, and every comb in C \ C′ has all its teeth contained in U \ U ′. Since all vertices
in U \ U ′ dominate the end ε, there is a ray R in G with U \ U ′ ⊆ V (R), cf. [6, Ex. 8.29 & 8.30].
Since R is countable, C \ C′ contains a subcollection C′′ of size |C| such that the interior of every
comb in C′′ is disjoint from R. Consequently, R together with all the combs in C′′ forms the desired
|C|-star of rays. �

Given an end ε of a graph G with uncountable degree κ, finding a countable vertex set U ⊆ V (G)

so that G admits κ internally disjoint ε–U combs (i.e. so that U satisfies the premise of Lemma 2.1)
may be hard, and sometimes even impossible by Theorem 1(1). Perhaps surprisingly, U can be
found greedily if κ has large cofinality and the condition |U | = ℵ0 is relaxed to |U | < κ.

Lemma 2.2 (The greedy lemma). Let R be any κ-sized collection of disjoint rays belonging to an
end ε of G. If cf(κ) > ℵ1, then there exist a set of vertices U in G with |U | < κ and a κ-sized
collection C of internally disjoint ε–U combs in G with all spines in R.

Proof. Let U0 := V (R) for an arbitrarily chosen ray R ∈ R. Recursively construct a sequence
(Ui : i < ω1) of vertex sets of G as follows: If Ui is already defined, use Zorn’s lemma to choose a
maximal collection Ci of internally disjoint ε–Ui combs with spines in R, and let Ui+1 := Ui ∪

⋃
Ci.

For a limit ` < ω1, simply define U` :=
⋃
i<` Ui.
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Consider U ′ :=
⋃
i<ω1

Ui. If |U ′| < κ, then since |R| = κ there still exists an ε–U ′ comb C in G
with spine in R. However, the countably many teeth from C ∩ U ′ belong already to some Ui for
i < ω1. But then the existence of C contradicts the maximality of Ci.

Hence, |U ′| = κ, and cf(κ) > ω1 implies that there is a first i < ω1 such that |Ui| = κ which must
be a successor, say i = j + 1. Then U := Uj satisfies |U | < κ and C := Cj is a κ-sized collection of
ε–U combs as desired. �

For which cardinals κ it is possible to bridge the gap between Lemma 2.1 and Lemma 2.2 is
discussed in Section 4 below. Before doing so, however, we use Lemma 2.1 to classify the minimal
types of connected ray graphs in the next section.

§3. Typical types of ray graphs

It is well known that every countable connected graph contains a vertex of infinite degree or a
ray. This carries over to larger cardinals as follows. Every connected graph on κ many vertices, for
regular uncountable κ, has a vertex of degree κ. Indeed, consider the distance classes from any
fixed vertex of the graph. Then there is a first distance class with κ many vertices and the prior
distance class contains a vertex of degree κ. We call a star with κ many leafs a κ-star.

A frayed star is a rooted tree in which all vertices are within distance 2 from the root. The
root is also called the centre and the neighbours of the root are called the distributor vertices of
the frayed star. For a cardinal κ and a cofinal sequence s = (κi : i < cf(κ)) in κ, a (κ, s)-star is a
frayed star such that the sequence of degrees of the distributor vertices corresponds to s. Note
that if for a frayed star S with κ many leafs the degrees of the distributor vertices form a cofinal
sequence for κ, then S contains a (κ, s)-star for any prescribed cf(κ)-sequence s of κ as a subgraph.
A frayed comb is a ray together with infinitely many disjoint stars such that exactly one vertex of
every star lies on the ray. The centres of these stars are the distributor vertices and the leafs of the
stars that do not lie on the ray are the teeth of the frayed comb.

Recall that every connected graph on κ many vertices contains a subdivided frayed star or a
subdivided frayed comb with κ many leafs or teeth, respectively. To see this we may assume the
graph to be a tree T rooted at r. Now, consider the size of every component of T − r. If there
is one component C of size κ we view C as a tree rooted at the neighbour of r and continue
in C. If there is again and again a component of size κ it is straightforward to find a frayed comb
with κ many teeth. However, if all components are smaller than κ and their size forms a cofinal
sequence of κ it is straightforward to find a subdivided frayed star with κ many leafs. Finally, if all
components are smaller than κ and their size does not form a cofinal sequence in κ, there are at
least κ many components in which case we even find a star of size κ. See also [8, Corollary 8.1] for
a strengthening of the above results.

We now lift these basic facts to ray graphs. For connected graph H, we say that the union of
disjoint rays (Rh : h ∈ V (H)) in some graph G together with a path family P in G is a H graph
of rays in G if the ray graph of (Rh : h ∈ V (H)) and P is H. If X ⊆ V (H) is a set of vertices we
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say that the rays (Rx : x ∈ X) are the X rays in G. If H = S is a star with centre c ∈ V (S) and
leafs L, then we say that Rc is the centre ray and (R` : ` ∈ L) are the leaf rays.

Lemma 3.1. Let ε be any end of a graph G of degree κ, and suppose that HC(κ) holds.

(1) If κ is regular and uncountable, then G contains a κ-star of rays all belonging to ε.
(2) If κ is singular and s is any cf(κ)-sequence of cardinals with supremum κ, then G contains

either a κ-star of rays all belonging to ε or a (κ, s)-star of rays all belonging to ε.

Proof. As κ is regular in assertion (1), any ray graph witnessing that HC(κ) holds is connected,
and so has a vertex of degree κ. Clearly, any such vertex gives rise to a κ-star of rays in G.

