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1 Introduction

Many theorems about finite graphs involving paths, cycles or spanning trees
do not generalise to infinite graphs verbatim. However, if we consider only
infinite graphs which are locally ﬁniteﬂ then an elegant solution is known for
generalising most of these theorems. To understand this solution, it is important
to know that for connected locally finite graphs G adding their endeﬂ yields a
natural compactification |G|, their Freudenthal compactification [6l [7].

Formally, to obtain |G| we extend the 1-complex of G (also denoted G) to
a topological space G U ) (where © is the set of ends of G) by declaring as
open, for every finite set X of vertices and each component C' of G — X the set
O\ (X, C), and taking the topology on G U( this generates. Here, O (X, C)
is the union of the 1-complex of C, the set of all inner edge points of edges
between X and the component C, and the set of all ends of G all whose rays
have tails in CPl

Now, we explain the elegant solution: replacing, in the wording of the the-
orems, paths with homeomorphic images of the unit interval (arcs for short)
in the Freudenthal compactification |G|, cycles with homeomorphic images of
the unit circle (circles for short) in |G|, and spanning trees with uniquely arc-
connected subspaces of |G| including the vertex set of the graph (topological
spanning trees for short, see [7] for a precise definition), does suffice to extend
these theorems. The arcs, circles and topological spanning trees considered are
allowed to contain ends of G (and in a moment we will see that sometimes they
have to).

For a nice illustration of how this solution works, consider the so-called ‘tree-
packing’ [7, Theorem 2.4.1], proved independently by Nash-Williams and Tutte
in 1961: A finite multigraph contains k edge-disjoint spanning trees if and only
if for every partition P of its vertex set it has at least k(|P| — 1) cross-edges.
Aharoni and Thomassen [I] constructed, for every k, a locally finite graph G(k)
witnessing that the naive extension of tree-packing to locally finite graphs fails
in that the graph G(k) has enough edges across every finite partition of its ver-
tex set but no k edge-disjoint spanning trees (see [7] for details). However, as
Diestel [5] has shown in 2005, as soon as we replace ‘spanning trees’ with ‘topo-
logical spanning trees’ we do obtain a correct extension (also see [7, Theorem
8.5.7]): A locally finite multigraph contains k edge-disjoint topological spanning
trees if and only if for every finite partition P of its vertex set it has at least
E(|P] — 1) cross-edges. In particular, at least one of any k edge-disjoint topo-
logical spanning trees of G(k) must use an end.

Another example is a theorem by Fleischner [7, Theorem 10.3.1] from 1974:
If G is a finite 2-connected graph, then G* has a Hamilton cycleEI This theorem
was extended by Georgakopoulos [I8] in 2009: If G is a locally finite 2-connected
graph, then G? has a Hamilton circle.

1A graph is locally finite if each of its vertices has only finitely many neighbours.

2An end of a graph is an equivalence class of rays, where a ray simply is a 1-way infinite
path and two rays are equivalent whenever no finite set of vertices separates them in the
graph.

3For the experts: Here, we introduced |G| using a basis that slightly differs from the usual
one, but which generates the same topology. With our basis it will be easier to see the
similarities to the basis of the tangle compactification.

4For every graph G and each natural number d > 0 we write G¢ for the graph on V(G) in
which two vertices are adjacent if and only if they have distance at most d in G.



More generally, Diestel and Kiihn [12, [13] (2004) and Berger and Bruhn [2]
(2009) were able to generalise the full cycle space theory of finite graphs to
locally finite ones. We refer the reader to [7, Theorem 8.5.10] for details since
these go beyond the scope of this introduction.

But graphs that are not locally finite—in general—cannot be compactified
by adding their ends, so the elegant solution no longer applies. For example,
in the introduction of Chapter |§| we will see that a Ky, (a complete bipartite
graph with one countable bipartition class and the other of size 2) has enough
edges across every finite partition of its vertex set for £k = 2. But this graph
has no ends, so the naive extension of topological spanning trees defaults to
spanning trees, any two of which must share an edge (otherwise, none would be
connected). Thus, it is considered one of the most important problems in infinite
graph theory to come up with an extension that allows us to extend the cycle
space theory to non-locally finite graphs. Recently, in 2015, Diestel [8] proposed
a possible solution to this problem and constructed a new compactification which
uses tangles instead of ends, the tangle compactification. Before we present the
special characteristics of this compactification, we give a brief introduction to
tangles.

A separation of finite order of a graph G is a set {A, B} with AN B finite
and AU B = V(G) such that G has no edge between A\ B and B\ A. If w
is an end of a graph G, then it orients each separation {A, B} of finite order
towards a big side K € {A, B} in that every ray contained in w has some tail
in K (clearly, it cannot both have a tail in A and a tail in B since AN B is
a finite separator). Observe that every end of a graph G orients all the finite
order separations consistently in that e.g. for every two finite order separations
{4, B} and {C, D} with A C C and B 2 D the end does not choose A and D
as big sides. From a more abstract point of view (but for a different purpose),
Robertson and Seymour [23] defined an Rg-tangle (or tangle) in a graph as an
orientation of all its finite order separations towards a big side that is consistent
in some sense including the above. Every end induces an Ny-tangle, so each
graph’s end space can be considered as a natural subset of its tangle space,
and in fact, if a graph is locally finite and connected, then its Ng-tangles turn
out to be precisely its ends (and its tangle compactification coincides with its
Freudenthal compactification). However, for graphs that are not locally finite,
there may be Ng-tangles that are not induced by an end, and adding these on
top of the ends suffices to compactify those graphs—whereas adding only the
ends does not.

Understanding the tangles that are not induced by an end is important, but
for this, we need some notation first: If G is a graph, then we write YG for its
tangle compactification, and we denote by X the collection of all finite sets of
vertices of this graph, partially ordered by inclusion. Furthermore, for every
X € X we write Cx for the collection of all components of G — X. Finally, for
every subcollection C C Cx we denote the vertex set of | JC by VI[C]. Now we
may start: Every finite order separation {A, B} corresponds to the bipartition
{C,C'} of Cx with X = AN B and

{A,B} ={VICluX, XUV},

and this correspondence is bijective for fixed X € X. Hence if 7 is an Ngp-
tangle of the graph, then for each X € X it also chooses one big side from



each bipartition {C,C’} of Cx, namely the K € {C,C'} with X UVIK] = K
where K € {A, B} is the big side of the corresponding finite order separation
{4, B}. Since it chooses these sides consistently, for each X € X they form an
ultrafilter on Cx. Furthermore, these ultrafilters are compatible in that they are
limits of a natural inverse system {Ux, fx’ x,X}. Here, each Ux is the Stone-
Cech Hausdorff compactification of Cx (where Cx is endowed with the discrete
topology), i.e each Ux is the set of all ultrafilters on Cx, equipped with a natural
topology. The bonding maps fx/ x are the unique continuous maps extending
the maps ¢x/ x which send, for all X C X’ € X, every component of G — X’ to
the unique component of G — X including it. Strikingly, it turns out that the
No-tangles are precisely the limits of this inverse system, and the ends of a graph
are precisely those of its Ng-tangles which induce for each X € X a principal
ultrafilter on Cx. In particular, if a graph G is locally finite and connected, then
all Cx are finite, and hence all ultrafilters on them are principal. So by the above
correspondence, we see that every Ng-tangle of G is induced by an end, and so
the tangle compactification coincides with the Freudenthal compactification for
connected locally finite graphs.

This inverse limit description of the Ng-tangles is the key to a better under-
standing of the tangles that are not induced by ends: every Ny-tangle which is
not induced by an end does induce a non-principal ultrafilter on some Cyx, and,
as shown by Diestel, each of these non-principal ultrafilters alone determines
that tangle. Therefore, we call these tangles wltrafilter tangles. It turns out
that, for every ultrafilter tangle 7 there exists a unique element X, of X whose
up-closure in X’ consists precisely of those X for which the tangle 7 induces a
non-principal ultrafilter on Cx.

We conclude our general introduction with a brief description of the tangle
compactification. More details will be given in Section|2.3] To obtain the tangle
compactification 9G of a graph G we extend the 1-complex of G to a topological
space G UU (where U = @U 'x corresponds to the tangle space) by declaring
as open, for every X € X and each subcollection C C Cx, the set Oyg(X,C),
and taking the topology on G UU this generates. Here, Oy (X,C) is the union
of the 1-complex of | JC, the set of all inner edge points of edges between X and
JC, and the set of all limits (Uy |Y € X') € U with C € Ux. Note that C € Ux
means that the Ro-tangle corresponding to the limit (Uy |Y € X)) orients the
finite order separation

{Vicx \CJu X, X uV[C]}

towards X UVC], so Oy (X,C)NU consists precisely of those No-tangles which
orient this finite order separation towards X UV'[C|. Clearly, all singleton subsets
of the tangle compactification are closed in it. Now we know enough to under-
stand the topics and results of this work. In the remainder of this introduction
let me indicate briefly what awaits the reader later.

Chapter In this chapter we introduce basic notation, inverse limits and
some lemmas from general topology. Furthermore, we provide a summary of Di-
estel’s original paper on the tangle compactification [8], and we give an overview
for the various topologies used for infinite graphs in this work.



Chapter In this chapter we prove some basic results about the tangle
compactification needed later, such as a version of the Jumping Arc Lemma
from [7]. Also, we find a combinatorial description of the sets X, (for ultrafilter
tangles 7):

Lemma Let G be any graph. The following are equivalent for all X € X':
(i) There exists an ultrafilter tangle T with X = X.
(ii) Infinitely many components of G — X have neighbourhood equal to X .

We call the sets X € X satisfying (i) and (ii) of this lemma the critical
elements of X'. The following theorem involves these sets:

Theorem Let G be any graph. The following are equivalent for all
distinct vertices u and t of the graph G:

(i) There exist infinitely many independent u—t paths in G.

(ii) There exists an end of G dominateﬂﬁ by both vertices w and t or
there exists some critical element of X containing both vertices u and t.

For the next result we first need some additional definitions. An edge end of
a graph is an equivalence class of rays, where two rays are equivalent whenever
no finite set of edges separates them in the graph. Two vertices of a graph G are
said to be finitely separable if there exists some finite set F' of edges such that
the two vertices are contained in distinct components of G — F. Briefly speaking,
for connected graphs G, the compact Hausdorff topological space (£G, ETop)
is obtained from G and its edge ends by equipping this set with a very coarse
topologyﬁ first, and then identifying every two points which share the same open
neighbourhoods (a precise definition is provided in Section .

By generalising the notion of ‘not finitely separable’ to an equivalence re-
lation ~ on V UU (where U = @Ux) we derive this space from the tangle
compactification as a natural quotient:

Theorem [3.4.14} If G is a connected graph, then (EG,ETOP) is homeomor-
phic to the quotient G/~ of the tangle compactification VG.

Chapter Since inverse limits have claimed their place in the infinite topo-
logical graph theory as useful tools to construct limit objects such as circles,
arcs and topological spanning trees from finite minors (see the 5th edition of [7]
for an inverse limit description of the Freudenthal compactification), it makes
sense to investigate whether it is possible to describe the tangle compactifica-
tion via a similar inverse limit. As our main result in this chapter, we show that
this is indeed possible. For this, we construct an inverse system {G~, fy/ 4, I'} of
topological spaces G, that are based on multigraphs with finite vertex set but
possibly infinite edge set. These multigraphs are obtained from the graph G
by contraction of possibly disconnected vertex sets, but we will see that this is

5A vertex u of a graph G dominates an end w of G if no finite subset of V(G — u) separates
u from a ray in w.

6whose basic open sets can be thought of as components of G — F plus certain edge ends
and half-open partial edges of F' for each finite set F' of edges



best possible. The topological spaces G are compact and all of their singleton
subsets are closed in them. As promised, we show that the inverse limit

(@) = lim(G, |y €T)
of our inverse system describes the tangle compactification:

Theorem For every graph G its tangle compactification is homeomorphic
to the inverse limit (G)).

Chapter Whenever we consider a compactification of a topological space,
three particular questions come to mind: Is it the coarsest compactification?
If not, how does a coarsest one look like, and why can we not just take the
one-point compactification and be done? In this chapter, we only consider
compactifications of the 1-complex of G extending the end space in a meaningful
way, and we call these Q-compactifications (since the end space is denoted Q).
First, we characterise the graphs admitting a one-point )-compactification aG,
one with |aG — (GUQ)| =1 (see Proposition [5.2.2)), and we give an example of
such a graph showing that—in general—the one-point {2-compactification does
not reflect the structure of the graph at all. However, there exist simple examples
admitting a one-point 2-compactification reflecting their structure while their
tangle compactification adds at least 2° many points on top of the ends. Hence
Diestel [§] asked:

(i) For which graphs is their tangle compactification also their coarsest
Q-compactification?

(ii) If it is not, is there a unique such -compactification, and is there a
canonical way to obtain it from the tangle compactification?

To answer these questions, we first construct an inverse system {§x,fx’ x, X}
of Hausdorff compactifications §x of the Cx (where each Cx is equipped with
the discrete topology) whose inverse limit § = lim §x we use to obtain an -
compactification §G of the graph G in the way Diestel used Y = limUx to
compactify it. Here, for each X € X the Hausdorff compactification g( of Cx
adds as many points to Cx as X includes critical elements of X'. We will see
that § includes the end space as a natural subspace since the bonding maps
fxs x respect the natural maps ¢x/ x (recall that ¢x/ x sends every component
of G — X’ to the unique component of G — X including it), and:

Proposition There exists a natural bijection between § \ Q and the
collection of all critical elements of X .

Since one-point ()-compactifications in general do not reflect the structure
of the original graph in a meaningful way, we wish to impose further conditions
on the Q-compactifications considered in (ii). For this, we introduce C-systems:
these are inverse systems of Hausdorff compactifications of the Cx whose inverse
limits generalise the directionsﬂ of the graph G, and hence its ends. Both § and
U come from C-systems, and:

"A map f with domain X is a direction of G if f maps every X € X to a component of
G — X and f(X) D f(X’) whenever X C X’ € X (this condition says that f chooses the
components consistently). Diestel and Kiithn [I0] have shown that the directions of a graph
are precisely its ends.



Theorem Every C-system induces an Q-compactification of its graph G.
In particular, §G and Y9G are Q-compactifications of the graph G.

Moreover, we obtain the following analogue of [8, Theorem 1] for §G:
Theorem Let G be any graph.

(i) §G is a compact space in which G is dense and FG \ G is totally discon-
nected.

(ii) If G is locally finite and connected, then § = Q and FG coincides with the
Freudenthal compactification of G.

Studying the technical C-systems leads us to the following result comparing
our new compactification §G and the tangle compactification JG:

Theorem For every graph G its Q-compactification §G is coarser than
its tangle compactification YG.

Then we are finally in a position to answer the first question and half of the
second question of Diestel from above:

Theorem [5.4.10| and [5.4.11} Let G be any graph. FG is the coarsest Q-
compactification of the graph G induced by a C-system while VG is the finest
one. Furthermore, the following are equivalent:

(i) There exists a homeomorphism between FG and VG fizing G U Q.
(ii) Fvery Cx is finite.
(iil) §G = GUQ =9G.
As our third main result of this chapter, we answer the second half of Diestel’s
second question from above, and show that there is a canonical way to obtain
$G from the tangle compactification. For this, we define the natural equivalence

relation =< on the collection of all ultrafilter tangles by letting 7 < 7/ whenever
XT = XT/ holds.

Theorem [5.5.11} For every graph G the Q-compactification §G is homeomor-
phic to the quotient G /=< of the tangle compactification ¥G.

If T denotes the set of all ultrafilter tangles of a graph G, then we find the
following cardinality bound and comparison:

Proposition [5.5.15, For every graph G the following hold:
(i) [§ = Qf = |erit(X)] < [V(G)],
(i) |5 — Q-2 < [1].

Strikingly, we will see an explicit definition of a set S’ of finite order sepa-
rations yielding our fourth main result in this chapter:

Theorem For every graph G the elements of the inverse limit § are
precisely the Ro-tangles of the graph G with respect to the set S’.

In particular, §G actually is another ‘tangle compactification’ for a smaller
separation system. Finally, we find an inverse subsystem of the inverse system
{Gy, fy~, '} whose inverse limit (|G|) describes the Q-compactification §FG:

Theorem For every graph G the inverse limit (|G|) is homeomorphic to
the Q-compactification §G.



Chapter [6l Earlier, I expressed my hopes for the tangle compactification to
generalise the elegant solution from the locally finite case to the general case.
To explain why I think that modifications to the tangle compactification cannot
be avoided, I show that every possible notion of a topological spanning tree I
could think of does not meet my expectations. More precisely, for the case that
our graph G is a Ko, (see Fig. I will a name set of edges which I expect
to induce a topological spanning tree for any sensible notion of a topological
spanning tree, but none of whose candidates are topologically connected.

X

y

Figure 1: The heavy edge set of this Kj y, is the sum of all facial cycles.

The heavy edge set from the drawing of our graph G in Fig. [1] is the thin
sunﬁ of all facial cycles, and I expect it to be an element of the cycle space for
any notion of a cycle space of this graph. Similarly, I further expect every two
edges at a middle vertex together to form an element of any such cycle space.
Consequently, I think that the upper fan in Fig. [I| should induce a topological
spanning tree which contains no edge of the lower fan (since this would create
an element of the cycle space). But if we take as T the upper fan plus the lower
vertex y and add any subset of the tangle space, then this turns out to be a
(topologically) disconnected subspace of the tangle compactification: Indeed, if
we cover y with any basic open neighbourhood O of the 1-complex of G, and
if we cover T — {y} with 9G — {y} (which is open since all singleton subsets
of the tangle compactification are closed in it), then O and 9G — {y} meet
only in inner edge points of the lower fan which are no points of 7. Thus
{0,9G —{y}} induces an open bipartition of 7. Informally, the problem here is
that the tangles are not ‘sufficiently connected’ to certain vertices of the graph,
which allows us to separate y from 7 — {y} so easily. This is why I think that
it makes sense to consider modifications to the tangle compactification.

If we modify the tangle compactification to yield a new compactification
with the potential of overcoming this and so many other difficulties, then it
would be of great advantage if we could see to it that this new compactification
also be Hausdorff: then, for connected graphs, the whole field of (non-metric)
continuunﬂ theory would open up, providing us with a useful topological tool
box. This is why I construct two new spaces: First, in this chapter we study
classic hindrances to earlier attempts, and we find inspiration leading to the

8A family (D;);er of subsets of E(G) is thin if no edge lies in D; for infinitely many 4.
Then the thin sum Zie[ D; is the collection of all edges that lie in D; for an odd number of
indices ¢. See [7] for details.