For (2) we find either a frayed star or a frayed comb with κ many leafs or teeth, respectively, in
the connected ray graph. First, suppose that we obtain a subdivided frayed star with κ many leafs.
This gives rise to a subdivided frayed star of rays in G. However, this can easily be turned into a
κ-star of rays or a (κ, s)-star of rays, respectively. Indeed, any ray which has degree two in the
ray graph might be abandoned to find a path family between its two neighbour rays (internally
disjoint from all other rays and paths). Second, suppose that we obtain a frayed comb of size κ in
the ray graph. Then there is a frayed comb of rays in G and by a similar argument as above we
may assume that the frayed comb has no vertices of degree two. Hence, there are only countably
many vertices in the frayed comb that are not a tooth; denote by U the set of all these vertices.
Now, apply Lemma 2.1 to the set U ′ = {V (Ru) : u ∈ U} and the ε–U ′ combs provided by the teeth
rays to obtain a κ-star of rays. �

§4. On (λ, κ)-graphs I

A (λ, κ)-graph is a bipartite graph (A,B) with |A| = λ and |B| = κ, where λ < κ are infinite
cardinals and every vertex b ∈ B has infinitely many neighbours in A.

Next to their role in this paper, (λ, κ)-graphs and in particular (λ, λ+)-graphs also occur in
the characterisation of the Erdős-Hajnal colouring number [2] as well as in the characterisation of
graphs with normal spanning trees [13]. For a structural classification of (ℵ0,ℵ1)-graphs see [1].

In the following we investigate the question which (λ, κ)-graphs contain an (ℵ0, κ)-subgraph.
Whenever we speak of a (λ′, κ)-subgraph of another (λ, κ)-graph in this paper, we silently assume
that the bipartition classes are respected. This is no significant restriction, since whenever a
(λ, κ)-graph (A,B) has a (λ′, κ)-subgraph (C,D), then it also has such a subgraph that respects
the bipartition classes (simply restrict to the vertices in D \A and their neighbours in A ∩ C).

Lemma 4.1. Any (λ, κ)-graph with cf(λ) > ω and cf(κ) 6= cf(λ) contains a (λ′, κ)-subgraph for
some λ′ < λ.

Proof. Let (A,B) be a (λ, κ)-graph as in the lemma. We may assume that N(b) ⊆ A is countable
for all b ∈ B. Write A =

⋃
{Ai : i < cf(λ)} as an increasing union of subsets Ai with |Ai| < λ.

Let Bi := {b ∈ B : N(b) ⊆ Ai}. Since cf(λ) > ω, we have B =
⋃
{Bi : i < cf(λ)}. Recall that if

a non-decreasing γ-sequence in a limit ordinal α is cofinal in α, then cf(γ) = cf(α), see e.g. [11,
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Lemma 3.7(ii)]. As cf(κ) 6= cf(λ), we therefore have |Bi| = |B| for some i < cf(λ). Then (Ai, Bi)

is the desired (λ′, κ)-subgraph. �

Corollary 4.2. Any (λ, κ)-graph with κ 6 ℵω contains an (ℵ0, κ)-subgraph. �

However, this pattern breaks down at the cardinal ℵω+1. In fact, we will show below that for every
singular cardinal λ of countable cofinality, there exist (λ, λ+)-graphs without (ℵ0, λ+)-subgraph,
Theorem 7.1.

In order to prove the affirmative results of item (3) in our main result Theorem 1, we now show
that under GCH1, these are more or less the only exceptions:

Lemma 4.3. Under GCH, every (λ, κ)-graph with cf(κ) /∈ {µ+ : cf(µ) = ω} and cf(κ) > λ > ℵ0
contains a (λ′, κ)-subgraph for some λ′ < λ.

Proof. Let (A,B) be a (λ, κ)-graph as in the lemma. We may assume that N(b) ⊆ A is countable
for all b ∈ B. If cf(λ) > ω, the assertion follows from Lemma 4.1.

If cf(λ) = ω, GCH implies that |[A]ℵ0 | = λ+, see [11, Theorem 5.15(ii)]. By assumption,
cf(κ) > λ and cf(κ) 6= λ+, so cf(κ) > λ+. Hence, for some countable subset A′ ⊆ A we find a
κ-sized B′ ⊆ B such that N(b) = A′ for all b ∈ B′. Then (A′, B′) is the desired subgraph. �

Corollary 4.4. Under GCH, every (λ, κ)-graph with cf(κ) /∈ {µ+ : cf(µ) = ω} and cf(κ) > λ

contains an (ℵ0, κ)-subgraph. �

Corollary 4.5. Under GCH, every (λ, κ)-graph for regular κ /∈ {µ+ : cf(µ) = ω} contains an
(ℵ0, κ)-subgraph. �

Lemma 4.6. Under GCH, every (λ, κ)-graph with cf(κ) /∈ {µ+ : cf(µ) = ω} contains an (ℵ0, κ)-
subgraph or otherwise a collection of disjoint (ℵ0, κi)-subgraphs for {κi : i < cf(κ)} cofinal in κ.

Proof. Let (A,B) be some (λ, κ)-graph as in the statement of the lemma, but without an (ℵ0, κ)-
subgraph. By Corollary 4.5, κ is singular and we may write κ = sup {κi : i < cf(κ)} for regular
κi > λ with κi /∈ {µ+ : cf(µ) = ω}. Recursively choose disjoint (ℵ0, κi)-subgraphs (Ai, Bi) of (A,B)

for i < cf(κ) as follows: Given some fixed i < cf(κ) with pairwise disjoint (Aj , Bj) already selected
for all j < i, let

A′i := A \
⋃
{Aj : j < i} and B′i :=

{
b ∈ B \

⋃
{Bj : j < i} : |N(b) ∩A′i| =∞

}
.

If |B′i| < κ, then since |
⋃
{Aj : j < i}| < cf(κ), the subgraph(⋃

{Aj : j < i}, B \B′i
)

of (A,B) would contain an (ℵ0, κ)-subgraph by Corollary 4.4, contradicting our initial assumption.
Therefore, we may choose B′′i ⊆ B′i of size κi, and apply Corollary 4.5 to the graph (A′i, B

′′
i ) and

obtain an (ℵ0, κi)-subgraph (Ai, Bi) of (A,B) disjoint from all (Aj , Bj) for j < i as desired. �

1In fact, a close inspection shows that our results only require the consequence of GCH that λℵ0 = λ+ for all
singular cardinals λ of countable cofinality.
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Corollary 4.7. Under GCH, every (λ, κ)-graph with cf(κ) = ω contains an (ℵ0, κ)-subgraph.

Proof. By Lemma 4.6, any (λ, κ)-graph with cf(κ) = ω contains either an (ℵ0, κ)-subgraph, in which
case we are done, or otherwise a collection of disjoint (ℵ0, κi)-subgraphs (Ai, Bi) for {κi : i < ω}
cofinal in κ. But then (

⋃
i<ω Ai,

⋃
i<ω Bi) is an (ℵ0, κ)-subgraph. �

§5. Affirmative cases in Halin’s conjecture

5.1. Regular cardinals. Our affirmative results for regular cardinals are now a straightforward
consequence of Lemmas 2.1 and 2.2, together with the results from the previous section.

Proposition 5.1. Let R be any κ-sized collection of disjoint equivalent rays in a graph G for an
uncountable regular cardinal κ. If κ = ℵn for some n ∈ N with n > 2, then G contains a κ-star of
rays with leaf rays in R.

Assuming GCH, there exists a κ-star of rays in G with leaf rays in R unless κ ∈ {µ+ : cf(µ) = ω}.

Proof. Let R be any collection of disjoint equivalent rays of regular cardinality κ > ℵ1 belonging
to some end ε of G. By Lemma 2.2, there exist a set of vertices U in G with λ := |U | < κ and a
κ-sized collection C of internally disjoint ε–U combs in G with spines in R.

Consider the (λ, κ)-minor H = (U, C) of G where we contract the interior of every ε–U comb
C ∈ C. Applying Corollary 4.2 in the case where κ = ℵn for some n ∈ N with n > 2, and
Corollary 4.4 otherwise, we obtain that H contains an (ℵ0, κ)-subgraph H ′. After uncontracting
the combs on the κ-side of H ′, applying Lemma 2.1 finishes the proof. �

Corollary 5.2. HC(ℵn) holds for all n ∈ N with n > 2. Moreover, under GCH, HC(κ) holds for
all regular cardinals κ /∈ {µ+ : cf(µ) = ω}. �

5.2. Singular cardinals. We now extend these affirmative results to singular cardinals. First, to
singular cardinals of countable cofinality, and then to all singular cardinals whose cofinality is not a
successor of a regular cardinal. By case (2) of our main Theorem 1, this is best possible.

Proposition 5.3. HC(ℵω) holds. Moreover, under GCH, HC(κ) holds whenever cf(κ) = ω.

Proof. Suppose κ > cf(κ) = ω, and let (κn : n ∈ ω) be a strictly increasing sequence of infinite
cardinals with supremum κ, and each of the form κn = λ++

n . Let G be any graph and ε an end of
G of degree κ. For each n ∈ ω we use Proposition 5.1 to find a κn-star of rays Sn in G with all rays
in ε. We write Rn for the centre ray of Sn and consider the countable vertex set U :=

⋃
n∈ω V (Rn).

For each n ∈ ω, some κn many of the components of Sn are disjoint from both
⋃
i<n Si and U .

Thus, the union of all stars Sn contains κ many internally disjoint ε–U combs. Therefore, we may
apply Lemma 2.1 to ε and U to find the desired κ-star of rays. �

Theorem 5.4. Under GCH, HC(κ) holds for all κ with cf(κ) /∈ {µ+ : cf(µ) = ω}.

Proof. Let ε be an end of G with deg(ε) = κ. By the previous results, we may assume that κ is
singular and cf(κ) > ℵ1. Hence, by the Greedy Lemma 2.2, there are some set of vertices U ⊆ V (G)
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with |U | < κ and a κ-sized family C of internally disjoint ε–U combs. Consider the (|U |, κ)-minor
H = (U, C) of G where we contract the interior of every ε–U comb C ∈ C. By Lemma 4.6,
H contains either an (ℵ0, κ)-subgraph (in which case we are done by Lemma 2.1), or a collection of
disjoint (ℵ0, κi)-subgraphs for {κi : i < cf(κ)} cofinal in κ with all κi > max {ℵω+1, cf(κ)} regular.

Consider one (ℵ0, κi)-subgraph Hi. As GCH implies in particular that 2ℵ0 < ℵω+1, it follows
from ℵω+1 < κi and the regularity of κi that there is a complete (ℵ0, κi)-subgraph H ′i ⊆ Hi.
Uncontracting the κi-side of H ′i to combs and applying Lemma 2.1 inside the resulting subgraph
of G (in which by construction all spines of the combs are still equivalent) gives a star of rays Si of
size κi. By construction, any two such stars are disjoint.

Now, we apply Proposition 5.1 to the collection R of all centre rays of the Si to obtain a star
of rays S of size cf(κ) with leaf rays in R. Keeping only those Si whose centre ray is a leaf ray
of S, we may assume that S has precisely R as set of leaf rays. Since |S| < |Si| for all i, we may
assume that each Si meets S only in the former’s centre ray. Then S ∪

⋃
{Si : i < cf(κ)} yields a

connected ray graph of size κ. �

§6. The first counterexample to Halin’s conjecture

6.1. Order trees, T -graphs and ray inflations. A partially ordered set (T,6) is called an
order tree if it has a unique minimal element (called the root) and all subsets of the form dte =

dteT := {t′ ∈ T : t′ 6 t} are well-ordered. Write btc = btcT := {t′ ∈ T : t 6 t′}.
A maximal chain in T is called a branch of T ; note that every branch inherits a well-ordering

from T . The height of T is the supremum of the order types of its branches. The height of a point
t ∈ T is the order type of d̊te := dte \ {t}. The set T i of all points at height i is the ith level of T ,
and we write T<i :=

⋃{
T j : j < i

}
as well as T6i :=

⋃{
T j : j 6 i

}
. If t < t′, we use the usual

interval notation (t, t′) = {s : t < s < t′} for nodes between t and t′. If there is no point between t
and t′, we call t′ a successor of t and t the predecessor of t′; if t is not a successor of any point it is
called a limit.