9A continuum is a compact connected Hausdorff topological space. See Section for
further details.



construction of the auziliary space 2AG. This auxiliary space is Hausdorff, but
in general it is not compact. Thus in the next section we will enhance the idea
behind the auxiliary space 2AG to obtain a Hausdorff compactification AG from
the tangle compactification.

The auxiliary space AG is obtained from |G| (for the experts: here, |G|
is endowed with MTOP) in two steps: First, we add auziliary edges (which—
formally—are internally disjoint copies of the unit interval) between every end
of the graph and each of its dominating vertices, and between any two distinct
vertices u and t of the same critical element of X (one new auxiliary edge for
each critical element of X both vertices are contained in, and internally disjoint
from the edge ut of G in case it exists). Second, we generalise the topology of
|G| onto this new space in a natural way.

In the first half of this chapter, we study the arc-connected subspaces of AG
induced by the auxiliary edges. More precisely, we have a closer look at the
auxiliary arc-components of AG, where an auziliary arc is an arc in AG which
is included in the closure of the auxiliary edges. Rather strikingly, our first
main result of this chapter holds without imposing any cardinality bounds on
the graph considered:

Theorem Let G be any graph. Then between every two distinct points
x and y of VU there exists an auxiliary arc if and only if x and y are not
finitely separable.

This suggests that we might be able to take advantage of the results in
Chapter 3| namely that (£G, EToP) is the quotient ¥G/~ of the tangle com-
pactification, in order to generalise statements about £G to statements about
the auxiliary space 2AG. We will see that every normal spanning tree of the
graph G induces a topological spanning tree (with respect to the common defi-
nition in terms of arcs) of 2AG, so the auxiliary space AG overcomes one of the
classic hindrances from [I1] (which will be presented in detail in the introduction
of Chapter @

Motivated by these findings, we use the synergy between 2AG and £G to
prove a generalised version of tree—packinﬂ for countable graphs:

Theorem Let G be a countable connected graph. Then the following are
equivalent for all k € N:

(i) G has k topological spanning trees in AG which are edge-disjoint on E(G).
(ii) G has at least k(|P| — 1) edges across any finite vertex partition P.

In the outlook of Chapter [f] we will see an idea on a generalisation of thin
sums for circles of AG, but I abandoned further investigation when the idea of
AG came to my mind as a better candidate than 2G.

Chapter [7} In the previous chapter we have seen that since none of the pos-
sible notions of a topological spanning tree of the tangle compactification I

10As mentioned earlier, the so-called ‘tree-packing’ [7, Theorem 2.4.1] was proved inde-
pendently by Nash-Williams and Tutte in 1961: A finite multigraph contains k edge-disjoint
spanning trees if and only if for every partition P of its vertex set it has at least k(|P| — 1)
cross-edges.



could think of met my expectations, I suggested to modify the tangle compact-
ification. Furthermore, I claimed that it would be of great advantage if our
modifications would yield a Hausdorff compactification, since then—for con-
nected graphs—the whole field of (non-metric) continuum theory would open
up, providing us with a useful topological tool box. Then we studied the aux-
iliary space 20G which—in general—is only Hausdorff but not compact. In this
chapter we enhance the idea behind this auxiliary space to obtain a Hausdorff
compactification AG from the tangle compactification.

Starting from the tangle compactification, we add limit edges (which—
formally—are internally disjoint copies of the unit interval) between every end
of the graph and each vertex dominating it, and between every ultrafilter tan-
gle 7 and each vertex in X,. Treating the inner limit edge points almost like
their incident tangles allows us to turn the topology of the tangle compactifi-
cation into a compact Hausdorff one of the new space, yielding the Hausdorff
compactification AG. (As mentioned earlier, we will modify the inverse system
{G5, fy.~4,T'} to construct AG formally, see Chapter [7|for details.)

To be precise, the Hausdorff compactification AG only compactifies the 1-
complex of G endowed with a slightly coarser topology: at each vertex we only
take e-balls instead of stars of arbitrary half-open partial edges (for the experts:
AG is a Hausdorff compactification of (|G|, MToP)). Since we wish to study
graphs of arbitrary big cardinality while the cardinality of arcs and circles is that
of the unit interval (and hence constant), this discrepancy potentially prohibits
us from fully understanding these graphs (e.g. sufficiently big graphs would not
have a Hamilton circle by definition). Hence we suggest generalisations of arcs,
circles and topological spanning trees for the Hausdorff compactification AG
solely in terms of continua (see Chapter (7] for details).

When AG came to my mind, this work had already reached critical length,
so I only provide sketches. However, the examples I studied so far looked really
promising, and I am eager to continue my research on this space.

Chapter Since the tangle compactification in general is not Hausdorff, but
the quotient ¥G/~ is, and since this quotient is homeomorphic to (£G, EToP)
(cf. Chapter for connected graphs G, one might ask whether £G is the max-
imal Hausdorff quotient of the tangle compactification. Strinkingly, an already
known example witnesses that—in general—this is not the case. In this chapter
we study several graphs, but I did not succeed in finding a combinatorial de-
scription of the equivalence relation on the tangle compactification yielding its
maximal Hausdorff quotient (it seems like wild auxiliary arcs are the key here,
where an arc is wild if it induces the ordering of the rationals on some subset
of its vertices).

However, as our main contribution we at least present sufficient combina-
torial conditions for when £G is the maximal Hausdorff quotient of the tangle
compactification of a connected graph G. For these results we need two new
pieces of notation: First, if G is a graph and A is a set, then we write E(A)
for the collection of all edges of G with both endvertices in A. Second, if T' is
a normal spanning tree of a graph G, then by [7, Lemma 8.2.3] every end w of
G contains precisely one normal ray of T (a ray in w starting at the root of T')
which we denote RL.



Proposition Let G be a connected graph such that for all two distinct
vertices x and y of G the following are equivalent:

(i) The vertices x and y are not finitely separable.

(ii) There exists some X € X containing both x and y such that no Y € X
disjoint from X separates x and y in G — E(X).

Then EG is the mazimal Hausdorff quotient of the tangle compactification ¥G.

If (ii) holds for two distinct vertices x and y of a graph G, witnessed by
such an X, then we can inductively find infinitely many edge-disjoint x—y paths
in G — E(X), so z and y are not finitely separable. In particular, (ii) implies
(i). Therefore, all connected finitely separable graphs satisfy the premise of this
proposition. The next result involves normal spanning trees and binary trees:

Proposition If G is a connected graph such that for every x € 9G/~ the

graph G has a normal spanning tree T'(x) whose subtree | J,c,no RZ(” contains
no subdivision of the (infinite) binary tree, then EG is the mazimal Hausdorff
quotient of the tangle compactification ¥G.

In the outlook of this chapter we point out the difficulties preventing us from
giving a characterisation of these graphs, and we state our desired result as a
conjecture.

Personally, I hope that a (possibly modified) tangle compactification allows
us to further generalise the elegant solution from the locally finite case to the
general case, and that is why in this work I study the tangle compactification
of infinite graphs.
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2 Definitions & general facts

2.1 Basic Notation

Any terms regarding graphs that are not defined in this work can be found in [7].
A finite partition of a set is said to be cofinite if at most one partition class
is infinite. A set A is cofinite in a set B if B\ A is finite. If A C B is cofinite
in B, then A is called a cofinite subset of B. If A C B are two sets and R is an
equivalence relation on A we denote by B/R the set (B\ A) U A/R.

The set N contains 0, and for every n € N we denote by [n] the set {1,...,n}.
We denote the unit interval [0, 1] by I, and for A € R and € > 0 we write (A% ¢)
for the open interval (A —e, A +¢€) and [Nt e =[A—€e A +¢€.

A handful of statements are modified or generalised versions of statements
from the lecture courses by Diestel (winter 2015—summer 2016); we flagged them
with an ‘L.

If G is a graph, then we denote by G the 1-complex of G, i.e. in G every
edge e = zy is a homeomorphic copy [z,y] := {z} Ué U {y} of [0,1] with é
corresponding to (0,1) and é N é’ = () for every other edge ¢’ of G, and e also
inherits the euclidean metric from I. The points of é are called inner edge
points, and they inherit their basic open neighbourhoods from I. The space
[x,y] is called a topological edge, but we refer to it simply as edge. Furthermore,
for every vertex u of G the set UGGE(H) [w, jo) With each j, some point of é is basic
open. If every j. is at distance € from u with respect to the metric of e, then
we write Og(u, €) = U cp(u)lu, je). For every F' C E we write F= Ueer €

If e = [z, y] is a topological edge, and d. is its inherited metric from I, then
we denote by m(e) the point of é corresponding to 1/2, and for all0 < e < <1
we write

z(e,0)y = {i € e|de(i,x) > € and d.(i,x) < 6}

for the subset of e corresponding to the open interval (¢, §) (with = corresponding
to 0 and y corresponding to 1).

If X is a finite set of vertices of G and w is an end of G, then C(X,w) is the
unique component of G — X such that every ray in w has a tail in it. If C' is a
component of G— X, we write Q(X,C) = {w € Q| C(X,w) = C}. Furthermore,
if wis an end of G, we write Q(X,w) for Q(X, C(X,w)).

For every set A we denote by E(A) the set of all edges of G with both
endvertices in A. If A and B are two disjoint sets and e € (0, 1], then we write
E.(A, B)* for the set of all inner points of A-B edges (of G) at distance less
than e from their endpoint in B (with respect to the metric of the edge). The
“*” on the right side is supposed to help us remember ‘from where to take our
e-balls’.

Two vertices of G are said to be finitely separable whenever there exist some
finitely many edges separating themﬂ If every two distinct vertices of G are
finitely separable, then we call G finitely separable.

If T is a normal spanning tree (NST) of G and w is an end of G, we denote
by RL the normal ray of T in w (see [7, Lemma 8.2.3]).

If R is a ray and u is a vertex of R, then uR denotes the tail of R starting
with u, and Ru denotes the finite intial segment of R ending with .

e, I finite F C E(G) such that the two vertices are contained in distinct components of
G—F.
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We denote by T the (infinite) binary tree on the set of finite 0-1 sequences
(with the empty sequence as the root).

2.2 Inverse Limits

Below we give a minimal introduction to inverse limits of inverse systems accu-
mulated from [7, Chapter 8.7 of the 5th edition], [22] and [16]:

A partially ordered set (I, <) is called directed if for every 4,j € I there is
some k € I with k > 4,j. Assume that (X;|i € I) is a family of topological
spaces indexed by some directed poset (I,<). Furthermore suppose that we
have a family (¢j;;: X; = X;)i<jer of continuous maps which are compatible in
that or; = @i 0 pp; for all « < j < k € I, and which are the identity on X;
in case of ¢ = j. Then both families together form an inverse system, and the
maps @;; are called its bonding maps. We denote such a system by {X;, v;;, I},
or {X;,j;} for short if I is clear from context. The inverse limit I&n(XZ |ie )
(or lim X for short) of this system is the subset

{(xi)ieI | ngi(.Z‘j) =x; for all ¢ < j € I}

of [[;c; Xi whose product topology we pass on to lim X; via the subspace topol-
ogy. Whenever we define an inverse system without specifying a topology for
the spaces X;, we tacitly assume them to carry the discrete topology. We end
this introduction by listing some Lemmas which we will put to use later:

Lemma 2.2.1 ([22] Lemma 1.1.2)). If{X;, p;;, I} is an inverse system of Haus-
dorff topological spaces, then ]'&nXi is a closed subspace of [[;c; Xi.

A topological space is totally disconnected if every point in the space is its
own connected component.

Lemma 2.2.2 ([22] Proposition 1.1.3]). Let {X;, ¢;i, I} be an inverse system of
compact Hausdorff totally disconnected topological spaces. Then l'ngi s also
a compact Hausdorff totally disconnected topological space.

Lemma 2.2.3 ([I6, Lemma 1.1.3]). The inverse limit of an inverse system of
non-empty compact Hausdorff spaces is a non-empty compact Hausdorff space.

Lemma 2.2.4 (Generalized Infinity Lemma, [22] Proposition 1.1.4] and [16]
Corollary 1.1.4]). The inverse limit of an inverse system of non-empty finite
sets 1s mon-empty.

Lemma 2.2.5 ([I6, Lemma 1.1.1]). Let {X;, i, I} be an inverse system of
topological spaces and denote by m; the restriction of the ith projection map
pri: Hje] X; — X; to X where X = I'&nXi, Then the collection of all subsets
of X of the form Wi_l(Ui) with U; open in X; is a basis for the topology of X.

Moreover, if for every i the set B; is a basis of the topology of X;, then the
collection of all subsets of X of the form Wi_l(Ui) with U; in B; is a basis for
the topology of XE

12This last sentence is not part of [I6, Lemma 1.1.1], but its claim follows immediately from
the original statement.
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A topological space X is T if for every pair of distinct points, each has an
open neighbourhood avoiding the other. Equivalently, X is T; if and only if
every finite subset of X is closed. A topological space X is Ts if it is Hausdorff.
Note that we use normal font here, whereas the binary tree T» uses italic.

Lemma 2.2.6 ([16, Corollary 1.1.6]). Let T' be a compact space, {X;, v;i, [} an
inverse system of Ty topological spaces, and o;: T — X; a compatible system of
continuous surjective maps. Let o: T — lim X; map each x to (oi(x)|i € I).
Then o is a continuous surjectionﬂ

Proof. Since [I6] only states that o is surjective, we quickly show that it is also
continuous. For this, by Lemma consider any basic open set ;" 1(Ui) of
I'&nXZ- where Uj; is open in X;. Then m; o 0 = o; implies that 0'71(7'(;1((]2')) =
o; 1(U;) which is open in T since o; is continuous. O
Lemma 2.2.7 ([16, Corollary 1.1.5]). Let { X, ¢ji, 1} and {X], ¢, I} be in-
verse systems of compact Hausdorff spaces. Let 0;: X; — X be a compatible
system of continuous surjections. Then the map

Jim X; — Jim X/
((I}Z“Z' S I) — (O‘i((L‘i)li S I)

is a continuous surjection.

A subset J of I is cofinal in I if for every i € I there is some j € J with
j >4 If X and Y are two topological spaces, we write X ~ Y to say that X
and Y are homeomorphic.

Lemma 2.2.8 ([7, Lemma 8.7.3 of the 5th edition]). Let {X;,p;i,I} be an in-
verse system of compact spaces, and let J C I be cofinal in I. Then {X;, i, J}
satisfies @(Xz i e I) ~ @(X,- |i € J) with the homeomorphism that maps
every point (z; |1 € I) to its restriction (z; i € J).

A function f: X — Y is monotone if f~*(y) is connected for every y € f[X].
Assume that (X, |n € N) is a family of topological spaces, and furthermore
suppose that for every n € N— {0} we have a continuous map f,: X, — X,_1.
Then the family of the X, together with the family of all f,, forms an inverse
sequence, denoted {X,,, fn,N}. Clearly, every such inverse sequence gives rise
to an inverse system {X,,, fm n, N} where fp, , = fay10---0 f, for m > n and
fan =idx,. Hence, given an inverse sequence {X,, fn, N}, we write @Xn for
the inverse limit of the inverse system it induces.

Theorem 2.2.9 (Capel, [4, Theorem 4.11], [I9, Theorem 200)). If {A,, fn, N}
is an inverse sequence such that A, is an arc and f, is monotone and surjective
for every n then l'&lAn s an arc.

13In [16] the X; are required to be Hausdorff (T2), but T; suffices since the proof only
uses that singleton subsets of the X; are closed. Furthermore, [I6] does not state that o is
continuous.
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2.3 ‘Ends and tangles’ plus further notation

This section not only serves as a summary of ‘Ends and tangles’ ([§]), but
also as an introduction of its basic definitions and notation, some of which we
modified to meet our needs. At the end of this section, we introduce some
additional notation, and we remind of a useful construction from the proof of
[10, Theorem 2.2]. But first, we start with the promised summary:

A separation of a graph G is a set {4, B} with A and B subsets of V(G)
such that V(G) = AU B and G has no edge from A\ B to B\ A. Clearly, every
separation {A, B} induces a bipartition of the set of components of G — AN B,
and vice versa. The cardinal |[ANB| is the order of the separation {4, B}. Every
separation {A, B} has two orientations, namely the ordered pairs (A, B) and
(B, A), which we also refer to as oriented sepamtionsE Informally, we think of
A and B as the small side and the big side of (A, B), respectively. The order
of an oriented separation (A4, B) simply is the order of {A, B}, namely |AN B|.

If S is a set of separations of the graph, then we denote by S the collection of
the orientations of its elements. We shall call (B, A) the inverse of (A, B) and
vice versa. For the sake of readability we use the more intuitive ’arrow notation’
known from vector spaces: when referring to an element of S as s (or ), we
denote its inverse by § (or §). Then the map s — (§)* := § is an involution

on S. We define a partial ordering < on S by letting

(A,B)<(C,D) :& ACCand B2 D.

— = a
Note that our involution reverses this partial ordering, i.e. for 7, s € S we
have

r<s & 7r>s.

The triple (§, <,*) is known as a separation system.
An orientation O of S is a subset of S with [{§,5} NO| =1 for every
s € S. If no two distinct 7, § € O satisfy 7 < § then we say that O is

consistent. We say that an orientation O of S avoids some F C 2 5 if 29 and

«—

F intersect emptily. A non-empty set ¢ C S is a said to be a star if 7 <s
holds for all distinct 7, s € 0. The interior of a star o = {(A;, B;)|i € I} is
the set (),c; Bi. In the context of a given graph G, the set [V(G)]<R will be
denoted by X = X(G), and S = S(G) will denote the set of all separations of
G of finite order. Furthermore, S = S(G) will denote the set of all stars in

S. For the rest of this chapter, we let G be a fixed infinite graph. By T<n, we
denote the set of all finite stars o C § of finite interior, and by 7 we denote

the set of all stars o C S of finite interior. Outside this section, 7 will be used
to denote topological spanning trees.

For every F C S we say that an F-tangle of G is a consistent orientation
of S avoiding F. Moreover, an Ng-tangle of G is said to be a Toy,-tangle of G,

4 Usually we refer to an oriented separation simply as ‘separation’, relying upon context
instead.
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and we write @ = O(G) for the collection of all Ry-tangles of GE If wis an
end of G, then by [8, Corollary 1.7] letting

1. :={(A,B)|C(AN B,w) C B}

defines a bijection w — 7, from the ends of G to the T-tangles of G. Therefore,
we call these Ng-tangles the end tangles of G. By abuse of notation, we will
write 2 = Q(G) for the collection of all end tangles of G. The elements of ©\ 2
we call the ultrafilter tangles of G, and we write T = T(G) for the collection of
all theseE In particular, we have © = QW Y.