An order tree T is normal in a graph G, if V (G) = T and the two endvertices of any edge of
G are comparable in T . Given any vertex t ∈ T , the vertices in the down-closure d̊te that are
neighbours of t in G are called the down-neighbours or lower neighbours of t in G (with regard
to T ). The set of all down-neighbours of t is the down-neighbourhood of t. We call G a T -graph
if T is normal in G and the set of lower neighbours of any point t is cofinal in d̊te. For detailed
information on normal tree orders, see also [3].

Given T an order tree, a T -graph G is sparse if the down-neighbourhood of any node t is of
order type cf

(
d̊te
)
. For trees T of height at most ω1, this means that if t is a successor, it has

a unique down-neighbour namely its predecessor, and if t is a limit, its down-neighbours form a
cofinal ω-sequence in d̊te. (For T an ordinal, this corresponds to a ladder system in Todorčević’s
terminology [15]).

An Aronszajn tree is an order tree of size ℵ1 where all branches and levels are countable.
We now introduce a concept that is crucial for all our counterexamples to Halin’s conjecture.
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Definition 6.1. Let G be a sparse T -graph for an order tree T of height at most ω1. The
ray-inflation G ] N of G is the graph with vertex set T × N, and the following edges (cf. Figure 3):

(1) For every t ∈ T we add all the edges (t, n)(t, n+ 1) with n ∈ N so that Rt := G[ {t}×N ] is
a horizontal ray.

(2) If t ∈ T is a successor with predecessor t′, we add all edges (t, n)(t′, n) for all n ∈ N.
(3) If t ∈ T is a limit with down-neighbours t0 <T t1 <T t2 <T . . . in G we add the edges

(t, n)(tn, n) for all n ∈ N.

t4 Rt4(t4, 4)

t3 Rt3(t3, 3)

t2 Rt2(t2, 2)

t1 Rt1(t1, 1)

t0 Rt0(t0, 0)

t Rt

(t, 0) (t, 1) (t, 2) (t, 3) (t, 4)

G G ] N

Figure 3. The ray inflation of an (ω + 1)-graph.

Lemma 6.2. If G is a sparse T -graph for T an order tree of height at most ω1, then all the pairwise
disjoint horizontal rays Rt in the ray inflation H = G ]N belong to the same sole end ε of G ]N; in
particular, deg(ε) = |T |.

Proof. We show by an ordinal induction on i > 0 that the rays in the set R6i := {Rt : t ∈ T6i}
belong to the same sole end of H6i := H[T6i × N]. For i equal to the height of T , this implies
the statement of the lemma. The induction starts because R60 consists of the ray H60 = Rr for r
the root of T . Now suppose that i > 0. We have to show that every horizontal ray Rt with t ∈ T i

is equivalent in H6i to some other horizontal ray Rs with s ∈ T<i. For this, let any horizontal
ray Rt with t ∈ T i be given. Since the vertex set of H<i is partitioned by R<i into vertex sets of
rays that belong to the same sole end of H<i by the induction hypothesis, it suffices to show that
Rt can be extended to a comb in H6i attached to H<i. If t is a successor in T with predecessor t′,
then such a comb arises from Rt by adding the edges (t, n)(t′, n) for all n ∈ N. And if t is a limit
in T with down-neighbours t0 <T t1 <T t2 <T . . . in G, then such a comb arises from Rt by adding
the edges (t, n)(tn, n) for all n ∈ N. �
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Lemma 6.3. Let G be a sparse T -graph for T an order tree of height at most ω1, let 0 6 i < ω1

and let H be the ray inflation of G. Then the map T i 3 t 7→ H[ btc × N ] is a bijection between T i

and the components of H − (T<i × N).

Proof. The T -graph G is the contraction minor of H that arises by contracting every horizontal
ray Rt to a single vertex. For T -graphs such as G it is well known, and straightforward to show,
that the map T i 3 t 7→ G[ btc ] is a bijection between T i and the components of G− T<i. Since
every component of H − (T<i × N) arises from a component of G− T<i by uncontracting every
vertex of that component to a horizontal ray, the claim follows. �

6.2. An Aronszajn tree of rays. Our counterexample to HC(ℵ1) is based on the ray inflation
of an Aronszajn tree. Diestel, Leader and Todorčević showed in [5] that:

Proposition 6.4. There exist an Aronszajn tree T and a sparse T -graph G with the following
property:

For every t ∈ T there is a finite St ⊆ d̊te such that every t′ > t has all its
down-neighbours below t inside St.

(?)

Proof. We sketch the construction from [5, Theorem 6.2] for convenience of the reader. Let T be an
Aronszajn tree with an antichain partition {Un : n ∈ N} (the standard Aronszajn tree constructions
yield such an antichain partition). Such Aronszajn trees are also called special Aronszajn trees.

Given a limit t ∈ T , choose its down-neighbours t0 < t1 < t2 < . . . inductively, starting with t0
the root of T . If tn−1 < t has already been defined, consider the least i ∈ N such that the
antichain Ui meets the interval (tn−1, t), and let tn be the (unique) point in Ui ∩ (tn−1, t). It is
easy to check that the T -graph G is as desired. �

Lemma 6.5. If T is an Aronszajn tree and G is any sparse T -graph with property (?), then the
ray inflation H = G ] N of G has the following property:

For every t ∈ T there is a finite St ⊆ d̊te such that every (t′, n) ∈ H with t′ >T t
and n ∈ N satisfies NH( (t′, n) ) ∩ (d̊te × N) ⊆ St × |St|.