For every X € X we denote by Cx be the set of all components of G — X
and Ux is the set of all ultrafilters on Cx. For every X C X’ € X we define
the map ¢x/ x: Cxs — Cx be letting it send every component of G — X’ to the
unique component of G — X including it, i.e. such that ¢x/ x(C") C C. For
subsets C C Cx+ we write C'| X := ¢x/ x[C'], and for ultrafilters U’ € Ux: we
write

U'TX = ({C1X|C'eU'}).
={CCCx|3CeU :CcD2C X}
where (A) g for two sets A, B with A C 28 denotes the collection of all supersets
B’ C B of elements of A, the set-theoretic up-closure of A in 2B. Due to [8|
Lemma 2.1], letting fx/ x: Ux: — Ux send each U’ € Ux/ to U'| X for all
X C X' € X yields an inverse system {Ux, fx’ x, X} whose inverse limit we
denote by U. Hence taking the up-closure in the definition of U’} X ensures that
U’l X is an ultrafilter on Cx, even if there is some finite component of G — X

whose vertex set is included in X”.
Next, for every 7 € © and X € & we let

U(r, X) :={C S Cx [(V\VIC], X UVIC]) e T}
where V[C] := Ugce V(C). Then by [8, Lemma 2.3] the map
T U(rX)| X eX) =0,

is a bijection from © to U. Furthermore, the ends of G are precisely those of
its Ng-tangles which this map sends to a family of principal ultrafilters. Now let
Uk be the set of all non-principal elements of Ux. For every X C X’ € X we
define a map gx, x/: Uy — Uy, by letting

gx,x/(U):={CCCx/|IDe U :DCC}

for every U € Uy . By [8, Lemma 3.1] this map is well-defined, and it sends each
U € U% to the unique U’ € Uk, with fx/ x(U’) = U. In particular, we have

[xrx 0gx,x =iduy

by [8, Lemma 3.2]. Combined, these Lemmas yield

15 As Diestel showed in [§], this definition is equivalent to the definition known from Robert-
son & Seymour.

16This definition differs from the one given by Diestel, but both turn out to be equivalent
due to [8, Theorem 2].
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Lemma 2.3.1. For all X C X' € X the map fx/ x restricts to a bijection
between fx) x Uy) C Uk, and Uy with inverse gx x. O

In particular, we have

Corollary 2.3.2. For every X € X each non-principal U € Ux uniquely ex-
tends to an element of U. O

For every 7 € T we set
X ={XeX|U(r,X) ey},

and every element of & is said to witness that 7 is an ultrafilter tangle. By
[8, Lemma 3.3 & 3.4], for every 7 € T and X € X, the non-principal ultrafilter
U(r, X) uniquely determines 7 in that

r={(A,B)e S|3CeU(r,X):V[C] C B}.

According to [8, Theorem 3.6], for each 7 € T the set X, has a unique least
element X, with X, = | X, |x = {X € X| X, C X}. Furthermore, [§8, Lemma
3.7] states that, if X € X and U € Ux is not generated by {C'} for any finite
C € Cx, then there is some 7 € © such that U = U(7, X).

Finally, we use U to compactify G. For this, we equip the Ux with the Stone
topology, i.e. we equip Ux with the topology generated by declaring as basic
open for every C C Cx the se

Ouy (C) := {UEZ/{X|C€U}.

Then by [8, Lemma 4.1], the bonding maps fx x are continuous, so [8, Propo-
sition 4.2] tells us that U is compact, Hausdorff and totally disconnected@
Next, for every X € X let mx be the restriction of the Xth projection map
prx: [[yexUy — Ux, and for every X € X and C C Cx write

Ou(X,C) = 15" (Oux (C))-
Then by [8, Lemma 4.4], the collection
{Ou(X,C)[ X € X,C CCx}

is a basis for the topology of /. Now, we extend the 1-complex of G to a
topological space ¥G := GUU by declaring as open, for all X € X and C C Cy,
the sets

Oya(X,C):=JCUE(X,|JC)UOy(X,C),

and endowing ¥G with the topology this generates. Then we arrive at the main
result of [8]:

7In [8], the notion for these sets is simply O(C). Since in this work we will compare the
tangle compactification with other spaces, we slightly modify a lot of the topological notation
from [8].

18We added ‘Hausdorff’ here.
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Theorem 2.3.3 ([8, Theorem 1]). Let G be any graph.

(i) YG is a compact space in which G is dense and VG \ G s totally discon-
nected.

(ii) If G is locally finite and connected, then all its Ro-tangles are ends, and
IG coincides with the Freudenthal compactification of G.

The following is extracted from the proof of [8, Theorem 1], and it will be
reproved in a more general context in the proof of Theorem [5.4.1

Lemma 2.3.4 ([8, Proof of Theorem 1]). For all X C X' € X and every
C' C Cxs we have Oya(X',C") C Oya(X,C'1 X). O

Even though JG in general is not Hausdorff, Diestel remarks that there exist
two workarounds: First, the space ¥G \ E is a Hausdorff compactification of
V(G) which still reflects the structure of G. Second, we can exchange ‘compact’
for ‘Hausdorff’ by modifying the topology of ¥G similarly to the way we would
obtain MToP from VTOP (see for definitions of MToOP and VToOP).

From now on, we will write © = U and 7 = v, as well as w = 7, by abuse of
notation. If w is an end of G, we write Cyc:(X,w) for the set Oy (X, {C(X,w)},
and we write A(w) for the set of vertices of G dominating w. Furthermore, we
write V(Q) = U, cq Aw) and V(T) =, cy Xv, as well as V(i) for the union
V() UV(Y). For every v = (Ux | X € X) € T we write U°(v) = Ux, and
U(v,X) = Ux. On T we define the equivalence relation < by letting v =< v’
whenever X,, = X, holds.

A map f with domain X is a direction of G if f maps every X € X to a
component of G — X and f(X) 2 f(X’) whenever X C X’ € X. Clearly, the
directions of G are precisely the elements of the inverse limit of {Cx, ¢x/ x, X'},
and we have seen above that these are precisely the ends of G. However, the
constructive proof of the original Theorem from Diestel and Kiihn [10] linking
ends to directions yields much more:

Lemma 2.3.5 (L). Let G be an arbitrary infinite graph and w an end of G
which is dominated by at most finitely many vertices. Then there exists a
sequence Xo,X1,... of non-empty finite sets of vertices of C(A(w),w) such
that for all n € N the component C(X,, U A(w),w) includes both X,+1 and
C(Xpi1 UA(w),w). In particular, the collection of all Cyq (X, UA(w),w) forms
a countable neighbourhood basis of w in VG.

Proof. Let an w be an arbitrary end of G which is dominated by at most finitely
many vertices, and let H := C(A(w),w). We now copy the main part of the
proof of [10, Theorem 2.2] for the sake of completeness: Denote by ) the col-
lection of all finite sets of vertices of H. For every X € ) we write

X = Cp(X,w) UN(Cy(X,w))

where Cp (X, w) := C(X UA(w),w) is the component of H — X in which every
ray of w has a tail. Starting with an arbitrary non-empty Xy € )Y we will
construct a sequence X1, Xo, ... of non-empty elements of ) such that for all
n € N the component Cy(X,,,w) includes both X,, 11 and Cy(X,41,w).
Therefore, we proceed inductively, as follows: Suppose that X,, has been
constructed. Since w is not dominated by a vertex of H, we find for every
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z € X, some X, € Y with z ¢ X,. Set X = UmGXn X, and let X,,41 be the
neighbourhood of Cp(X,w) in H. Then X,,41 is finite due to X, 11 C X € ).
By the choice of X1 we have Cy(X N1, W w) = Cy(X,w). For all z € X,,,
together with X CX, Z x this yields x ¢ X = Xu+1 D X, +1. Hence H[Xn+1]
is connected and avoids X,, so it is included in Cg (X,,,w). This completes the
construction.

Since all the X, are disjoint, the descending sequence Xo D X, D--- has
empty overall intersection: every vertex in X, has distance at least n from X,
(because every Xo-X,, path meets all the disjoint sets Xi,...,X,_1), 0 no
vertex can lie in X, for every n. We now leave the proof of [10, Theorem 2.2].

Now we for every n € N we let Y, := X,, U A(w). Then the collection of
all open sets éﬁG(Yn,w) forms a countable neighbourhood base of w: Indeed,
let Oy (Y,C) be a basic open neighbourhood of w in 9G. Without loss of
generality we may suppose that A(w) C Y and write Y’ := Y \ A(w). Since
ﬂneN X, is empty, there is some N € N such that Xy avoids Y. Hence H[X y]
is a connected subgraph of G — Y, so in particular it is included in C(Y,w) € C.
Therefore Cya (Y, w) C Oya (Y7C) holds as desired. O

2.4 General Topology

If X is a topological space, then a homeomorphic image of the unit interval in
X is an arc in X. The following Lemma is immediate from the continuity of
the quotient map:

Lemma 2.4.1. If X is a topological space and R is an equivalence relation on
X such that X/R is Ty, then every element of X/R is a closed subset of X. O

Lemma 2.4.2 ([26, Theorem 7.2 a)—d)]). If X andY are topological spaces and
f: X =Y is continuous, then for each A C X we have flclx(A)] C cly (f[A]).

Lemma 2.4.3 (|26, Corollary 31.6]). A Hausdorff topological space is path-
connected if and only if it is arc-connected.

Lemma 2.4.4 ([26, Corollary 13.14]). If f,g: X — Y are continuous, Y is
Hausdorff, and f and g agree on a dense set D in X, then f =g.

Lemma 2.4.5 (The pasting Lemma, [2I, Theorem 18.3]). Let X and Y be
topological spaces and X = AUB, where A and B are closedin X. Let f: A —Y
and g: B —'Y be continuous. If f(x) = g(x) for every x € ANDB, then f and g

combine to give a continuous function h: X — 'Y, defined by setting h(x) = f(x)
ifv € A and h(xz) = g(x) if x € B.

The following lines on continuum theory are accumulated from [26, Chapter
28]: A continuum is a compact, connected Hausdorff topological space.

Theorem 2.4.6 ([26] Theorem 28.2]). Let {K;|i € I} be a collection of con-
tinua in a topological space X directed by inclusion. Then (;,c; K; is a contin-
uum.

A continuum K in a topological space X is said to be irreducible about a
subset A of X if A C K and no proper subcontinuum of K includes A. In case
of A ={a,b} we say that K is irreducible between a and b.
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Theorem 2.4.7 ([26, Theorem 28.4]). If K is a continuum, then any subset A
of K lies in a subcontinuum irreducible about A.

If X is a connected T; topological space, then a cut point of X is a point
p € X such that X — {p} is not connected. If p is not a cut point of X, we
call p a noncut point of X. A cutting of X is a set {p,0, 0’} where p is a cut
point of X and O together with O disconnects X — {p} in that O and O’ are
disjoint non-empty open subsets of X with OwW O’ = X — {p}. A cut point p
separates a from b if there is a cutting {p, 0,0’} of X with a € O and b € O’.
Given a # b € X we write &x(a,b) for the set consisting of a,b and all the
points p € X which separate a from b. The separation ordering on Sx(a,b) is
defined by letting p; < po if and only if p; = ps or p; separates a from py. This
is actually a partial ordering on &x (a,b).

Theorem 2.4.8 ([26, Theorem 28.11]). The separation ordering on Sx(a,b)
is a linear ordering.

Theorem 2.4.9 (|26l Theorem 28.12]). If K is a continuum with exactly two
noncut points a and b, then G (a,b) = K and the topology on K is the order
topology.

Next, we have a look at compactifications: A compactification of a topolog-
ical space X is an ordered pair (K, h) where K is a compact topological space
and h is an embedding of X as a dense subset of K. Sometimes we also refer to
K as a compactification of X if the map h is clearly understood. In [26] chapter
19] we find the following definitions: A Hausdorff compactification of a topolog-
ical space X is a compactification (K, h) of X with K Hausdorff. If (K, h) and
(K', ') are compactifications of X we write (K,h) < (K’,h’') whenever there
exists a continuous mapping f: K’ — K with f o h’ = h, i.e. such the diagram

!

h
X —— K

BN

K

commutesE We write (K, h) < (K',h') whenever (K, h) < (K’,h’) holds while
(K',h') < (K, h) fails. If there exists a homeomorphism f: K’ — K witnessing
(K,h) < (K',h') we say that (K,h) and (K',h') are topologically equivalent
(clearly, this is symmetric). This definition is stated differently in [26], but both
turn out to be equivalent for Hausdorff compactifications:

Lemma 2.4.10 (|26, Lemma 19.7]). Two Hausdorff compactifications (K, h)
and (K', ') of X are topologically equivalent if and only if (K,h) < (K',h') <
(K. h) holdsF

19The class of all compactifications of X need not be a set, hence we do not speak of a
partial ordering.

20We adapted the statement of the original Lemma to our definition of ‘topologically equiv-
alent’.
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Lemma 2.4.11 ([26, Lemma 19.8]). Suppose that (K,h) and (K',h) are two
Hausdorff compactifications of X with (K,h) < (K',h') witnessed by a mapping
f: K' — K. Then the following hold:

(i) fIR[X] is a homeomorphism from h'[X] to h[X].
(i) f[K' —W[X]] =K — h[X].

Lemma 2.4.12. If (K,h) and (K',h) are two Hausdorff compactifications of
X and f: K' — K witnesses (K, h) < (K',h') then f is unique.

Proof. Let g: K’ — K be any witness of (K, h) < (K’,h’'). We have to show
f = g. By choice of f and g, we have foh’ = h and g o b’ = h. In particular,
both f and g agree on h'[X]. Since h'[X] is dense in K’, Lemma yields
f = g as desired. O

Next, we have a look at two particular Hausdorff compactifications of dis-
crete topological spaces which are known as the one-point Hausdorff compacti-
fication and the Stone-Cech Hausdorff compactification. The following insights
are accumulated from [I5, Chapter 3.5}

If X is a discrete topological space and * is a point that is not in X, then
we can extend X to a topological space wX := X W {x} by declaring as open,
for every finite subset A of X, the set wX — A. The pair of this space and the
identity on X is known as the one-point Hausdorff compactification of X.

Lemma 2.4.13. If X is a discrete topological space and (wX,idx) is its one-
point Hausdorff compactification, then (wX,idx) is a least Hausdorff compact-
ification of X in that every Hausdorff compactification (K, h) of X satisfies
(K,h) > (wX,idx).

More generally, if X is a topological space and (K, h) is a Hausdor{f compact-
ification of X such that K — X is a singleton, then (K, k) is called the one-point
Hausdorff compactification of X (which is unique up to topological equivalence)
and we write wX = K as before. In order to state an existential Theorem con-
cerning one-point Hausdorff compactifications we need the following definitions
from [21, §29]: A topological space X is said to be locally compact at x if there
is some compact subspace C' of X that contains a neighbourhood of z. If X is
locally compact at each of its points, then X is said to be locally compact.

Theorem 2.4.14 (|21, Theorem 29.1 and subsequent remarks]). A topological
space X has a one-point Hausdorff compactification if and only if X is locally
compact and Hausdorff, but not compact.

If X is a discrete topological space we let 5X be the set of all ultrafilters
on X equipped with the topology whose basic open sets are those of the form
{U € pX | A € U}, one for each A C X. Furthermore, we let t: X — X map
each z to the non-principal ultrafilter on X generated by {z}. Then (8X,¢) is
known as the Stone-Cech Hausdorff compactification of X.

21n [15] the definition of ‘compactification’ seems to vary from our definition of ‘HausdorfF
compactification’ at first sight since it does not mention ‘Hausdorff’. A closer look at the
definition of ‘compact’ in [I5] reveals that it is hidden there.
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Lemma 2.4.15. If X is a discrete topological space and (8X,1) is its Stone-
Cech Hausdorff compactification, then (8X,1) is a greatest Hausdorff compact-
ification of X in that every Hausdorff compactification (K,h) of X satisfies
(K, h) < (BX,0).

Theorem 2.4.16 ([25]). If X is a topological space, then the relation Rx on
X given by

Rx = m{R - XZ‘R is an eq.-rel. on X and X/R is Tz}

is an equivalence relation and X/Rx is the mazimal Hausdorff quotient of X.

If X is a topological space and Rx C X? is given by Theorem then
we write H(X) for the quotient space X/Ryx. For more details on this topic, e.g.
regarding uniqueness of #(X) and an intuitive construction of Rx, we redirect
the reader to [25].

If X is a topological space, we write (x for the relation on X2 defined by
letting a {x b whenever there exist no disjoint open neighbourhoods of a and
b in X. Now fix a topological space X. For every ordinal o we define an
equivalence relation r$ on X and a quotient space h*(X) of X, as follows: Set
r% = diag(X) and h°(X) = X/r%. For successors a+ 1 we let ¢%&: X — h*(X)
be the quotient map and put

it = {(a,b) € X? [ (4% (), 4% (b)) € trel( Tne(x) ) }

as well as Ao (X) = X/r$T. For limits A we take ry = |J,,_, 7% and AN (X) =

a<A
X/r%. Then
Theorem 2.4.17 ([25, Lemma 4.11 & Construction 4.12]). If X is a topological
space, then there exists a minimal ordinal o with r§ = T;‘(H. Furthermore,

r% = Rx holds (where Rx is as in Theorem[2.4.16), i.e. h*(X) = H(X).