(??)

Proof. Given t ∈ T , and given St by property (?), we show that every (t′, n) ∈ H with t′ >T t and
n ∈ N satisfies N := NH( (t′, n) ) ∩ (d̊te × N) ⊆ St × |St|. If t′ is a successor, then N is empty, so
N ⊆ St × |St|. Otherwise t′ is a limit and has down-neighbours t′0 <T t′1 <T t′2 . . . in G. Then
{t′n : n ∈ N} ∩ d̊te = {t′0, . . . , t′k} ⊆ St for k < |St|, so N = { (t′0, 0), . . . , (t′k, k) } ⊆ St × |St|. �

Theorem 6.6. Let T be an Aronszajn tree and let G be a sparse T -graph with property (?) as in
Proposition 6.4. Then the ray inflation G ] N of G witnesses that HC(ℵ1) fails.

Proof. Suppose for a contradiction that for every end ε of H = G]N there is a set R ⊆ ε of disjoint
rays with |R| = deg (ε) such that some ray graph of R in G is connected. By Lemma 6.2, all the
horizontal rays Rt (t ∈ T ) of G ] N belong to the same sole end ε with deg (ε) = |T | = ℵ1. Hence,
by our assumption and Lemma 3.1 we find an ℵ1-star of rays in G ] N which we denote by S. We
denote the centre ray of S by R, and we denote the leaf rays of S by Ri (i < ω1).
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Now, let σ < ω1 be minimal such that V (R) ⊆ T<σ × N. Since T<σ × N is countable, we may
assume without loss of generality that S meets T<σ × N precisely in R. Then every component of
S−R is contained in a component of H−(T<σ×N). By Lemma 6.3, the map T σ 3 t 7→ H[ btc×N ]

is a bijection between T σ and the components of H − (T<σ ×N). Thus, we obtain a map ω1 → T σ,
i 7→ ti such that the component Di of S − R with Di ⊇ Ri is contained in the component
Ci := H[ btic × N ] of H − (T<σ × N). Since the level T σ of the Aronszajn tree T is countable,
some t ∈ T σ is the image ti of uncountably many indices i < ω1, and we abbreviate Ci =: C for
these indices. Then for uncountably many indices i < ω1 of these uncountably many indices their
components Di are contained in C − ({t} × N) entirely. But then all these components Di have
infinite neighbourhood in d̊te × N, contradicting that H has property (??) by Lemma 6.5. �

We remark that the ray inflation G ] N of any (sparse) ω1-graph G does contain an ℵ1-star
of rays. Indeed, by [5, Proposition 3.5] applied to the minor G of G ] N, the ray inflation G ] N
contains a Kℵ1 minor, and so in fact a subdivision of Kℵ1 by a well-known result of Jung [12]. In
particular, the ray inflations giving counterexamples to HC(ℵ1) must be based on Aronszajn trees.

We remark that, based on this example, one can construct counterexamples to Halin’s conjecture
for all κ with cf(κ) = ℵ1, see Theorem 9.1.

§7. On (λ, κ)-graphs II – regular trees with tops

Earlier, in Section 4 we investigated conditions under which (λ, κ)-graphs possess (ℵ0, κ)-
subgraphs, and used these results to prove a number of positive instances of Halin’s conjecture in
Section 5. However, there exist (λ, κ)-graphs without (ℵ0, κ)-subgraphs, and the question arises
whether these can be turned into counterexamples for HC(κ). And indeed, our main result in this
section, Theorem 7.1, states that there is such a class of (λ, κ)-graphs, which we call (λ, κ)-graphs
of type Tλ, that achieve precisely this, see Theorem 8.1 below.

Given a cardinal λ > 2, either finite or of countable cofinality, let (Tλ,6) be the order tree where
the nodes of Tλ are all sequences of elements of λ of length 6 ω including the empty sequence, and
t 6 t′ if t is an initial segment of t′. Then Tλ is an order tree of height ω + 1 in which every point
of finite height has exactly λ successors and above every branch of T<ωλ there is exactly one point
in Tωλ , represented by a countable sequence of ordinals in λ. Since λ > 2 is finite or of countable
cofinality, it follows from König’s Theorem [11, Theorem 5.10] that Tλ has strictly more than λ
many branches, that is to say we have |Tωλ | > max{λ+, 2ℵ0}.

The down-closure of any κ-sized subset X of Tωλ for κ > λ is a λ-tree with κ tops, the tops
themselves being the points in X. Now if T is a λ-tree with κ tops, then any T -graph clearly contains
a (λ, κ)-graph with bipartition classes T<ω and Tω; we shall call any such graph a (λ, κ)-graph of
type Tλ.

We remark that λ-trees with κ tops form a generalisation of the so-called binary trees with tops,
studied in more detail in [1, 5], where it was shown that, consistently, every (ℵ0,ℵ1)-graph contains
an (ℵ0,ℵ1)-subgraph of type T2 [1, Theorem 1.1], a statement which does not hold under CH [5,
Proposition 8.2].
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Our main result in this section, which forms the basis for (2) in Theorem 1, is the following:

Theorem 7.1. For any singular cardinal λ of countable cofinality there is a (λ, λ+)-graph of type Tλ
that does not have an (ℵ0, λ+)-subgraph.

Before we proceed to the proof, we also state two consistent results about the number of branches
of a certain pair of such trees. For this, recall that GCH implies that every λ-tree Tλ from above
for λ of countable cofinality has precisely λ+ branches [11, Theorem 5.15(ii)], in which case every
(λ, κ)-graph of type Tλ satisfies κ = λ+.

Of course, one way to increase the number of branches of Tλ is to work in a model of ZFC where
2ℵ0 is large.

It turns out, however, that for at least two trees, namely Tℵω and Tµ where µ = ℵµ de-
notes the least ℵ fixed point (which is a singular cardinal of countably cofinality, namely µ =

sup{ℵ0,ℵℵ0 ,ℵℵℵ0
, . . .}), it is known that the number of branches can consistently be much larger

despite the continuum being small, i.e. 2ℵ0 = ℵ1. This gives rise to our second result in this section,
forming the basis for (4) in Theorem 1:

Theorem 7.2. (1) For any countable ordinal α with ω < α < ω1, it is consistent that we have
CH and there is an (ℵω,ℵα)-graph of type Tℵω that does not have an (ℵ0,ℵ2)-subgraph
respecting bipartition classes.

(2) Let µ = ℵµ denote the first fixed point of the ℵ-function. Then for every κ > µ it is consistent
that we have CH and there is a (µ, κ)-graph of type Tµ that contains no (ℵ0,ℵ2)-subgraph
respecting bipartition classes.

Given the result that the trees Tℵω and Tµ can consistently have as many branches as needed,
the proof of Theorem 7.2 is remarkably simple.

Proof. (1) Assuming large cardinals, Gitik and Magidor [7] showed that Tℵω can consistently have
any number of branches of the form ℵω+α+1 where α < ω1, while simultaneously having GCH
below ℵω (i.e. 2ℵn = ℵn+1 for all n < ω). Now let ω < α < ω1 and consider any (ℵω,ℵα)-graph of
type Tℵω in such a model, and suppose for a contradiction that it contains an (ℵ0,ℵ2)-subgraph
(A,B) respecting bipartition classes. Without loss of generality, B is a set of tops of Tℵω , and
A ⊆ Tℵω is a down-closed subtree. But a countable tree contains at most 2ℵ0 = ℵ1 many branches,
contradicting that every top in B has infinitely many neighbours in A.

(2) Assuming even larger cardinals, Shelah showed that Tµ can consistently have arbitrarily many
branches, while simultaneously having GCH below µ. See again [7]. Now given κ > µ, consider any
(µ, κ)-graph of type Tµ in such a suitable model in which |Tωµ | > κ is sufficiently large. As before,
such a graph cannot contain an (ℵ0,ℵ2)-subgraph respecting bipartition classes. �

Note that by a similar argument, one can obtain a simple proof of Theorem 7.1 under GCH.
Perhaps remarkably, however, this assertion holds already in ZFC. Our examples rely on the notion
of a scale (see also [11, Chapter 24]) that have been developed for Shelah’s pcf-theory [14]. Recall
that an ideal on the natural numbers N is a proper subset of P(N) that contains the empty set, is
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closed under finite unions and is closed under taking subsets of its elements. Thus, it is the dual
notion of a filter [11, Chapter 7].

Given an ideal I on N and two sequences f, g : N→ λ of ordinals, we write f <I g if

{n ∈ N : f(n) > g(n)} ∈ I.

Definition 7.3 (Scales). Let λ be a singular cardinal of countable cofinality and κ > λ regular.
A κ-scale for Tλ is a well-ordered collection X = (fα)α<κ of tops of Tλ for which there are

• a strictly increasing sequence (λn)n∈N of uncountable regular cardinals with supremum λ

satisfying fα(n) < λn for all α < κ, and
• an ideal I on N containing all finite sets,

such that

(1) for all α, β < κ with α < β we have fα <I fβ and
(2) for all g ∈

∏
n∈N λn there is α < κ such that g <I fα.

Proposition 7.4. Let λ be a singular cardinal of countable cofinality. Given any κ-scale X, the
corresponding tree Tλ with tops X gives rise to a (λ, κ)-graph that has no (ℵ0, κ)-subgraph.

Proof. Let X = (fα)α<κ be a κ-scale on Tλ. Let T be the corresponding λ-tree with tops X.
Suppose S ⊆ T is a countable subtree of T . Then there is a function g ∈

∏
n∈N λn such that for

all t ∈ S and all n in the domain of t we have t(n) < g(n). Let α < κ be such that g <I fα. Let
β < κ be such that α < β. Then g <I fβ . Consider the set

A = {n ∈ N : g(n) > fβ(n)} ∈ I.

Since I is an ideal, we have A ( N. Hence, for some n ∈ N and all t ∈ S with n in the domain
of t, fβ(n) > t(n). It follows that fβ is not a branch of S. This shows that S has at most |α| < κ

branches in X.
Now let G′ be any T -graph and G ⊆ G′ the corresponding (λ, κ)-graph with bipartition classes

T<ω and X. If H is an (ℵ0, κ)-subgraph (C,D) of G, then without loss of generality D ⊆ X and
C ⊆ T<ω, and we can choose a countable subtree S of T such that C ⊆ S. Let g and α be as in
the argument above for the countable tree S.

Since H is an (ℵ0, κ)-graph, there is β < κ such that fβ ∈ D and β > α. As before, for some
n ∈ N and all t ∈ S, whenever n is in the domain of t, then fβ(n) > t(n). It follows that for
no m ∈ N with m > n, we have fβ � m ∈ S. Hence fβ only has finitely many neighbours in C,
contradicting the assumption that H is an (ℵ0, κ)-graph. �

Proof of Theorem 7.1. The assertion follows from Proposition 7.4 together with the well-known
result by Shelah that for any singular cardinal λ of countable cofinality, there is a λ+-scale on Tλ,
see [11, Theorem 24.8]. �
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§8. More counterexamples to Halin’s conjecture

We are now ready to turn the (λ, κ)-graphs of type Tλ from the previous section into counterex-
amples for HC(κ).

Theorem 8.1. Let T be a λ-tree with κ tops X, and G any sparse T -graph such that the corre-
sponding (λ, κ)-graph on (T<ω, X) has no (ℵ0, κ′)-subgraph respecting bipartition classes, for some
regular κ′ 6 κ. Then the ray inflation G ] N of G witnesses that HC(κ) fails.