Lemma 2.4.18. Let J be a countable non-empty subset of I and let £: J — R+

be such that 3, ;€(j) = 1. Then the map

¢ T—0,2, i i+ L))
jeJ

j<i

has the following property: For every X € [0,2]\ ¢[L\ J| there is some jy € J
with jx < A and

A€ [p(4x); p(4x) + £(5x)]-

Proof. For A € ¢[J] this is clear, so suppose that A € [0,2] \ ¢[I]. Assume for a
contradiction that there is no such j, and put

JT={je o) <Ay A =sup{o() i€}, i =supJ
Jr={jedlo() >\ At =inf{o(j)|je ), it =infJt

Clearly we have A~ < X\ < AT,

21



First, we show that ¢(i~) = A~. If i~ = maxJ~ then this is clear, so
suppose that i~ ¢ J—. Hence

=\

(at (*) we used i~ ¢ J~). This completes the proof of ¢p(i~) = A~.
Second, we show that ¢(iT) = AT. If i* = minJ¥ then this is clear, so
suppose that i ¢ JT. Hence

o) =it + Y (j)
jeJ
j<it
=inf J*+ > £())
jeJ
j<it
—inf{j+ Y )
j'e
i'<j
=inf{p(j)|j € J*}

jeJ*}

This completes the proof of ¢(i™) = A*.
Therefore A ¢ @[I] together with A~ < A < AT implies A~ < A < AT, and
hence i~ < it. If i~ ¢ J~ then ¢|[i~,i"] is linear with

dGE7) =27 <A< At =¢3T)

so in particular we find some i € (i7,i") with ¢(i) = A, contradicting our
assumption that A € ¢[I]. Otherwise if i~ = maxJ~, then ¢ := ¢| (i~,iT] is
linear with

tl\igl d) =A"+Li17) =G ) +LGET) < A

(recall that we have ¢(i~) +£(i") < X due to A ¢ [¢(i7),¢(¢7) + £(:7)] and
(i) = A~ < \). But then as before we find some i € (i, ") with ¢(i) = A,
contradicting our assumption that A ¢ ¢[I]. O
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2.5 Topologies on graphs: an overview
The 1-complex of G. Recall Section [2.1
common restr.: G connected

compact: if and only if G is finite

Hausdorff: always

reference: [§]
|G| aka MTop. The topological space |G| is obtained by taking G U Q as
ground set and taking the topology generated by the following basis: Inner edge
points inhereit their basic open neighbourhoods from (0,1). For every u € V

and € € (0,1] we declare as open the set Og(u,€). For every end w of G, each
X € X and all € € (0,1] we declare as open the set

Co(X,w) == C(X,w) UQ(X,w) U E.(X,C(X,w))*,

completing the definition of our basis.

For locally finite G the space |G| coincides with the Freudenthal compact-
ification of G (see [I0]), and it turned out to be the ‘right space’ in that it
allowed many fundamental theorems from finite graph theory to be generalised
to locally finite graphs.

common restr.: G connected and locally finite
compact: if and only if G is locally finite
Hausdorff: always
reference: [7], [9], [10]
VTop. The topology VTOP is defined on G U Q) similarly to |G|, with one

difference: If w is an end of G and X € X, then we declare as basic open only
the set C1(X,w).

common restr.: G connected and locally finite
compact: if and only if every Cx is finite
Hausdorff: if and only if every end of G is undominated
reference: [7], [9]
Top. The topology ToP is defined on G U 2 as follows: For every end w

of G, every X € X, and every choice of precisely one j. € é for each edge
e € E(X,C(X,w)), we declare as open the set

C(X,w) U(X,w) U J{1.40) | e = 2y € B(X, C(X,w)),y € C(X,0)
and we let TOP be the topology on G U () generated by these sets together with

the open sets of (the 1-complex of) G. In particular, TOP induces the 1-complex
topology on G, which MTopP and VTOP do not as soon as G is not locally finite.

23



common restr.: G connected and locally finite

compact: if and only if G is locally finite
Hausdorff: always
reference: [7], [9]

ITop. Suppose that no vertex of G dominates two ends. Then IToP is the
topology of the quotient space G obtained from G U Q) equipped with VTOP by
identifying every end of G with all of the vertices dominating it.

common restr.: G connected and finitely separable
compact: if G is 2-connected and finitely separable
Hausdorff: always

reference: [3], [11], [14]
ETop. The topological space £G is constructed in two steps, as follows: First,
let ©'(G) denote the set of all edge-ends of G. Let £'G := G U (with G
viewed as 1-complex) be endowed with the topology generated by the following
basis: Every inne@ edge point inherits its open neighbourhoods from (0, 1).

Furthermore, for every finite set F' of edges of G, every component C of G — F,
and every choice of A, € é (one for each e € F') we declare as open the set

Cu(FO)u | [z ),
e=zyeF
zeC

where Q'(F, C) denotes the set of all edge-ends of G living in C. Then let EG
be obtained from £'G by identifying every two points which have the same open
neighbourhoods.

common restr.. G connected
compact: if G is connected
Hausdorff: always
reference: [17], [24]

¢-Top. The definition of ¢-ToP takes a dozen lines and we will not need it,
hence we redirect the reader to [I7] for details on this interesting space.

common restr.. G connected and countable
compact: if and only if G is locally finite

Hausdorff: always

22Recall that...this is meant wrt top of edge
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The tangle compactification 9G of G. See Section [2.3
common restr.: —
compact: always
Hausdorff: if and only if G is locally finite (Corollary

reference: [7]

A least tangle compactification §G of GG. See Section [5.3
common restr.. —
compact: always

Hausdorff: if and only if G is locally finite (Corollary [5.5.13])

VG, i.e. VTop for the 1-complex of G. We extend (the 1-complex of) G
to a topological space VG = G U ) by declaring as open for every end w of G
and every X € X the set CA'l(X7 w), and taking the topology on VG that this
generates. Clearly, VG coincides with 9G \ Y.

Observation 2.5.1. VG is compact if and only if every Cx is finite.

Proof. If every Cx is finite, then G has not ultrafilter tangle since each ultrafilter
tangle 7 induces a non-principal on Cx_ which is impossible.

If VG is compact, then every Cx must be finite: Otherwise there is some
Y € X with Cy infinite. Covering the 1-complex of G[Y] with basic open sets,
and extending this cover by adding for each C' € Cy the open set

E(Y,C)uCUQY,C)
clearly yields a cover of VG which has no finite subcover, which is impossible. [J

common restr.:. G connected
compact: if and only if every Cx is finite (Obs. [2.5.1)

Hausdorff: if and only if no end is dominated

The auxiliary space 2AG. See Section [6.2]
common restr.. G connected
compact: if and only if G is locally finite

Hausdorff: always

The Hausdorff compactification AG of G. See Section [7.1]
common restr.: —
compact: always

Hausdorff: always
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Part 1
Main results

3 A closer look at the tangle compactification

3.1 First steps

Among the most frequently used lemmas in the field of topological infinite graph
theory is the so-called Jumping Arc Lemma:

Lemma 3.1.1 ([7, Lemma 8.5.3]). Let G be connected and locally finite, and
let F C E(QG) be a cut with sides V1, Va.

(i) If F is finite, then Vi NV = 0 (with the closures taken in |G|), and there
is no arc in |G|\ F with one endpoint in Vi and the other in Vs.

(i) If F is infinite, then V1 NVa # (), and there may be such an arc (for exam-
ple, there exists such an arc if both graphs G[V1] and G[Vz] are connected).

The first statement of this lemma admits a straightforward generalisation to
the tangle compactification:

Lemma 3.1.2. Let G be any graph, and let F C E(G) be a finite cut with sides
Vi and V. Then

GV WGV = 0G\ F

with the closures taken in the tangle compactification (in particular ViNVa =),
and no connected subset of 9G \ F' meets both G[V1] and G[Va].

Proof. Consider X = V[F] € X and pick a bipartition {C,C’} of Cx respecting
F in that V[C] C V; and V[C'] C V; hold. If v is a tangle of G, then v is in
one of Oya(X,C) and Oye(X,C’), say in Oye(X,C), and this neighbourhood
witnesses v ¢ G[Va]. Furthermore, we have v € G[V1]: Let O be any open
neighbourhood of v in ¥G. Then O N Oya(X,C) avoids G[V2] U F' and hence
must meet G[V4], since otherwise G is not dense in 9G which is impossible. [

Figure 2: A dominated ray whose set of red edges forms an infinite cut.

But the second statement extends only partially: Indeed, consider the graph
G from Fig.[2| and let FF C E(G) consist precisely of the red edges. Furthermore,
let V; be the singleton of the vertex of infinite degree, and let V5 be the vertex
set of the black ray. Then F is an infinite cut with sides V; and Va, but V5 and
V5 intersect emptily since we have V; = Vi and Vo = Vo U {w} where w is the
sole end of the graph G. In particular, G[V;] and G[V2] are connected graphs
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while there is no arc in ¥G'\ F with one endpoint in V7 and the other in V5 since
we also have

GVi]WG[Ve] = ¥G \ F.

However, since the tangle compactification of connected locally finite graphs
coincides with their Freudenthal compactification, the following partial gener-
alisation of the second statement of the Jumping Arc Lemma is immediate:

Lemma 3.1.3. Let G be any graph, and let F C E(G) be an infinite cut with
sides V1 and Va. If the graph G is connected and locally finite, then the tangle
compactification coincides with the Freudenthal compactification, and we have
VinVy # 0. Otherwise, VlﬂVg = () is possible. However, in case of Vi NVy # ()
there may be an arc in 9G \ F with one endpoint in Vi and the other in V. [

The following lemma shows that arcs in the tangle compactification do not
take advantage of the ultrafilter tangles:

Lemma 3.1.4. If G is any graph, then every arc in its tangle compactification
avoids all ultrafilter tangles.

Proof. Let A be any are in the tangle compactification of the graph G. Pick a
homeomorphism o: I —» A and without loss of generality suppose for a contra-
diction that (1) =:visin Y.

First we show that A meets G: If not, then in particular ¢(0) =: v’ is in U.
Choose Y € X with U(v,Y) # U(v',Y) and pick C C Cy witnessing this, i.e.
with C € U(v,Y) and Cy \ C € U(¢',Y). Then

{0 (Y,C), Oya(Y,.Cy \C)}

induces an open bipartition on A which is impossible, so without loss of gener-
ality we may assume that o(0) is a point of G. Since A is an arc, we may even
assume that (0) is a vertex u of G.

Now let Z := X, U {u}. Then A meets E(Z,G — Z), since otherwise

{006(2,¢2), | Oclz1)}

z€Z

induces an open bipartition on A which is impossible. Hence we may let ey be

an edge in E(Z,G — Z) that A traverses and write ug for the endvertex of eg

in G — Z. Pick Cy € Cz with ug € Cy. Since U(v, Z) is non-principal by choice

of Z, we know that Cz \ {C’O} is an infinite element of U(v, Z). Then A meets
E(Z,G — Z) — & in some é1, since otherwise

{Oﬂg(Z,CZ\{Co}) 019(; Z {Co} U OG Z 1 }

z€EZ

induces an open bipartition on A which is impossible. Proceeding inductively,
we find infinitely many edges eq, €1, ... in E(Z, G — Z) which A traverses. Since
Z is finite, by pigeon-hole principle we find some ¢ € Z which is incident with
infinitely many of the e,. In particular, ¢ is a point of A since ¢ lies in the closure
of those €,,. But then ANOg(t, 1) has degree at least 3 at ¢, a contradiction. [
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To see that the tangle compactification in general is not sequentially com-
pact, we consider the leaves of a K x, and apply the following lemma:

Lemma 3.1.5. Let G be any graph, and let v be an ultrafilter tangle. Then no
sequence of vertices of G converges to v in VG.

Proof. Assume for a contradiction that there is some sequence (¢, )nen of vertices
t, of G with t,, — v in 9G for n — co. Without loss of generality we may assume
that no ¢, is in X,,. Our sequence (t,)nen meets infinitely many components
of G — X, since otherwise t,, /4 v is a contradiction. Pick a subsequence
(without loss of generality the whole sequence) such that ¢, and ¢, live in
different components of G — X, for all n # m. Furthermore, let C be the set
of all components C' of G — X, for which there exists some even n € N with
t, € C, and set C' =Cx, \ C.

If C € U°(v) holds, then there is no N € N with ¢, € Oyg(X,C) for all
n > N, so t, /4 v is a contradiction. Otherwise C' € U°(v) similarly results in
t, # v as desired. O

3.2 Obstructions to Hausdorfiness

We define the relation () on ¥G by letting « () y whenever there are no disjoint
open neighbourhoods of x and y in Y9G, i.e. whenever x and y are not ‘Hausdorff
topologically distinguishable’. Clearly, {§ in general is not transitive, hence we
denote by (-( the transitive closure of (), which is an equivalence relation. The
relations {j and (- on 9G \ E are actually included in the set (V xU)U (U x V).

Lemma 3.2.1. Let G be a any graph and v € Y. Then X, contains precisely
those vertices u of G with u () v.

Proof. For the backward inclusion consider any vertex u of G with u () v and
assume for a contradiction that w is not in X,,. Put X = X, W {u} and let C be
the set of those components of G — X which contain neighbours of u. Since u () v
holds, we know that Cx \C is not in U(v, X), and hence C must be U(v, X). But
then C| X, € U°(v) is a singleton by the choice of C and u ¢ X, contradicting
the fact that U°(v) is non-principal.

For the forward inclusion let any u € X, be given and put X = X, \ {u}.
By minimality of X, the ultrafilter U(v, X) is generated by {D} for some
component D of G — X. In particular, » is in D since otherwise U°(v) would
be principal which is impossible. Put C = (;5)_(-}) v({D}), ie. C is the set of all
components of D — u, and note that C is in U° (U), since otherwise

Cx\{D}=(Cx, \C)I X € U(v,X)

contradicts {D} € U(v, X). Since U°(v) is non-principal, we know that C must
be an infinite subset of Cx,. Now assume for a contradiction that u {§ v fails,
witnessed by some basic open neighbourhoods O of v and O(X’,D) of v in
Y9G, without loss of generality with X,, C X’. Let C’ consist of those C' € C
avoiding X', and note that C’ is cofinite in C, so C' € U°(v) holds as well as
C' CCx, NCx. Together with

9x,.x (U (v)) = U(v, X)
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this yields ¢’ € U(v, X’). Now set D’ = C’ N'D which is in U(v, X’) and hence
must be infinite. Since D’ is a subset of C, we know that u sends at least one
edge to each of the infinitely many C € D’ C D. In particular, v does send at
least one edge to |JD, so O and O(X’, D) must meet, a contradiction. O

Corollary 3.2.2. Letv e Y and Y C X, be given. Then for every X € |Y |
the set of all components of G — X which send an edge to every verter in Y is
contained in U(v, X).

Proof. If Y is empty, then Cx is the set of all components of G — X which send
an edge to every vertex in Y = (), and Cx € U(v, X) holds since U(v, X) is an
ultrafilter on Cx. Hence we may suppose that Y is non-empty.

For every vertex u of Y we denote by C, the set of all components of G — X
which send an edge to u. Then every set C,, is contained in U(v, X): Otherwise,
for some u € Y the set Cx \ C, of all components of G — X which do not send
an edge to u is contained in U(v, X). But then Oya(X,Cx \ Cy) is an open
neighbourhood of v in ¥G which avoids every basic open neighbourhood of w,
contradicting Lemma Hence C, is contained in U(v, X) for every w in Y.
Since Y C X, is finite, the set [,oy Cy is also in U(v, X). O

Observation 3.2.3. A graph G is not planar as soon as there is some v € T
orw € Q with | X,| >3 or |A(w)| > 3, respectively.

Proof. If v € T satisfies | X,,| > 3, then we let C be the set of all components of
G — X, whose neighbourhood is precisely X,,. By Corollary [3.2.2] we have C €
U°(v), so C must be infinite. Consider the subgraph H := G[X, U|JC] - E(X,)
and obtain H’ from H by contracting every element of C to a singleton, deleting
loops and reducing parallel edges. Then H' is a K|x, | c| and a minor of G, so
the statement follows from Kuratowski’s Theorem ([7, Theorem 4.4.6]).

If w € Q is dominated by three distinct vertices, pick a ray in w which avoids
all three vertices, and find for each of the three vertices an infinite fan to that
ray such that no two fans meet (this can be achieved by inductively constructing
all three fans simultaneously, adding paths in turn). Then it is easy to find a
T K3 n, in the union of the ray and the three infinite fans. Again, the statement
follows from Kuratowski’s Theorem ([7, Theorem 4.4.6]). O

Lemma 3.2.4. Let x and y be two distinct vertices of G. Then the following
are equivalent:

(i) There exist infinitely many independent x—y paths in G.
(ii) There is some v € U satisfying x § v () y.

Proof. (1)—(ii). Let P be some set of infinitely many independent x—y paths in
G and discard from it the trivial z—y path. Write P = {P; | i € I} and choose F
to be some non-principal ultrafilter on I. Furthermore, put X = {z,y}. Given
Y € X with X CY, we define an ultrafilter Uy on Cy, as follows:

Let Iy denote the set of those ¢ € I for which P; avoids Y. For every C C Cy
we write

Iy(C) = {i € Iy | P, meets |JC}.
Then for each bipartition {C,C'} of Cy, the set {Iy(C),Iy(C’)} is a bipartition

of Iy: indeed, for ¢ € Iy we have i € Iy(C) if and only if there is some
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C € C containing P (since i € Iy implies that P; is connected in G — Y), so
{Iy(C), Iy (C")} is a bipartition of Iy as claimed. In order to define Uy, we have
to choose for every bipartition {C,C’} of Cy precisely one of C and C’, which we
do now: Since Y meets only finitely many of the P; while F is non-principal
and I can be written as

I=Iy(C)WIy(C)w{{i}|ic I\ Iy},

we know that F picks exactly one of Iy (C) and Iy (C'), say Iy (C). Then we let
Uy choose C, and C’ otherwise. This completes the definition of Uy, and clearly
Uy inherits the filter properties from F.

Our next aim is to show that the Uy are compatible with respect to the
bonding maps of the inverse system of ultrafilters. For this, let Y C Y’ € X both
be supersets of X and write U for the ultrafilter fy y (Uy+) on Cy. Assume for a
contradiction that U and Uy are distinct, and consider a bipartition {C,Cy \ C}
of Cy witnessing this with Cy \ C € Uy and C € U, say. By definition of fy/y
we find some C' € Uy, with C'1'Y C C. Therefore, Iy (C) € F holds due to
Iy/(C/) € F and

Iy/(C") C Iy (C'TY) C Iy (C),
so C is in Uy as well as Cy \ C, a contradiction. Hence the Uy are compatible
as desired.

Finally we extend the family of the Uy to an element v of U by letting
Uz = fxuzz(Uxuz) for every Z € X with X ¢ Z. Then = {§ v holds:
Otherwise there is some basic open neighbourhood O of x and some basic open
neighbourhood O(Y,C) of v with O N O(Y,C) = (). Without loss of generality
we may assume that X is included in Y. Thus C € Uy implies Iy (C) € F by
choice of Uy, so in particular Iy (C) is infinite since F is non-principal. Hence
infinitely many of the P; meet | JC, therefore witnessing that x sends infinitely
many edges to | JC. In particular, x does send an edge to |JC, so O and O(Y,C)
must meet, a contradiction. Similarly, y § v holds.

(ii))—=(1). If v is an end tangle, then put Xg = {z,y} and pick some
N(z)-N(y) path Py in the sole component Cy generating U (v, X). Next, put
X1 = XoUV (F) and pick some N(x)-N(y) path P; in the sole component C;
generating U (v, X;). Proceeding inductively, we find some disjoint N (x)-N(y)
paths P, for every n € N. Then {zP,y|n € N} is a set of infinitely many inde-
pendent z—y paths. Alternatively, it suffices to note that v must be dominated
by x and y.

If v is an ultrafilter tangle, then {z,y} C X, holds by Lemma Let
C, be the set of all components of G — X, sending an edge to z, and define
Cy analogously. Then x () v () y implies that both C; and C, are in U°(v), and
hence C := C, NC, € U°(v) is an infinite subset of Cx,. Next we choose some
infinite subset {C), |n € N} of C, and for every n € N we pick some N (z)-N(y)
path P, in C,. Again, {zP,y|n € N} is a set of infinitely many independent
x—y paths. O
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Corollary 3.2.5. Let x and y be two distinct vertices of G. Then the following
are equivalent:

(i) 200y

(ii) There is some X € X containing x and y such that no Y € X disjoint
from X separates x and y in G — E(X).

Proof. (ii)—(i). Let X € X be as in (ii). Hence, we inductively find infinitely
many z—y paths in G — E(X) which meet only in X. By pigeon-hole principle,
infinitely many of them meet exactly the same vertices of X and traverse these
in the same order (starting in ), say © = ug, u1, ..., u, = y for some n € N. We
denote the set of these paths by P = {P;|i € I'} and write P* = u;_; Puy, for
each P € P and k € [n]. Applying, for every k € [n], Lemmal[3.2.4to {P}'|i € I}
and the vertices ug_; and uy yields some vy, € U with ug_1 § v § up. Hence

r=uoQviQur (- JopJu, =y (1)

holds as desired.

(i)—(ii). Suppose that = (- y holds, witnessed by some vertices ug, . .., U,
of G and some vy,...,v, € U satisfying . Applying, for every k € [n],
Lemmato ug—1 0 vk § uy, yields some collection {PX |m € N} of infinitely
many independent paths from wug_1 to ug. Set X = {ug|k < n}. Then for
every Y € X disjoint from X we find for every k € [n] some my, € N such that
P* avoids Y. Then Uke[n] Pk admits a path from z to y avoiding Y. O

my k

3.3 Critical vertex sets

In this section we yield a combinatorial description of the sets X, of ultrafilter
tangles.

For every X € X and Y C X we write Cx(Y") for the set of components of
G — X whose neighbourhood is precisely Y. Furthermore, we let

crit(X) :={Y C X |Cx(Y) is infinite}.

Observation 3.3.1. Suppose that X € X and Y € crit(X) are given. Then
every X' € |X|x meets only finitely many elements of Cx(Y), so the set
Cx/(Y) = Cx(Y)NCx is cofinite in Cx(Y), and in particular Y € crit(X')
holds. On the other hand, Y € crit(X) implies Y € crit(Y): since every com-
ponent in Cx(Y) has neighbourhood precisely Y, we have Cx(Y) C Cy(Y).

We call X € X critical if X € crit(X) holds, i.e. if Cx(X) is infinite. More-
over, we write crit(X) for the set of all critical X € X. Then Observation [3.3.1]
implies crit(X) = |y ¢y crit(X).

Lemma 3.3.2. For every v € T and every X € | X, |x we have X,, € crit(X)
and Cx (X,) € U(v, X).

Proof. Put C = Cx,(X,). By Corollary[3.2.2| (applied to X,, = X =Y) we know
that C is in U°(v). In particular, C is infinite, witnessing X, € crit(X,). Hence
X, € crit(X) holds by Observation Let D be the set obtained from C by
discarding the finitely many components meeting X from it, i.e. set D =CNCx.

31



Then D = Cx(X,) holds. Since D is cofinite in C we have D € U°(v). Recall
that by definition of gx, x we know that

Uv,X)={C' CCx|3ID' € U°(v) : D' CC'}.

Since D € U°(v) by definition is a subset of Cx, the equation above yields
D € U(v, X) as claimed. O

Lemma 3.3.3. Forall X € X, every Y € crit(X) and each infinite C C Cx(Y)
there is some v € T with v € Oyg(X,C) and X, =Y.

Proof. Choose some non-principal ultrafilter U on Cx which contains C. By
Corollary 2.3.2] U uniquely extends to an element v of Y. In particular we have
Y € X,. For every Y~ C Y the set C[Y ™ is a singleton contained in U(v,Y ™),
therefore witnessing Y~ ¢ X, so Y = X,, follows. O

Lemma 3.3.4. The map [v]= — X, is a bijection between Y /=< and crit(X).

Proof. The map is well defined by Lemma By definition of x it is injective.
It remains to verify surjectivity. If X is in crit(X’), then X € crit(X) holds, and
Lemma [3.3.3] yields some v € T with v € Oy (X,Cx (X)) and X, = X, so [v]=
gets mapped to X as desired. O

Theorem 3.3.5. For every two distinct vertices w and t of G the following are
equivalent:

(i) There exist infinitely many independent u—t paths in G.
(ii) There exists some v € U with uw § v () t.

(iii) There exists some end of G dominated by both u and t or
there exists some v € T with {u,t} C X,,.

(iv) There exists an end of G dominated by both u and t or
there exists some X € crit(X) containing both u and t.

Proof. (i)4>(ii) is Lemma
(ii) <= (iii) is due to Lemma [3.2.1
(iii) 4> (iv) is due to Lemma [3.3.4

Corollary 3.3.6. For every X € X the following hold:
(i) For every w € Q the set A(w) meets at most one component of G — X.
(ii) Every Y € crit(X) meets at most one component of G — X.
(iii) For every v € Y the set X,, meets at most one component of G — X.
O

Lemma 3.3.7. There exists a connected infinite graph G such that crit(X) is
an infinite chain with respect to inclusion.
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Proof. Put A = {a,|n € N}, and let {B, |n € N} be a collection of pairwise
disjoint countably infinite sets B,, avoiding A. For every n € N write X,, =
{ax |k < n}. Let G be the graph on AU |J,y Bn in which, for every n € N,
each b € B, is joined precisely to all x € X,,. Then A consists precisely of the
vertices of G of infinite degree (every b € B,, has degree n + 1), and for every
n € N we have X,, € crit(X) witnessed by Cx, (X,) = {{b}|b € B,} U{C}
where C is the component of G — X,, including all By and a, with k& > n.
Every finite X C A which is distinct from all X,, misses some aj for some
k < max{n € N|a, € X}. Thus Cx(X) is empty, so X is not in crit(X). In
particular, we have crit(X) = {X,, |n € N}. O

Lemma 3.3.8. Let X € X and C C Cx be given, and let uw € X send infinitely
many edges to | JC. Then there is some £ € Oy (X,C) with u {) €.

Proof. Assume for a contradiction that no such £ exists. We will construct a
cover of ¥G consisting of open sets which does not admit a finite subcover. For
this, we cover ¥G as follows:

For t € V(G) we pick Og(t,1/2).

For every edge e we chose é.

For each v € Oy (X,Cx \ C) we pick Oye(X,Cx \ C).

For each w € QN Oy (X,C) we have u ¢ A(w) since u () w fails. Thus we find
some X (w) € X with u and w living in distinct components of G — X (w), and
we choose Cyg (X (w),w) which avoids E(u).

For every v € YTNOy(X,C) we have u ¢ X, by Lemma3.2.1]since u {j v fails.
Then we choose Oy (X U Xy, Cxux, (Xo)) (which contains v by Lemma [3.3.2]
and avoids E(u) due to u € X \ X,). This completes the construction of the
cover.

Since every m(e) with e € E(u,|JC) is covered only by é, our cover of ¥G
has no finite subcover, contradicting the compactness of JG. O

Lemma 3.3.9. The vertices in V(U) = V(Q) U Jcrit(X) are precisely the
vertices of infinite degree.

Proof. By Lemma we have V(U) = V(Q) U Jcrit(X). Clearly, every
vertex in V(U) has infinite degree. Conversely, for every vertex w of infinite
degree there is some v € U with « ( v by Lemma If v is an end, then
u € A(v) C V(U) follows. Otherwise v is an ultrafilter tangle, and Lemma [3.2.1]
yields v € X, C V(U). O

Corollary 3.3.10. The tangle compactification of G is Hausdorff if and only
if G is locally finite.

Proof. If G is locally finite, then the tangle compactification coincides with |G|
which is Hausdorff. Conversely, if the tangle compactification is Hausdorff, then
clearly V() is empty, and by Lemma @ we know that for each ultrafilter
tangle its set X, must be empty. Corollary [3.3.9] then yields that G is locally
finite. O
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3.4 ETop as a quotient

The coarsest topology for arbitrary infinite graphs known to be of any use is
ETop. In general, it is impossible to obtain EToOP from VTOP as a quotient.
Indeed, suppose that G is a Kjx,. Since this graph has no ends and every
two vertices are finitely separable, no two points of G may be identified. But
for this G, the topology VToP does not coincide with EToP, since the set
of all leaves of G is closed in VTOP but not in ETop. Now if we consider
the tangle compactification of G ~ Ky, instead of VToP and identify all
of the (ultrafilter) tangles of G with the center vertex, the resulting space is
homeomorphic to ETOP@

In this chapter we generalise the common notion of ‘finitely separable’ from
vertices to Ng-tangles in order to define an equivalence relation on the tangle
compactification whose quotient we show to be homeomorphic to £G.

If z and y are two points of VUU and F is a finite cut of G with sides V; and
Vo such that z € G[V1] and y € G[V3], then we call x and y finitely separable.
If 2 and y are both vertices of GG, then by Lemma this definition coincides
with the standard definition of ‘finitely separable’ for vertices. Letting x ~ y
whenever = and y are not finitely separable defines an equivalence relation on
Vulu:

Lemma 3.4.1. The relation ~ is transitive.

Proof. Given z,y,z € VUU with x ~ y and y ~ z we have to show x ~ z.
Assume for a contradiction that x «¢ z holds, witnessed by some finite cut F' of
G with sides V; and V5. By Lemma we have precisely one of y € G[V/]
and y € G[V3], and each case contradicts one of x ~ y and y ~ z. O

Hence 9G := 9G /~ is well defined, and it is a compact space since ¥G is.
Furthermore, we know that

Observation 3.4.2. If G is locally finite and connected, then |G| = 9G = 9G.

The next few technical Lemmas already give a hint that JG and £G might
be related:

Lemma 3.4.3. Let F be a finite cut of G with sides Vi and Vs, and let A consist
of precisely one inner edge point Ao from each e € F. If this Lemma is applied
outside the context of any A, then we tacitly assume A = {m(e)|e € F}. Put

Ol‘:mu U [.’17,)\6)

e=zyclF
zeV;

for both i = 1,2 (with the closures taken in VG). Then both O; are ~-closed
open sets and we have 3G = O1 AW Oy as well as VG = (O1/~)W AW (Og/~).

Proof. Since G[V1] and the union of the [x, A\.] with e = zy € F and z € V; are
closed, by Lemma we know that O is open. Similarly, O is open. O

23Indeed, an open neighbourhood of the center vertex and all ultrafilter tangles may miss
at most finitely many leaves, since otherwise we could construct an ultrafilter tangle outside
of that neighbourhood.
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Corollary 3.4.4. 9G is Hausdorff. O
Corollary 3.4.5. Let A C JG be an arc. Then ANE is dense in A. ]

Lemma 3.4.6. Let G be any graph with only finitely many components. Then
every point of 9G is exactly of one of the following forms:

(i) an inner edge point;
(ii) [u]~ for some vertex u of G;
(iii) {w} for some undominated end w of G.

If w is some undominated end of G, then |[w]~ is not necessarily of the form
(iil), e.g. consider the example from Fig. 16| where it is of the form (ii).

Proof. Consider any point & of JG.

If € contains an inner edge point, then ¢ is of the form (i).

If € contains a vertex, then ¢ is of the form (ii).

If ¢ contains some v € T ,then ¢ is of the form (ii) for each u € X,, (which
is non-empty since G has only finitely many components).

Finally suppose that £ C , and suppose for a contradiction that £ is not
of the form (iii), i.e. that £ is not a singleton. Pick distinct elements w,w’ of
¢ and let X € X witness w # w’. Then since X avoids £ there exists for every
x € X some finite cut F, with sides A, B, such that z € A, and w lives in B,.
Let A:=,cx Az and B := (), x B, as well as I := E(A, B) which is a finite
cut due to F' C |J,cx F». Now w ~ ' implies that there is some component
C of G — F in which both w and ' live. Since w lives in B, for every z € X
and X is finite, we know that V(C) C B. In particular, C' avoids X, and hence
is a connected subgraph of G — X. But then C(X,w) = C(X,w’) follows, a
contradiction. O

Corollary 3.4.7. Let G be any graph with only finitely many components. Fur-
thermore let X € X be given together with some bipartition {C,C'} of Cx and
two distinct points x and y of VG such that v € Oya(X,C) and y € Oya(X,C').
If © ~ y then [x]. meets X.

Proof. Assume for a contradiction that ¢ := [z]. avoids X. By Lemma m
there is some vertex u of G in &, and since £ avoids X there is some C € Cx
with u € C, without loss of generality with C' € C. Now X N & = ) implies that
there exists for every ¢t € X some finite cut F; of G with sides A; and B; such
that t € A; and u € B;. Put A = {J,cx Ar and B = (,cx Bs, and let F be
the finite cut E(A, B). Let D be the component of G — F containing u. Then
D C GB] is a connected subgraph of G avoiding X C A and D contains u, so
we have u € D C C. Next consider the finite bond B := E(V \ D,D) C F.
Then |JC' C V\ D (due to D C C € C) together with y € Og(X,C’) implies
y ¢ G[D], and hence Lemmayields y € G[V \ D]. Thus B witnesses u % y,
a contradiction. O

For the rest of this chapter, G is assumed to be connected.

Next we define an inverse system of multigraphs whose inverse limit is home-
omorphic to £G. For this, we begin by defining the multigraphs: For every
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F C E(G) we denote by G.F' the (multi-)graph which is obtained from G by
contracting the vertex sets of the components of G — F' (therefore turning edges
of these components into loops). For the rest of this chapter let £ := [E(G)]<N°
be ordered by inclusion. We equip G.F with the topology generated by the
following basis: For inner edge points we declare as open the usual neighbour-
hoods. For every vertex d of G.F we declare as open all neighbourhoods of the
form

{d}u U Gerd U e\ L) u @)\ L) (2)

EEEG,F(d,G.F—d) ecL

where ¢(d) denotes the set of all loops at d, j. € é for every e € Eg.p(d,G.F—d),
L € [£(d)]<N0 and I is some closed interval included in é for every e € L.

For every F C F' € £ we define bonding maps fp/ p: G.F' — G.F which are
the identity on E(G.F’) = E(G) and which send every vertex d of G.F’ to the
vertex of G.F whose corresponding component of G — F' includes the component
of G.F’ corresponding to d. The following Lemmas are case checking:

Lemma 3.4.8. The maps fr/ r are continuous. O
Lemma 3.4.9. The maps fr/ r are compatible. O
Observation 3.4.10. The G.F are compact and Hausdorff.

Since {G.F, frs ., E} is an inverse system of non-empty compact Hausdorft
spaces, its inverse limit

/G =lim(G.F|F €¢)

is again non-empty, compact and Hausdorff by Lemma [2.2.3] Furthermore,
Miraftab [20] showed that

Lemma 3.4.11. If G is a connected graph, then [JG /| is homeomorphic to EG.

Given F € € we define op: 9G — G.F as follows: Let 2 € 9G be given. By
Lemma there are three cases to distinguish: If z is an inner edge point of
some edge e, then we let op map x to x. For x = [u]. with u some vertex of G
we let o map x to the vertex of G.F whose corresponding component of G — F'
contains u. This is well-defined since the finite cuts of G.F" are finite cuts of G.
Finally, if x = {w} we let o map z to the vertex of G.F whose corresponding
component includes a tail of every ray in w@

Lemma 3.4.12. The maps cr are compatible.

Proof. Let F C F' € € and x € 9G be given. We have to show that
(fF’,F o O'F/)(IE) = O'F(I’)
holds, but this is clear from the definition of op,op and frr p. O

Lemma 3.4.13. The maps op are continuous surjections.

24If G has infinitely many components, then there is some v € Y with X,, = 0 and there is
no natural choice for op([v]~) = op({v}) in G.F. Furthermore, no G.F would be compact.
Hence we require G to be connected.
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Proof. Clearly, the op are surjective by construction. Let 2 € JG be given
together with W some basic open neighbourhood of y := op(z) in G.F. By
Lemma we distinguish three cases:

If « is an inner edge point we are done, so assume that x is of the form [u].
for some vertex u of G. Hence y is a vertex of G.F and W is of the form .
Let C' be the component of G — F corresponding to y. Then the non-loop
edges at y in G.F form a finite cut F = Eqg.r(y, G.F — y) of G.F and thus
also of G. Put A = {jc|e € F} and use Lemma mm yield a tripartition
Y9G = (O1/~) W AW (Oz2/~). Since C is one side of F' in G and u € C, we
without loss of generality have [u]. € O1/~, so op maps (O1/~)—J.c, I into
w.

Finally assume z = {w} where w is an undominated end of G. Then y is a
vertex of G.F and we are done by the previous case. O

Theorem 3.4.14. If G is a connected graph, then [/G/| is homeomorphic to
the quotient space VG of 9G. In particular, 9G is homeomorphic to EG.

First proof. We start by letting U: 9G' — //G/ map z to (op(z)| F € £). Then
¥ (z) is an element of /G / by Lemma[3.4.12Jand ¥ is injective: Consider distinct
elements = and y of YG. Without loss of generality none of x and y is an inner
edge point. Let F' be some finite cut of G witnessing x # y, then op(z) # op(y)
follows as desired. But ¥ is also a continuous surjection by Lemmas [3.4.12]
and Therefore, ¥ is a continuous bijection from a compact space
onto a Hausdorff space. By general topology, ¥ is a homeomorphism, so /G
is homeomorphic to UG as claimed. Due to Lemma we also know that
Y@ is homeomorphic to EG. O

Second proof (sketch). Define ¥: IG — EG using Lemma as follows: Let
z € UG be given. If z is an inner edge point put U(z) = x. Else if z is of the
form [u]., for some vertex u of G let ¥ send u to the point of £G containing u.
Otherwise x is of the form {w} for some end w of G and we put ¥(z) = {w}.
It is straightforward to check that W is a well defined bijection. Since ¥G is
compact and £G is Hausdorft, it suffices to check that ¥ is continuous, which
easily follows from Lemma [3.4.3] O

Corollary 3.4.15. If G is a countable connected graph and {: E(G) — Rxg
satisfies 3 c p(q L(€) < 0o, then |G|¢ is homeomorphic to VG.