Proof. Suppose for a contradiction that HC(κ) holds. By Lemma 6.2, the ray inflation H = G ] N
has only one end ε, and deg(ε) = |T | = κ. Note that if G contains no (ℵ0, κ′)-subgraph for
some cardinal κ′, then it also contains no such subgraphs for all larger cardinals. Hence, we may
assume without loss of generality that λ < κ′. Since κ′ is regular and κ′ 6 κ, HC(κ) together with
Lemma 3.1 imply that there is a κ′-star S of rays in H. Denote the centre ray of S by R, and the
leaf rays of S by Ri (i < κ′).

Since T<ω ×N has size λ < κ′, we may assume without loss of generality that each leaf ray Ri is
a tail of a horizontal ray Rt(i) ⊆ H for a top t(i) ∈ Tω. Then the map i 7→ t(i) is injective. Next,
we consider the ‘down-closed projection’ of the centre ray R to T , namely

R̄ := d{ t ∈ T | the horizontal ray Rt meets R }e,

a countable subtree of T . We claim that the λ-set Y := (T<ω \ R̄) × N contains κ′ > λ many
internal vertices of paths in the path system of S, causing a contradiction. Since G contains no
(ℵ0, κ′)-subgraph respecting bipartition classes, fewer than κ′ many tops t ∈ Tω satisfy NG(t) ⊆ R̄.
Hence we may assume without loss of generality that each leaf ray Ri is a tail of a horizontal ray
Rt(i) with NG(t(i)) 6⊆ R̄ and, in particular, NG(t(i)) ∩ R̄ finite. But then for every i < κ′ all but
finitely many vertices of the neighbourhood NH(Rt(i)) are contained in Y . Thus, all paths of the
path system of S must have an internal vertex in X, as desired. �

Corollary 8.2.

(1) HC(κ) fails for all κ ∈ {µ+ : cf(µ) = ω}.
(2) For every κ ∈ {ℵα : ω < α < ω1} it is consistent that HC(κ) fails.
(3) Let µ denote the first fixed point of the ℵ-function. Then for every κ > µ it is consistent

that HC(κ) fails.

Proof. Assertion (1) for κ = ℵ1 is Theorem 6.6. For the remaining cardinals in (1), it follows
from Theorem 8.1 together with Theorem 7.1. Assertions (2) and (3) follow from Theorem 8.1 in
combination with Theorem 7.2. �

§9. Lifting counterexamples to singular cardinals

Theorem 9.1. If HC(κ) fails for some regular cardinal κ, then HC(λ) fails for all cardinals λ with
cf(λ) = κ.
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Our proof strategy is roughly as follows. Given λ > κ we consider any graph G with an end ε
witnessing that HC(κ) fails. Then we obtain a counterexample Ĝ for HC(λ) from G as follows. We
select any κ many disjoint rays Xi (i < κ) in ε and consider any sequence s = (λi : i < κ) of ordinals
λi < λ with supremum λ. Then we obtain Ĝ from G by adding κ many disjoint λi-stars of rays all
meeting G precisely in their centre ray Xi. Next, in order to verify that Ĝ is a counterexample, we
assume for a contradiction that HC(λ) holds. Using HC(λ) and Lemma 3.1 in Ĝ we find either a
λ-star of rays or a (λ, s)-star of rays, with all rays belonging to the end ε̂ that includes ε. A short
argument shows that we cannot get a λ-star of rays. Our aim then is to use the (λ, s)-star of rays
in Ĝ to find a κ-star of rays in G with all rays belonging to ε. An obvious candidate is the κ-star
of rays formed by the centre ray and the distributor rays of the (λ, s)-star of rays. However, the

(1) distributor rays,
(2) paths from the distributor rays to the centre ray, and
(3) the centre ray

need not be included in G. In the remainder of the proof, we adjust our candidate in three steps
i = 1, 2, 3 so that (i) is included in G at the end of step i.

Proof of Theorem 9.1. Suppose that HC(κ) fails for some regular cardinal κ and let λ > κ be any
other cardinal with cf(λ) = κ. Then κ > ℵ0 and there are a graph G with |G| = κ and an end ε
of G of degree κ such that no degree-witnessing collection of disjoint rays in ε admits a connected
ray graph. Let (Xi : i < κ) be any family of κ disjoint rays in ε, and let s = (λi : i < κ) be any
κ-sequence of ordinals λi < λ with supremum λ. Then we let Ĝ be the graph obtained from G by
adjoining λ many new rays, as follows. For each i < κ and ` < λi we disjointly add a new ray X(i,`)

and join the nth vertex of X(i,`) to the nth vertex of Xi by an edge for all n ∈ N. Then the end ε
is included in a unique end ε̂ of Ĝ, and ε̂ contains all new rays X(i,`) so that it has degree λ. For
each i < κ we let X̂i := Ĝ[Xi ∪

⋃
`<λi

X(i,`)] be the λi-star of rays Xi and X(i,`). We claim that Ĝ
and ε̂ witness that HC(λ) fails.

Assume for a contradiction that HC(λ) holds. Then, by Lemma 3.1, we find either a λ-star of
rays in Ĝ or a (λ, s)-star of rays in Ĝ, with all rays belonging to ε̂. Let S ⊆ Ĝ be one of the two
possibilities with path system P. We denote the centre ray of S by R, and we denote the leaf
rays by Rj (j < λ). Since |G| = κ < λ, we may assume without loss of generality that every leaf
ray Rj is a tail of a ray X(i,`). Since R is countable while cf(λ) = κ is uncountable, we may assume
without loss of generality that every X̂i that meets R avoids all the leaf rays of S. Furthermore, we
may assume without loss of generality that each X̂i either avoids all the leaf rays of S or includes
uncountably many of them. In summary, for all i < κ the λi-star X̂i of rays either avoids all the
leaf rays of S, or avoids R while uncountably many leaf rays of S are tails of the rays X(i,`). Since
every ray Xi is countable, this means that S cannot be a λ-star of rays.