Proof. By [17, Theorem 3.1] we know that |G|, and £G are homeomorphic.
Hence Theorem [3.4.14] implies that |G|, and Y9G are also homeomorphic. O

Observation 3.4.16. In Section we learn about a new compactification §G
which is quite similar to YG. For this space, Lemmas|3.1.2, (3.4.5 and |5.4.60]
admit straightforward analogues, so EG is also a quotient of FG.
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4 The tangle compactification as inverse limit

4.1 Introduction

In recent years, inverse limits emerged as useful tools to obtain ‘limit objects’
of graphs, such as circles and TSTs, from compatible choices of ‘finite objects’
of some carefully chosen ‘finite minors’. Such inverse systems are known for
the Freudenthal compactification of locally finite graphs ([7, Theorem 8.7.2, 5th
edition]) and for £G with ETop ([20], or see /G/ from section [3.4). In this
chapter, we will set up such an inverse system whose inverse limit describes the
tangle compactification. The ‘finite minors’ we are going to use for this actually
are multigraphs with finite vertex set and possibly infinite edge set, and they
are obtained from G by contraction of possibly non-connected sets of vertices.
Hence the question comes to mind whether there is a better inverse system
based on finite minors of G7

Figure 3: An example graph from [8 Fig. 3].

First, we consider an example graph whose tangle compactification cannot
be described in a meaningful way by an inverse system of minors. Let G be the
graph pictured in Fig. |3| and for every n denote by R, the ray in w,, starting
at the centre vertex of the infinite star. As Diestel showed in [8, Example 1.9],
every ultrafilter on the naturals induces an Xg-tangle of this graph. Indeed, since
the sides of a finite order separation of this graph induce a bipartition of its end
space, and hence of the naturals via the enumeration wy,ws,... of €2, we can
use the ‘big’ elements of the ultrafilter to declare the corresponding sides of the
finite order separations as ‘big’ (i.e. orient the finite order separations such that
their big sides induce elements of the ultrafilter). Then the principal ultrafilters
on the naturals induce precisely the end-tangles of this graph. Interestingly, it
is not possible to describe the tangle compactification of this graph as an inverse
limit of minors of G' (not even infinite ones), as long as we deem the following
premise meaningful:

If {H;, pji, I} is an inverse system of minors H; of G and for every i there
is a mapping o;: VG — H; such that limo;: YG — lim H; is a homeomorphism,
then for every i the map o; sends every ultrafilter tangle of G to an infinite
branch set of H; which is not included in some R,,.

Now if U and U’ are distinct non-principal ultrafilters on the naturals, they
induce distinct ultrafilter tangles 7 and 7/ of G. Since lim o; is injective, there is
some 7 in I such that o; sends the two ultrafilter tangles to different branch sets
of H;. Since H; is a minor of G, its branch sets are connected, so by the premise
they both meet in the centre vertex of the infinite star, which contradicts the
fact that distinct branch sets are disjoint. Hence contracting non-connected sets
of vertices in general cannot be avoided.
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But perhaps we can use finite multigraphs instead? Indeed, this is possible,
and as it will turn out there is an easy way to obtain such multigraphs from
ours. But making their edge sets finite comes at the cost of quality of life, which
is why we forgo this option.

4.2 Setup

Given a graph G, for every X € X we denote by Px the set of all finite partitions
of Cx. Then we let

I={(X,P)|X € X and P € Px}.

If (X, P) is in ', we denote by p(X, P) the finite partition of V(G) induced by
P and the singleton subsets of X. Letting (X, P) < (Y, Q) whenever X C Y
and p(Y, Q) refines p(X, P) defines a directed partial ordering on T':

Lemma 4.2.1. (T, <) is a directed poset.

Proof. The poset properties are inherited from the subset and the refinement
relation; it remains to verify that (I, <) is directed: For this, let any two el-
ements (X, P) and (Y, Q) of I be given. First, we will define finite partitions
P’ and Q' of Cxyy such that (X,P) < (XUY,P) and (V,Q) < (XUY,Q")
hold; but this is easy: Recall that the map ¢xuy,x sends every component of
G — (X UY) to the unique component of G — X containing it, so the preimage
of every partition class C of P under ¢xuy,x consists precisely of those compo-
nents of G — (X UY') which are included in some component of G — X that is
also an element of C. Hence letting

P = {¢xLyx(C)|C e P\ {0}
Q = {dxLyy(C)[C € QI\ {0}

will do. Finally, choosing R to be the coarsest refinement of P’ and Q' results
in a finite partition of Cxyy which satisfies the two inequalities

(X,P)< (XUY,P')<(XUY,R)
(Y,Q) < (XUY,Q) < (XUY,R),
so we are done by transitivity. 0

Next we define the topological spaces of our inverse limit. For ever (X, P) €
T, we let G/p(X, P) be the multigraph on p(X, P) whose edges are precisely the
cross-edges of p(X, P). The vertices of G/p(X, P) that are singleton subsets {x}
of X we consider to be vertices of G and refer to them as x; the other vertices
of G/p(X, P) are its dummy verticeﬂ Now we let Gx py be the topological
space obtained from the ground set of the 1-complex of G/p(X, P) by endowing
it with the topology generated by the following basis:

For inner edge points we choose the usual open neighbourhoods, and for ver-
tices x € X we choose as open neighbourhoods the sets of the form UeeE(z) [, Je)

25This definition does not coincide with that of dummy vertices of the G/p from the con-
struction of ||G|| in [7, 5th edition]: e.g. if some p € p(X, P) is a singleton, but not a subset
of X, then p is a dummy vertex here but a non-dummy vertex in [7].
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where the inner edge points j. € é may be chosen individually for each e. Fi-
nally, for dummy vertices p of G/p(X, P) we declare as open the sets of the
form

(E(X, p)U {p}) \ U (e, de]

ecF

where F' is some finite subset of F(X,p), and for every e € F the point j. is
an arbitrary inner edge point of e while x. is the endvertex of e in X E This
completes the definition of the basis.

The spaces G (x,py are easily seen to be compact. To complete the setup of
our inverse system, for all (X', P') > (X, P) we choose the bonding map

f(X/,P/),(X,P)i G(X/,P’) — G(X,P)

which sends the vertices of G/p(X’, P’) to the vertices of G/p(X, P) including
them; which is the identity on the interior of the edges of G/p(X’, P') that are
also edges of G/p(X, P); and which sends any other edge of G/p(X’, P’) to the
dummy vertex of G/p(X, P) that includes both its endvertices in G/p(X’, P').
An easy proof by cases shows that these bonding maps are continuousE There-
fore, we arrived at an inverse system {G~, fy 4,1}, and we set

(G) =lm(G, [y € T).

Before we verify that (G} describes the tangle compactification, we introduce
some notation concerning (G): If W is an open set in G,, for some n € I, then
we denote by Oygy (W, n) the open subset (G) N [[, W, of (G)) where W, is
the whole space G for all v except for W,,, which we choose to be W. Given
n € I' we define f;, to be the continuous projection map

fn: <<G>> - Gm (z’y|7 € F) = Zy.

Finally, whenever x is an element of {(G) we denote f,(z) by z,.

Before we verify that {G) suits its purpose, we have a last look at their
possibly infinite edge sets. Obviously, the multigraphs G/p(X, P) in general are
not finite, but their vertex set is finite. It is possible to turn these multigraphs
into finite graphs, simply by deleting the inner edge points of edges incident
with dummy vertices. If we then think of these inner edge points as ‘hidden’
in the dummy vertices incident with the edges containing them, we can adjust
the bonding maps so as to yield another inverse system whose inverse limit
would still describe the tangle compactification. But obviously, the deletion of
these points renders this inverse system useless, since it contradicts our aim to
improve everyone’s quality of life. Therefore, we decided to keep these points,
and instead rely on the compactness of the spaces G (x, p).

4.3 The homeomorphism

Theorem 4.3.1. If G is an arbitrary infinite graph, then the tangle compacti-
fication 9G of G is homeomorphic to {G).

26The purpose of F is to make our topological spaces T1. Only allowing F' = @ would also
work, but then our topological spaces are not T; while the tangle compactification is.
27This is basically the definition of Diestel.
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Proof. The first task is to construct a bijection ¥: {G) <—» YG. For this, let an
arbitrary « = (z4 |y € I') € (G)) be given. We distinguish two cases:

First assume that there is some v = (X, P) € I such that z is not a dummy
vertex of G/p(X, P), so z, is an element of X or an inner edge point of G,. In
this case we let ¥U(z) := x.,, which is a well defined choice: If ., and z./ are two
such points we pick some 7 > ~,7’. Then the point x, is not a dummy vertex
either, so the definition of f, , and f, . implies z,, = x, = .

In the second case, every x, is a dummy vertex. Then for every X € X we
let Uy be the collection of all the sets C € 2% for which there is some finite
partition P of Cx such that z(x py = V[C], and put ¥(z) := (Ux|X € X).
To complete the definition of W, it remains to show that (Ux | X € X) is an
element of U. We start by verifying that

Claim 1. The Ux are ultrafilters on Cx.

Proof of the Claim. Since dummy vertices formally are non-empty sets of ver-
tices, the empty set is not in Ux.

Next we show that, for every two elements C and C’ of Uy, the intersection
CNC’ is again an element of Uy. Given two elements C and C’ of Ux we choose
witnesses (X, P) and (X, P’") of C € Ux and C’' € Ux, respectively. Let Q be the
coarsest refinement of P and P’, and let d € Q be the partition class satisfying
d=CNC'. Since (X,Q) > (X, P), (X, P') and by compatibility, the only choice
for z(x ¢y is the dummy vertex V[d]. Hence x(x ) witnesses that d =CNC’ is
contained in Ux.

Now we show that Ux is upwards closed. For this, let any C € Ux be given
together with a superset C’ € 2°X; we have to show C’ € Ux. Pick some witness
(X, P) of C € Ux and let @ be the coarsest refinement of P and the bipartition
P" = {C',Cx \ C'} of Cx. Assume for a contradiction that x(x p/) is not the
dummy vertex VI[C’] of G/p(X,P’). Then x(x p/y must be the dummy vertex
V[Cx \ C’] since it is the only other dummy vertex of G/p(X, P’). Now let d
be the partition class of @ satisfying z(x o) = V[d]. By compatibility we know
that z(x @) is a subset of both x(x py and x(x p). But then, since C is a subset
of C’, we also know that

Vid CViex \ NV =0

holds, which is a contradiction since d is non-empty.

So far we have seen that Ux is a filter, so finally we verify that Uy is a
maximal one. For this, consider any bipartition {C,C’'} of Cx; we show that
exactly one of C and C' is contained in Ux. Since z(x ¢¢,¢/}) is a dummy vertex,
we know that at least one of C and C’ is in Uy, say C. Now assume for a
contradiction that C’ is contained in Ux, too, witnessed by some (X, P). Then
P refines the bipartition {C,(’} since C’ is a partition class of P. In particular
(X, P) > (X,{C,C'}) holds, and z(x py is the dummy vertex V[C'] of G/p(X, P).
But then, by definition of f(x p) (x,{c,c}), the only possibility for z(x fc.cy) is
the dummy vertex VI[C'] of G/p(X,{C,C’}), which is a contradiction. o

Claim 2. For all X C X' € X we have fx/ x(Ux:) = Ux.

Proof of the Claim. Let X C X’ € X be given. By Claim [I| both Ux and Ux
are ultrafilters on Cx and Cx/, respectively, so U = fx: x(Ux/) is again an
ultrafilter on Cx. Assume for a contradiction that U and Ux are distinct, and
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pick some bipartition {C,Cx \ C} of Cx with U containing C and Ux containing
Cx \ C. By definition of fx: x there is some C’ in Ux: witnessing C € U, i.e.
C’ satisfies ' X C C. Now choose witnesses (X, P) = v and (X', P') =+ of
Cx \C € Ux and C' € Ux, respectively, and pick some nn = (X', Q) in T with
n> (X', P’),(X,P). Since C'l X = ¢x x[C'] holds by definition and C includes
C'1 X, the set V[C'] is included in V/[C]. But z is the dummy vertex V[Cx \C] of
G/p(X,P), and . is the dummy vertex V[C'] of G/p(X’, P’), so V[C'] C V[C]
implies 2, Nz, = 0, and hence z,, C z, Nz = @ (by definition of f, ., and
fn~) vields the desired contradiction. o

Therefore, ¥(z) is indeed an element of & and our construction of ¥ is
complete. It remains to show that W is bijective and bicontinuous; we begin
with injectivity:

Claim 3. V is injective.

Proof of the Claim. Let © = (x4 |y € T') and y = (y, |y € T') be two distinct
elements of (G) with x, # y, for some n € I'. If ¥(z) € G and ¥(y) € U or
vice versa, we are done, so suppose that U(z) and ¥(y) either are both in G or
both in U.

For the first case suppose that both ¥(z) and ¥(y) are in G, witnessed by
(X, P) and (Y,Q), respectively, so neither of x(x py and ycy,) is a dummy
vertex. Pick some £ > 7, (X, P),(Y,Q) and note that, by definition of the
bonding maps and well-definition of ¥, we have z¢ = z(x,p) = ¥(z) as well as
Ye = Yv,@) = Y(y). In particular, x, # y, implies z¢ # y¢ (again by definition
of the bonding maps) and hence ¥(x) # ¥(y).

For the second case suppose that both ¥(z) = (Ux | X € X) and ¥(y) =
(U | X € X) are elements of U, and write n = (Y, P). Let C and C’ be the
partition classes of P with V[C] = z,, and V[C'] = y,. Then in particular C
is contained in Uy and C’ is contained in Uy,. Since C and C’ are disjoint, the
ultrafilters Uy and Uy, are distinct, so U(x) # ¥(y) holds. o

Claim 4. VU is surjective.

Proof of the Claim. Let any y € 9G be given. If y is not an element of U we
choose some X in X such that y is contained in the 1-complex of G[X], and
let £ := (X,{Cx}). Then for every n > £ in I' we set z,, = y, and for every
~" < n for some such n we put z.» = f,, 1/(y). Then (z, |y € T') is a well defined
element of (G which ¥ sends to y.

Otherwise y is in U and of the form (Ux | X € X). Forevery vy = (X,P) €T
the ultrafilter Ux chooses excatly one partition class C(y) of P. Then

z:=(VIC()]|y€T)

is a well-defined point in {G): Assume for a contradiction that there are some
n < ' in I' with x,,2,, incompatible in (G) in that f,/ ,(z, ) # x,. Write
n=(Y,Q) and n = (Y’,Q’). Then the dummy vertex z, satisfies

Ty C fop(ay) € p(Y,Q) — {zn}
which implies x, Nz, = 0. Furthermore, using the definition of z yields

vicmnvien) =0 3)
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Since C(7) 'Y and C(n) are both in Uy it suffices to show that these sets
have empty intersection in order to yield a contradiction. For this, let any
C € C(7)]'Y be given. By definition of C(n)]Y there is some C’ € C(n') with
C’ C C. Hence the component C' is not in C(7), since otherwise the vertices of C’
would be contained in the left hand side of which is empty, a contradiction.
Thus C(7')'Y and C(n) intersect emptily as desired. o

By now we know that W is a bijection. Before we verify that ¥ is also
bicontinuous, let us quickly recall Lemma [2.2.5} According to this Lemma, the
collection of all open sets of the form Oy (W, n) with 1 some element of I" and
W some basic open set in G, is a basis of the topology of (G). Now that we
know this basis, we are almost done:

Claim 5. ¥~! maps basic open sets of VG to basic open sets of (G).

Proof of the Claim. Let any point x of Y9G be given together with some basic
open neighbourhood W.

If x is not in U we choose some X in X such that x is contained in the
1-complex of G[X], and set n := (X,{Cx}). Then W is also a basic open
neighbourhood of z in Gy, so UH[W] = Oycy (W, n) holds.

Otherwise z is an element of U, so W is of the form Oyg(X,C) for some
X € X and some non-empty C C Cx. Let n := (X,{C,Cx \ C}) and consider
the basic open neighbourhood W' := E(X,|JC) U {V[C]} of the dummy vertex
VI[C] in G,,. Then one easily checks that U~ [W] = Oy (W', 7) holds. o

Claim 6. ¥ maps basic open sets of {G)) to open sets of VG.

Proof of the Claim. Let any basic open set Oyqy(W,n) of {(G)) be given and
write (X, P) =n.

If W is a basic open neighbourhood of some non-dummy point of G,,, then
U[Oay (W, n)] = W is basic open in JG.

Otherwise W is of the form

(E(X, d) U {d}) \ U (e, je]

ecF

where d is some dummy vertex of Gy, the set F' is some finite subset of E(X, d),
and for every e € F' the point j. is an arbitrary inner edge point of e while z. is
the endvertex of e in X. Let C be the partition class of P with V[C] = d. Then

VO gy (W,n)] = Opa(X,C) \ U [Ze, Je]

ecF
which is open since the finitely many intervals [z., jo| are closed in 9G. o
This completes the proof that ¥ is a homeomorphism. O

From now on we treat {G) ~ JG as (G) = 9G.
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5 A least tangle compactification

We call a compactification aG of (the 1-complex of) G an Q-compactification
of G if oG is also a compactification of VG and aG \ F is Hausdorff. Even
though we speak of an -compactification ‘of’ G, we formally treat it as a
compacitification of VG, e.g. if aG < §G holds for another 2-compactification
0G of GG, then any witness f: dG — «aG of this is required to fix Q as well as
G. Whenever aG is an Q-compactification of G and oG \ VG is a singleton, we
call aG a one-point Q-compactification of G. For every X € X we denote by
cx the map sending each C' € Cx to the principal ultrafilter on Cx generated
by {C}. Furthermore, in this chapter every Cx carries the discrete topology.

5.1 Introduction

As the graph depicted in Fig. 3] (p. shows, there exist graphs G for which
JG is not the coarsest Q2-compactification: Indeed, if G is the graph from Fig. [3]
then G has a one-point Q-compactification reflecting the structure of G while
Y9G adds 22°° = 2¢ > Ny many ultrafilter tangles to G U (2. But as a Ty, shows,
it is not always possible to just take the one-point Q2-compactification of G in
order to obtain a strictly coarserﬁ Q-compactification than ¥G, since V(Ty,)
does not even have a one-point compactification (see Proposition for a
characterisation of the graphs G admitting a one-point 2-compactification).
Hence Diestel [8] asked:

(i) For which [graphs] G is G the coarsest [()-]compactification []ﬂ

(ii) If it is not, is there a unique such topology [i.e. Q-compactification],
and is there a canonical way to obtain it from YG?

In order to tackle these questions, we proceed as follows: In Section we
construct for arbitrary G an inverse system {Fx, fx’ x, X} of To-compactifica-
tions (Fx,cx) of the Cx whose inverse limit § = lim Fx we use to obtain an
Q-compactification §G of G in a similar way Diestel used U to compactify G.
The purpose of §G on the one hand is to serve as a witness when we characterise
those graphs G for which Y9G is not the coarsest Q2-compactification, and on the
other hand it is our candidate for a positive answer regarding the first part of
the second question. But we should have a closer look at the second question
itself before we consider possible solutions.

Obviously, the second question tacitly assumes that any answer imposes
some further meaningful conditions on the 2-compactifications considered, as
the example graph G from Fig. 4] shows. By Proposition we know that
this graph has a one-point 2-compactification, so ¥G clearly is not the coarsest
Q-compactification of G. But from an intuitive point of view, the one-point 2-
compactification of G does not reflect the structure of the graph at all. Instead
of one point, three points as indicated by the grey ovals in the drawing feel far
more intuitive. Indeed, if x is one of v and ¢, then x splits up the drawing of

28 By ‘strictly coarser’ we mean ‘coarser but not topologically equivalent’.

29Tn his paper, Diestel asked ‘For which G is Y9G the coarsest compactification in which its
ends appear as distinct points?’. In order to obviate coarser versions of the topology of VG
for some special G from leading this question ad absurdum, we interpreted it as stated in (i).
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Figure 4: A graph G whose one-point {2-compactification does not reflect its
structure.

the graph into a left hand side and a right hand side, which together induce a
separation s, of the graph whose separator consists precisely of x.

The tangle compactification of G respects s, and s; in that every Ny-tangle
lives on precisely one side of each. Since the two separations are nested, say
54 < s; as in the drawing, they partition © into three classes ©~, ©° and .
Here, the tangles in ©~ are those living on the small side of s,, the tangles
in ©F are those living on the big side of s;, and the tangles in ©° are those
living in on the big side of s, and on the small side of s;. But s, and s;
are not the only finite order separations of G with two infinite sides, so G has
more than three Ng-tangles. Hence our intuition suggests that some finite order
separations reflect the structure of G better than others. So what makes our two
separations so special? The answer is rather simple: both separations respect
the x—classeﬂ which turn out to be ®~, ©° and ©1. Furthermore, we have
crit(X) = {{u}, {t}, {u,t}}, and |crit(X)] = |©/<| = 3 gives an indication that
these might be related; but this was to be expected somewhat (in fact, we will
see that the map [v]= — X, defines a bijection between Y /= and crit(X), see
Corollary .

Here, my intuition tells me that it might be worth to have a closer look at
the quotient ¥G/=. Surprisingly, I did not find graph theoretical indications
substantiating my intuition, let alone graph theoretical reasons to consider cer-
tain Q-compactifications of G revealing YG /=< as the coarsest one. That is why
I try a more technical approach for a change. Remember that, on the one hand
U is a useful technical description of O, but on the other hand U can be un-
derstood as a generalisation of  (with the ends viewed as directions). There-
fore, if we manage to abstract the essential ideas behind the inverse system
{Ux, fx' x, X} generalising {Cx, dx/ x, X}, then this might lead to meaning-
ful conditions regarding question (ii), and maybe ¥G/x< turns out to be the
coarsest (2-compactification satisfying these.

For this, let us take a closer look at how U manages to induce an (-
compactification of G. As is well known, 2 is the inverse limit of the inverse
system {Cx, ¢x x}. Hence, if every Cx is finite, then 2 is compact Hausdorft

30Recall that the equivalence relation < was defined on Y by letting v < v’ whenever
Xy = X, holds.
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by Lemma and so is VG (Observation 2.5.1)). But as soon as some Cx is
infinite, the space VG is no longer compact. Let us have a closer look at the
tangle compactification overcoming this hindrance. For every X € X, the pair
(Ux, cx) is the Stone-Cech Hausdorff compactification of Cx, so U = lim U
is compact Hausdorff by Lemma [2.2.3] For VG, the space 2 being compact in
general does not imply that VG is compact, e.g. consider a Kj n,. This is be-
cause every infinite Cx gives rise to a ‘bad’ cover of VG consisting of open sets
(one that has no finite subcover). Since every Ux is compact, this cannot pos-
sibly happen in ¥G. Next, we investigate {2 C Y. The bonding maps fx/ x of
the inverse system {Ux, fx’ x} by definition respect the bonding maps ¢x/ x
of the inverse system {Cx,¢x/ x} in that for all X C X’ € X the diagram

Ox/ X
CX D — CX/

cxl lcx/

Z/[X D — Z/[X/
fxrx

commutes, so as a result U includes a homeomorphic copy of 2. Capturing
these properties formally leads us to the notion of a C-system: A C-system
is an inverse system of Hausdorff compactifications of the Cx whose bonding
maps respect the maps ¢x x, and on the class of all C-systems (for fixed G)
we define a natural order-relation <. We prove, making use of the fact that
(Ux, cx) is the Stone-Cech Hausdorff compactification of Cx for every X € X,
that Cyy = {(Ux, cx), fxr x} is the greatest C-system with respect to <¢ and up
to C-equivalence (this will be introduced formally in Section . Furthermore,
every C-system gives rise to an )-compactification of G in the same way Cy
yields 9G. Hence the following two questions arise:

(ii") Is there a coarsest Q-compactification induced by a least C-system?

(iii) If there is, can it be used as a witness regarding question (i)?

As our first main result of this chapter, we will show in Theorem that
{(&x,cx),fx/.x} is indeed the least C-system (up to C-equivalence), and §G
is the coarsest Q2-compactification of G induced by a C-system while ¥G is the
finest 2-compactification of G induced by a C-system. This settles question (ii).

Furthermore, as our second main result of this chapter, we will show in The-
orem that FG and Y9G are topologically equivalent Q-compactifications if
and only if every Cx is finite. In particular, 9G is the coarsest (2-compactification
of the graph G if and only if every Cx is finite (i.e. ¥9G coincides with VG).
This settles question (i) and (iii).

In Section [5.5| we show that G is homeomorphic to 9G /= (the quotient we
deemed worth a second look earlier) by a homeomorphism fixing €, and we give
a description of < solely in terms of tangles. Together with the answer of (ii’)
this settles question (ii).

As it turns out, it is even possible to describe § using Ny-tangles, simply by
adjusting the underlying separation system (see Section .

Finally, in Section we show that there is an inverse subsystem of the
inverse system {G., f/ 4, '} (from Chapter |4]) whose inverse limit describes the
space §G.
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5.2 The one-point ()-compactification of GG

If G is a graph, then VG is compact if and only if every Cx is finite (Observa-
tion [2.5.1). Hence G has a trivial Q-compactification if and only if every Cx is
finite. Now if G is a graph with not all Cx finite, then G in general does not
have a one-point Q2-compactification. In this section we characterise the graphs
G admitting a one-point {2-compactification.

Recall that by Theorem [2:4.14] a topological space T' has a one-point Haus-
dorff compactification if and only if T is locally compact and Hausdorff, but
not compact. We start with a characterisation of the graphs admitting a locally
compact end space:

Lemma 5.2.1. For every graph G the following are equivalent:
(i) Q is a locally compact subspace of VG.

(ii) For every end w of G there is some X € X such that for all X' € | X |x
only finitely many components C of G — X' with C C C(X,w) contain
ends of G.

Proof. (i)—(ii). Assume for a contradiction that there is some end w of G
for which (ii) fails. Since € is locally compact, we find some compact A C 2
together with an open neighbourhood O of w in € such that O C A. Without
loss of generality O is induced by a basic open neighbourhood C (X, w) for some
X € X. Since (ii) fails for w we find some X’ € | X | x such that infinitely many
components C of G— X’ with C' C C(X,w) contain at least one end of G. Then
the collection {Q(X',C)[C € Cx-} is an open cover of Q which has no finite
subcover of Q N C'(X,w). In particular, it is an open cover of A that has no
finite subcover, contradicting the compactness of A.

(ii)—(i). In order to show that ©(G) is locally compact, let w be an end of G.
Our task is to find a compact neighbourhood of w in Q. Let A := QN C(X,w)
for some X € X as in (ii), and note that A is a closed neighbourhood of w in
0. For every X’ € | X | x let

Dx/ = {C € ¢x1 x (C(X,w)) | UX',C) # 0}

carry the discrete topology and note that Dy is finite and non-empty by choice
of X. Then by Lemma the inverse system {Dy, ¢y’ y | Dy, |X'|x} has
a compact inverse limit Z whose elements extend precisely to the ends of G in
C (X,w). In particular, it is easy to see that Z and A are even homeomorphic,
so A is compact as desired. O

As the following example shows, a locally compact end space in general does
not suffice to ensure the existence of a one-point (2-compactification of VG:
indeed, if G is the graph depicted in Fig. 5| then VG obviously is not compact,
and every open neighbourhood of the sole end of the graph includes a copy of
VG. Hence VG and VG \ E are not locally compact at the sole end of the graph,
so VG \ F has no one-point Hausdorff compactification by Theorem
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Figure 5: A graph G with Q(G) locally compact, but VG notm

Proposition 5.2.2. For every graph G the following are equivalent:
(i) G has a one-point Q-compactification.

(ii) There is some Y € X with Cy infinite and for every end w of G there is
some X € X such that for all X' € | X | x the set qb;(}’X(C(X, w)) is finite.

Proof. (i)—(ii). If @ is a one-point Q-compactification of G, then oG\ E is a
one-point Hausdorff compactification of VG'\ E. Tt follows from Theorem
that VG \ E is locally compact but not compact, so Observation implies
that there is some Y € X with Cy infinite. Now assume for a contradiaction that
there is some w € Q not satisfying the condition from (ii). Since VG'\ E is locally
compact, we find a compact neighbourhood A of w in VG \ E. Pick a basic open
neighbourhood O = C(X,w) of w in VG with O\ E C A. Since (ii) fails, there
is some X' € | X |x with (b;(}’X(C(X, w)) infinite. Then the collection

{C\E|CecCx}U{{z}|ze X}

is a cover of VG \E of open sets which has no finite subcover of A, contradicting
the compactness of A.

(ii)—(i). Since there is some Y € X with Cy infinite, we know that VG
is not compact. Let * be a point that is not in G U (2, and extend VG to a
topological space aG = VG W {x} by declaring as open for every X € X and
C C Cx the set

0*(X,C) :==UCUE(X,UC)UQ(X,C) U {x}
whenever C is cofinite in Cx and the set
Kx :={CeCx ‘ 3X' e [X|x: ¢}}7X(C) is infinite}

is included in C, and taking on aG the topology this generates. To see that this
yields a topology, it suffices to show that for every two open neighbourhoods
O*(X,C) and O*(Y, D) of * there is some open neighbourhood of * included in
their intersection. Due to Kx C C we know that C’ := (l);{ty’x (C) is cofinite in

Cxuy. Furthermore, Kxuy C €' follows from Kxuy C ¢xiy x(Kx) and the
choice of C’. Similarly, D’ := qb;(ty’Y(D) is cofinite in Cxyy and Kxuy C D, so

«€ 0" (X UY,C'ND) C O*(X,C)NO*(Y,D)

31nterestingly, this graph looks precisely like the topological space from [26 Ex. 27.15 and
Fig. 27.3].
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holds as desired. Clearly, VG is a dense subspace of aG. Furthermore, aG \ E
is Hausdorfl: For this, let w be an end of G, and pick X € X as in (ii). Then
C(X,w) and O*(X,Cx \ {C(X,w)}) are disjoint open neighbourhoods of w and
*, respectively. For other points this is clear, so aG \ F is Hausdorfl as claimed.
It remains to show that oG is compact. For this, let O = O*(X,C) be an
arbitrary open neighbourhood of *. It suffices to show that aG \ O is compact.
Let H := G — |JC. Clearly, VH is homeomorphic to aG \ O, so it suffices to
show that VH is compact. Since Kx is included in C and Cx \ C is finite, for
every X' € | X|x the set ¢%7 (Cx \ C) is also finite. Hence VH is compact by
Observation 2.5.1] as desired. O

5.3 An inverse limit of Hausdorff compactifications

In order to create a coarser {)-compactification than ¥G, we create an inverse
system {Fx, fx’ x, X} of Hausdorff compactifications (Fx, cx) of the Cx, which
we then use to obtain an 2-compactification §G = GUF of G.

If M is a set, then we denote by cof(M) the cofinite filter on M. Recall that
for two sets A, B with A C 28 we denote by (A)p the collection of all supersets
B’ C B of elements of A, and we call (A)p the set-theoretic up-closure of A in
2B, Now we start the construction: For every X € X and every Y € crit(X)
let Fx(Y) be the set-theoretic up-closure of cof(Cx (Y)) in 26X i.e.

Fx(Y) = (cof(Cx(Y)) )ex -

In particular, Fx(Y) is again a filter on Cx. Recall that, for every X € X, we
chose cx to be the function with domain Cx which sends every C' € Cx to the
principal ultrafilter on Cx generated by {C'}. Write

g(' = CX[CXL
% ={Fx(Y)|Y € crit(X)},
Fx =F% Wk,

We endow the spaces §x with the standard topology whose basic open sets are
of the form

O5x(C) :={F eFx[Ce F},

one for each C C Cx. This topology has a basis which suits our needs far better:
For every X € & let €x be the collection of all singleton subsets of Cx and
all sets C which are cofinite in Cx(Y") for some Y € crit(X). Let Bx be the
collection of all sets Oz, (C) with C € €x. Then

Lemma 5.3.1. Bx is a basis for the topology of §x .

Proof. Given F € §x and C C Cx with F € Oz, (C) we have to find some
D e €x with F € Oz,(D) C O3, (C). If F = ¢x(C) holds for some C € Cx,
then we may choose {C} as D. Otherwise F is of the form Fx(Y) for some
Y € crit(X). Then C € F implies that C N Cx(Y) is cofinite in Cx (YY), so we
may pick D=CNCx(Y). O
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Whenever we speak of a basic open neighbourhood of some element of Fx,
we mean ‘basic’ with respect to Bx.
The §x compactify the Cx as promised:

Lemma 5.3.2. (§x,cx) is a Hausdorff compactification of Cx, for every X €
X.

Proof. Since we equipped Cx with the discrete topology and §x also induces
the discrete topology on §%5 = ¢x[Cx], the map cx clearly is an embedding.
Clearly, c¢x[Cx] is dense in Fx, and §x is Hausdorfl since for every two distinct
Y and Y’ in crit(X) we have Cx(Y) N Cx(Y’) = 0. Finally we show that §x
is compact: Let {O;|i € I} be any cover of Fx by open sets O; = Oz, (C;).
For every Y € crit(X) pick some iy € I such that Fx(Y) € O;, and note that
Cx(Y)\ G, is finite. Hence Cx \ Uy eeit(x) Ciy 18 finite, and we are done. [

Lemma 5.3.3. The spaces Fx are totally disconnected.

Proof. Let A be a subset of §x with |A| > 1. Pick two distinct elements F and
F' of A. If one of F and F’ is principal, say F = cx(C) for some C € Cx,
the open sets Oz, ({C}) and Oz, (Cx \ {C}) induce an open bipartition of A.
Otherwise we find distinct elements Y and Y of crit(X) with F = Fx(Y') and
F' = Fx(Y’). Then the open sets Oz, (Cx(Y)) and Oz, (Cx \ Cx(Y)) induce
an open bipartition of A. O

In order to obtain an inverse system {Fx, fx/ x, X'} from the spaces Fx we
define compatible bonding maps fx/ x: §x — §x for all X € X' € X as
follows: Let F' € §x- be given.

Suppose first that F’ is of the form cx/(C’) for some C’ € Cxs. Then we
put fx/ x (F') = cx(dx/ x(C"), ie. fx x(F') = cx(C) where C is the unique
component of G — X including C’.

For the second case suppose that F’ is of the form Fx/(Y) for some YV €
crit(X’). If Y C X holds, then we also have Y € crit(X) witnessed by Cx/(Y) C
Cx(Y), so we may put fx/ x (F') = Fx(Y). Otherwise Y ¢ X implies that there
is some unique component C' of G — X including | JCx/(Y") since every vertex in
Y\ X has a neighbour in each element of Cx/(Y), so we put fx/ x (F') = ex(C).
This completes the definition of the bonding maps. It remains to show that
they are continuous:

Lemma 5.3.4. The bonding maps fx' x: §x — §x are continuous.

Proof. Let F' € §x be given together with some basic open neighbourhood
O3 (C) of F := fx/ x (F).

Suppose first that F’ is of the form cx/(C") for some C’ € Cx-, and hence
F is of the form cx(C) for C = ¢x/ x(C'). Then Oz, ({C'}) is an open
neighbourhood of F which fx/ x maps to Oz, ({C}) C Oz, (C).

For the second case suppose that F' = Fx/(Y) for some Y € crit(X’). If
Y ¢ X then there exists a unique component C' of G—X including | JCx/(Y'), so
F is of the form cx (C). In particular, Oz, (Cx/(Y")) is an open neighbourhood
of " which fx/ x maps to Oz, ({C}) C Oz, (C). Otherwise Y C X holds, then
we have F = Fx(Y) and moreover C is a cofinite subset of Cx (V") since Oz, (C)
is basic open. In particular, ¢’ := CNCx/(Y) is a cofinite subset of Cx/(Y") with
¢x: x[C'] € C. Hence Oz, (C’) is an open neighbourhood of F" which fx x
maps into Oz, (C). O
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Therefore, {Fx,fx’ x, X} is an inverse system, and we write
§ = lm(3x | X € X).

Proposition 5.3.5. The topological space § is compact, Hausdorff and totally
disconnected.