Now that we know that S must be a (λ, s)-star of rays, we denote its distributor rays by Ri
(i < κ), and we revise our notation for its leaf rays which we now denote by R(i,`) (i < κ and
` < λi) so that Ri is neighboured precisely to the leaf rays R(i,`) with ` < λi and the centre ray R.
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Our goal is to find a κ-star of rays in G with all rays belonging to ε. For this, we consider the
subset I ⊆ κ of all i < κ for which X̂i avoids R and uncountably many leaf rays of S are tails
of the rays X(i,`). Note that I is a κ-set. For each i ∈ I, the uncountably many relevant leaf
rays are neighboured to at most countably many distributor rays: otherwise there exist a leaf
ray R(i′,`′) ⊆ X(i,`) and a distributor ray Rj ⊆ Ĝ−Xi, implying Rj ⊆ Ĝ−Xi −X(i,`), such that
the infinitely many R(i′,`′)–Rj paths in P avoid Xi, contradicting the fact that Xi is equal to the
neighbourhood of X(i,`) in Ĝ. Thus, we may apply the pigeonhole principle to find, for each i ∈ I,
a distributor ray Rj with j =: j(i) that is neighboured to uncountably many leaf rays of S which
are tails of rays X(i,`) (` < λi). Since each Xi is countable and Rj(i) is the centre ray of an ℵ1-star
of rays with leaf rays in X̂i −Xi, we deduce that each Rj(i) meets Xi infinitely.

By deleting combs from S and deleting paths from P we may assume without loss of generality
that S is a κ-star of rays with centre ray R, leaf rays Rj(i) (i ∈ I) and path system P.

Every component of S − R is a comb whose spine meets G infinitely. Since these combs are
disjoint for distinct elements of I and X̂i ∩ G = Xi is countable for all i < κ, each X̂i (i < κ)
meets at most countably many of them. Conversely, each comb meets at most countably many X̂i.
Therefore, by deleting elements of I we achieve that

each X̂i (i < κ) meets at most one of R and the components of S −R (9.1)

while maintaining that I is a κ-set.
For every i ∈ I we let Pi be the set of all Rj(i)–R paths in P. As each Rj(i) meets Xi infinitely,

Xi is equivalent to R in the subgraph Xi ∪Rj(i) ∪
⋃
Pi ∪R, and we find a system P ′i of infinitely

many disjoint Xi–R paths in this subgraph. Then the paths in P ′ :=
⋃
i∈I P ′i are independent by

the choice of the subgraphs in which we found them and because each Xi meets S only in the
component of S −R that contains Rj(i) by (9.1). Hence, P ′ ensures that R is the centre ray of a
κ-star S′ of rays with leaf rays Xi ⊆ G (i ∈ I). Then (9.1) translates to

each X̂i (i < κ) meets at most one of R and the components of S′ −R. (9.2)

It remains to modify S′ so that S′ ⊆ G. By (9.2), the neighbourhood of each component of
S′ −R in S′ is included in R ∩G, so every path in P ′ ends in R in a vertex of G.

Given a graph H, we call a path P an H-path if P is non-trivial and meets H exactly in its
endvertices. In particular, the edge of any H-path of length 1 is never an edge of H. If P ⊆ Ĝ

is a path with endvertices in G, then we write π(P ) for the subgraph of G that arises from P by
replacing each G-path Q ⊆ P with the subpath uXiv between the endvertices u and v of Q on the
ray Xi that contains u and v.

For every i ∈ I, each path P ′ ∈ P ′i starts in a vertex x ∈ Xi ⊆ G and ends in a vertex y ∈ R∩G
while avoiding X̂i −Xi and all X̂j −Xj (j < κ) that are met by R, so π(P ′) contains an Xi–R
path P ′′ that starts in x and ends in y. We claim that, for every i ∈ I and every path P ′1 ∈ P ′i, the
subgraph π(P ′1) meets only finitely many other subgraphs π(P ′2) with P ′2 ∈ P ′i. Indeed, given i ∈ I
let us assume for a contradiction that there are infinitely many paths P ′ and P ′0, P ′1, . . . in P ′i such
that every subgraph π(P ′n) meets π(P ′). Then there is a vertex v ∈ π(P ′) that lies on infinitely
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many of the other subgraphs, say all of them. Clearly, v must lie on some ray Xj with j 6= i.
Since the paths P ′n are disjoint, at most one can contain v, say none. Then each path P ′n contains
a G-path Qn with endvertices xn and yn in Xj such that v ∈ x̊nXj ẙn. But the initial segment
Xjv of the ray Xj up to v is finite and cannot contain the infinitely many distinct vertices xn,
a contradiction. Therefore, we find for every i < κ an infinite subset P ′′i ⊆ {P ′′ : P ′ ∈ P ′i} of
disjoint Xi–R paths all contained in G. By (9.2) and the choice of P ′, the paths in P ′′ :=

⋃
i∈I P ′′i

are independent. Hence P ′′ ensures that R is the centre ray of a κ-star S′′ of rays with leaf rays Xi

(i ∈ I) all belonging to ε and S′′ −R ⊆ G.
Now, S′′ −R is included in G, but R need not be included in G. However, the endvertices in R

of paths in P ′′ all lie in G, because they inherit this property from P ′. Hence, applying Lemma 2.1
with C the collection of combs Xi ∪

⋃
P ′′i (i ∈ I) and the countable set U := V (R) ∩ V (G) in G

finishes the proof. �

Corollary 9.2.

(1) HC(κ) fails for all κ with cf(κ) ∈ {µ+ : cf(µ) = ω}.
(2) For every κ with cf(κ) ∈ {ℵα : ω < α < ω1} it is consistent that HC(κ) fails.

Proof. This follows from Theorem 9.1 together with Corollary 8.2. �
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