Proof. According to Lemmas and the topological spaces §x are com-
pact, Hausdorff and totally disconnected. By Lemma[2:2.2] so is §. O

Analogously to [8, Lemma 3.2], we note a very useful fact:

Lemma 5.3.6. For all X C X' € X the map fx:,x restricts to a bijection
between f}}X(S}) C F% and § with inverse gx x-. O

Corollary 5.3.7. For every X € X, each F € §% uniquely extends to an
element of §. O

For every v = (Fx | X € X) € § let
Xy ={X € X| Fx ¢ 3%},

ie. X € X isin A, if and only if there is some Y € crit(X) with Fx = Fx(Y).
The following is immediate from Lemma and Corollary

Proposition 5.3.8. If v is not in , then the set X, has a least element X, €
crit(X) such that Xy = | Xo|x. The set X, determines v, and Fx = Fx(Xy)
holds for every X € X,. Furthermore, for every Y € crit(X) there is a unique
v € § with X, =Y. This defines a bijection x: crit(X) —F\ Q. O

Finally, we use § to compactifiy G in the same way Diestel used U to com-
pactify G. For this, let fx: § — §x send each (Fy |Y € X) to Fx, ie. fx
is the restriction of the Xth projection map pry: HYEXSY — §x to §. By
Lemma [2.2.5] and Lemma [5.3.1] the collection of all sets of the form

O05(X,C) :=fx' (055 (C)) = {(Fy |Y € X) € F|C € Fx}

with X € X and C € €x forms a basis for the topology of §. Now consider the
1-complex of G and extend its topology to the topological space

SG=GUF
by declaring as open, for every X € X and C € €x, the set
03¢(X,C) :=JCUE(X,JC) UOz(X,C)

and taking the topology on §G this generates. Here, the graph (JC carries
the 1-complex topology. Note that the subspace topology on § C FG is our
original topology on §. Let B denote the basis we used for §G. That §G
is indeed an §2-compactification of G will follow from the more general Theo-

rems [5.4.9] and
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5.4 ()-compactifications induced by C-systems

In this section we study C-systems which generalise the known concepts of di-
rections and the inverse systems {Ux, fx' x, X} and {Fx,fx’ x, X} from the
previous section. Furthermore, we study (2-compactifications induced by C-
systems in order to answer questions (i) and (ii’) from the introduction of this
chapter.

Fix any infinite graph G. For every X € X denote by Cy the set of all
components of G — X whose neighbourhood is not in crit(X), i.e.

cx=Cx— |J cx()

Y crit(X)

and note that this set must be finite due to pigeonhole principle. If (a(Cx), ax)
is a Hausdorff compactification of Cx for every X € X and {a(Cx),ax/ x} is
an inverse system whose bonding maps respect the maps ¢x/ x in that

ax/ x Ox/ = Qx 0 px/ x (4)
holds for all X C X’ € X, i.e. the diagram

bx,
ey X ey

axl jax,

a(Cx) Uxr x (Cx)

commutes, then we call {(a(Cx),ax),ax’ x} a C-system (of G). Note that
Cs = {(Bx,cx), fxr x}

is a C-system by Lemmas [5.3.2] and [5.3.4] and
Cu:={Ux,cx), fx' x}

is a C-system, too. If every Cx is finite, then {(Cx,idcy ), #x/ x } is a C-system,
too. As our first main result of this section, we generalise Diestel’s construction
of the tangle compactification and show that every C-system gives rise to an
Q-compactification of the graph G:

If {(a(Cx),ax),ax, x} is a C-system, put Z, := yLna(CX) and for every
X € X let n%:Z, — «Cx) be the restriction of the Xth projection map
prx: [Iyex @(Cy) = a(Cx). Clearly, 7% is continuous. If clear from context,
we write mx instead of 7%. Now we extend G (viewed as 1l-complex) to a
topological space aG = G UZ, by declaring as open, for all X € X and every
open set O of a(Cx), the set

Oac(X,0) :==UC U E(X,UC)U (r%)~1(0)
where C = a*(0), and taking the topology on aG' this generates.

Theorem 5.4.1. If G is any infinite graph, then oG is an Q-compactification
of G. In particular, so are §G and 9G.
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Proof. First, we show that G is dense in aG. Every open neighbourhood of
an element of Z,, is of the form O,c(X,0). Since ax[Cx] is a dense subset
of a(Cx), we know that O meets ax[Cx], and hence |Jay'(O) meets G. In
particular, O, (X, O) meets G, so G is dense in aG.

Next, we show that aG is compact. For this, we mimic the proof of [8]
Theorem 1 (i)], replacing [8] Lemmas 2.3 and 3.7] by topological arguments.
Hence consider any cover O of aG — G by open sets O,g(X,0). Since the
subspace topology of Z,, C aG is the original topology of Z,, and Z, is compact
by Lemma [2:2.3] the cover O has a finite subset of the form

0’ = {0ac(X,0x) | X € X'}

(with X’ C X finite) that covers Z,. Our aim is to show that G \ |JO' is the
1-complex of a finite graph: then G\ |J O’ will be compact as desired. For this,
put X’ = JA’, and for each X € X’ let O be the open set ays (Ox) of
a(Cx). We claim that for each X € X’ the inclusion 7

OaG(Xa OX) 2 OaG(X/vO/X) (5)
holds: Indeed,
5! (Ox) = 7y (O%) (6)
holds by choice of O’ and since the diagram

7, X a(Cx)

\ ‘aX’,X
X

a(Cx)

commutes. According to the definitions of Ou¢ (X, Ox) and Ouq(X’, O%), and
due to X C X', it remains to show that |Jay'(Ox) 2 Jay (O%) holds.
Using , this is easily calculated:
Uaxi (O%)
=Uaxi (0 x(Ox))
(7)) _ _
Byoxt x(axt0x)
cUax'(Ox)
Hence holds as claimed, and the sets O,q(X’, OY) still cover Z,, by @
Now consider the set
¢ =Cx\ |J ax(0%)
Xexr

If (JC’ is finite, then so is G[X']U|JC' = G\ |JO’, and we are done. Hence we
assume for a contradiction that [ JC’ is infinite. Consider the closed set

A= a(CX/) \ U O/X

Xex’
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and for every Y € | X' |y set Ky = a;lx/(A) In particular, every Ky is closed
in a(Cy ), and hence compact. Furthermore, since | JC’ is infinite, each qi)y o (C)
is non-empty. Together with ax/[C'] C A and . this implies that every Ky
is non-empty. By Lemma we find an element in the inverse limit of the
inverse system {Ky, ay y [ Ky, | X'|x}, which is easily extended to an element
x of Z, since | X'|x is cofinal in X. In particular, z € Z,NA =Z, \JO' is
a contradiction. Thus aG is compact, so in particular aG is a compactification
of (the 1-complex of) G.

Since Z,, is also Hausdorff by Lemma it is easy to see that so is aG \E .
It remains to show that aG is a compactification of VG. We have already seen
that aG is compact and G is dense in aG. By and abuse of notation we
may assume 2 C Z, C alG. Hence it suffices to show that aG induces the
right subspace topology on G U 2. For every X € X and w € ) the open
neighbourhood O,¢ (X, ax(C(X,w))) of w in aG induces on G U Q) the basic
open neighbourhood C (X,w) of w. Conversely, it is easy to see that every open
set Ona(X, 0) of aG induces on GUS a set that is also open in VG. Therefore,
VG is a subspace of aG. O

In particular, we obtain the following analogue of [8, Theorem 1] for FG:
Theorem 5.4.2. Let G be any graph.
(i) §G is an Q-compactification of G and FG \ G is totally disconnected.

(ii) If G is locally finite and connected, then § = Q holds and G coincides
with the Freudenthal compactification of G.

Proof. (i) By Theorem we know that §G is an Q-compactification of G,
and §G \ G = § is totally disconnected by Proposition
(ii) If G is locally finite, then crit(X) is empty, so § = Q holds. O

In order to compare C-systems, we introduce the following notion:
If Co = {(a(Cx),ax),ax’ x} and Cs = {(6(Cx),dx),0x’ x } are two C-systems
we write C,, <¢ Cs whenever (a(Cx),ax) < (6(Cx),dx) holds for every X € X
(witnessed by unique fx: 6(Cx) — a(Cx), see Lemma and

fxodxx =ax/xo fx (7)

holds for all X € X’ € X. Condition together with condition ensures
that the diagram

oxr x
cX SEELR) cX,
fxi Jx
v v

Cle CX/
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commutes for all X C X’ € X, so that the mapping

Vsa: l(iLn(S(CX) %kilnoz(cx)
(px | X € X) = (fx(px)[ X € X)
is a well-defined continuous surjection by Lemma Furthermore, this yields

(®)

Lemma 5.4.3. If C, and Cs are two C-systems with Co <¢ Cs and C, induces
the Q-compactification aG of G whereas Cs induces the Q-compactification dG
of G, then aG < 0G is witnessed by Vsq Uidg.

Proof. Put 1 = 15, Uidg. By (M) we know that ¢ fixes Q (by abuse of notation).
Clearly, it suffices to show that ¢ is continuous at every p = (px | X € X) € I
(recall that Zs = lim §(Cx)). For this, consider any basic open neighbourhood
Oac(Y,0) of ¥(p) in aG, and recall that O is open in a(Cy ). By definition of v
we have fy (py) € O. Since fy is continuous, we find some open neighbourhood
O’ of py in 6(Cy) with fy[O'] C O. Then Os¢(Y,O’) is an open neighbourhood
of p in §G. Hence it suffices to show that ¢ maps it to O, (Y, O). By choice of
O’ and definition of 15, we know that 1s, sends the open subset (73)~1(0’)
of Zs to the open subset (7$)71(0) of Z,, so by definition of O,g(Y,O) and
O56(Y, 0’) is suffices to show 63,1 (0') C a3 (O). But this is clear from fy[0'] C
O combined with the commuting diagram

1)
Cy —— 5(Cy)

Ny

a(Cy)
(recall that it commutes since fy witnesses (a(Cy ), ay) < (§(Cy), dy)). O

If both C,, <¢ Cs and Cs <¢ C, hold, we say that C, and Cs are C-equivalent.
The following lemma and corollary indicate that this definition is meaningful:

Lemma 5.4.4. Let C,, and Cs be two C-systems with C,, <¢ Cs and Cs <¢ Cq.-
For every X € X suppose that

(i) fx:9d(Cx) — a(Cx) witnesses (a(Cx),ax) < (§(Cx),dx), and
(i) gx: a(Cx) — §(Cx) witnesses (6(Cx),dx) < (a(Cx),ax).

Let 154 be as in (@), and let Vo5 be defined analogously using the gx instead of
the fx. Then s, is a homeomorphism with inverse ¥qs.

Proof. For every X € X Lemma[2.4.10]yields that fx is a homeomorphism, and
by Lemma we know that gx must be its inverse. In particular, every gx
is injective, and so must be 1,s5. Furthermore, we already know that 1,5 is also
a continuous surjection. Similarly, 1s, is a continuous bijection, and ¥, is its
continuous inverse. O

Corollary 5.4.5. Let C, and Cs be two C-equivalent C-systems. Let aG and 0G
be the two Q-compactifications of G induced by C,, and Cs, respectively. Then aG
and 0G are topologically equivalent, witnessed by the homeomorphism s, Uidg
with inverse Yqos Uidg.
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Proof. Combine Lemmas and O

At first glance condition complicates the definition of <¢ for C-systems
a lot, giving us a hard time working with it. Surprisingly, the following Lemma
takes this extra work load off our shoulders:

Lemma 5.4.6. Suppose that {(a(Cx),ax),ax x} and {(6(Cx),dx),0x’ x}
are two C-systems with (a(Cx),ax) < (6(Cx),0x) (witnessed by fx) for all
X € X. Then (7)) holds for all X C X' € X.

Proof. Recall that for every X € X the witness fx satisfies fx o dx = ax.
Hence for every X C X’ € X we compute:

(14)
fx odxrx 0dx @ fxodxopx x
=ax o ¢x/ x

)
= Ox/ x oy

=ax/,x o fx/ 0dxs

Thus both sides of agree on 0x/[Cx/], so by Lemma they agree on all
of §(Cx) as desired. O

Theorem 5.4.7. If G is an infinite graph, then the following hold:
(i) For every X € X we have (Fx,cx) < Ux,cx).
(i) C5 <¢ Cy.

(i) §G <IG.

Proof. (i). This is immediate from Lemma For further insight, a con-
structive proof follows:

Let any X € X be given and define f: Ux — Fx as follows: If U € Ux is
principal we set f(U) = U. Otherwise U is non-principal, so Cx(Y) € U holds
for exactly one Y € crit(X) due to

Cx=Cxw |H cx(v)
Y €crit(X)

and since Cy is finite. Hence, we set f(U) = Fx(Y).

It remains to verify that f is continuous: For this, consider any U € Ux
together with some basic open neighbourhood Oz, (C) of f(U) in §x. If U is
generated by some {C'} with C' € Cx, then Oy, ({C}) is a basic open neighbour-
hood of U in Ux which f maps to Oz, (C). Otherwise U is non-principal there
is some Y € crit(X) with f(U) = Fx(Y) and C is a cofinite subset of Cx (Y,
so f maps Oy, (C) to Oz, (C) as desired. Thus f is continuous as desired.

(ii) is immediate from (i) and Lemma

(iii) is immediate from (ii) and Lemma O

Next, we prove two technical Lemmas, which we then combine in Theo-
rem [5.4.10in order to show that Cg is the least C-system (with respect to <¢).
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Lemma 5.4.8. Let X € X be given together with a compactification (a(Cx), ax)
of Cx and suppose that

ax [Cx(Y)] N OéX[CX(Y’)] = @ (9)
holds for allY £Y' € crit(X). Then (Fx,cx) < (a(Cx),ax)-

Proof. To construct a witness f: a(Cx) — §x of (Fx,cx) < (a(Cx),ax), we
proceed as follows:

First, we write K~ = cx[Cx]| (recall that Cx is the set of all components of
G — X whose neighbourhood is not in crit(X)), and for every Y € crit(X) we
put

Ky = cex[Cx (V)] U{Fx(Y)}.
Then
(K~ YU {Ky |Y € erit(X)}

is a finite partition of §x into closed—and hence clopen—subsets. Similarly, we
write L™ := ax|[Cx], and for every Y € crit(X) we set

Ly = ax[Cx(Y)]

with the closure taken in a(Cx). Since Cy is finite and a(Cx ) is Hausdorft, we
know that L~ is closed in a(Cx). Hence (9) yields that

(L YU {Ly |Y € crit(X)}

is a finite partition of a(Cx) into closed—and hence clopen—subsets.

Next, we define mappings whose union we will take as f in the end. Let
f7: L™ — §x map ax(C) to cx(C) for each C € Cy, and note that f~ is
continuous since L~ carries the discrete subspace topology. Since for every Y &
crit(X) the pair (Ky,cx[Cx(Y)) is the one-point Hausdorff compactification of
Cx(Y) (equipped with the discrete subspace topology inherited from Cx) and
(Ly,ax | Cx(Y)) is a Hausdorfl compactification of Cx(Y), by Lemma
we have

(Ky,exCx(Y)) < (Ly,ax[Cx(Y)), (10)

witnessed by some fy: Ly — Ky. Since Ky carries the subspace topology of
§x, we may widen the codomain of fy to §y without losing continuity. Finally,
we take f: a(Cx) — Fx to be the union of f~ and the all of the fy. By
Lemma [2.4.5| we know that f is continuous. O

Lemma 5.4.9. Let {(«(Cx),ax),ax: x} be a C-system and let = € X be such
that (Fx,cx) < (a(Cx),ax) holds for all X C Z. Then

az[C=(Y)]Naz[C=(Y")] =0

holds for allY #Y’ € crit(2).
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Proof. Assume for a contradiction that there is a pair Y # Y’ € crit(Z) with
a= [CE(Y)] n OéE[CE(Y/)} #* 0.

Then one of Y\Y’ and Y\ Y is non-empty, so without loss of generality we find
some £ € Y'\Y. Set 2= = =Z—{{}. Then (F=-,c=-) < (a(C=-), az-) holds by
assumption, witnessed by some f: a(C=z-) — §=-. By choice of Y and Y’ we
may pick some z € ag[C=(Y)] Nazg[C=(Y")] (with the closure taken in a(Cz)).
Now put 2~ = ag = (2). Since ag z- is continuous, Lemma [2.4.2| implies

2z~ €azz-laz[C=(Y)]] Naz z-[az[C=(Y')]]

)

(with the closures taken in a(C=z-)). Using yields
2~ € ag-[¢zz-[C=(Y)]] Naz-[¢==- [C=(Y)]]. (11)

By choice of ¢ and Z~ there exists a unique component C of G — =~ includ-
ing JC=(Y'), i.e. with {C} = ¢z=-[C=(Y’)]. Furthermore, { ¢ Y implies
¢==-[C=(Y)] = C=(Y). Hence, combining with £ ¢ Y yields

z7 € az-[C=(Y)] N{a=-(C)}.

But then z= € {az-(C)} implies 2= = ag-(C) since a(Cz-) is Hausdorft.
Recall that cz- (C) = (C)z- is an isolated point of F=-, witnessed by the open
neighbourhood Oz__ ({C}) = {c=-(C)}. Put O = f~1({c=-(C)}) and note that
this is open in a(Céf) since f is continuous. Moreover, f o az- = cz- together
with Lemma[2.4.11] (i) and (ii) yields O = {z~}. In particular, 2~ is also isolated
in a(C=z-), witnessed by O. Due to Y # Y’ we have C=(Y) NCz(Y’) = 0, and
furthermore £ € Y'\ Y yields C' ¢ C=(Y) (recall {C} = ¢==-[C=(Y")]). Hence
2z~ ¢ az-[C=(Y)] follows. Moreover, since z~ is isolated in a(C=- ), we even have
2z~ ¢ az-[C=(Y)], witnessed by O, contradicting our choice of z~ as desired. [

Theorem 5.4.10. For every infinite G the following hold up to C-/topological
equivalence:

(i) Cz is the least C-system (with respect to <c).

(ii) Cy is the greatest C-system (with respect to <c).
(iii) §G is the coarsest Q-compactification of G induced by a C-system.
(iv) 9G is the finest Q-compactification of G induced by a C-system.

Proof. (i). Assume for a contradiction that there is another C-system C, with
Cs £c¢ Co. Write {(a(Cx),ax),ax x} = Co. Due to Lemma we find
some minimal = € X’ with (§z,cz) £ (a(Cz),a=). By Lemma there exist
Y #Y’ in crit(2) with

az[C=(Y)] Naz[C=(Y")] # 0,

contradicting Lemma by choice of =.

(ii). Let Co = {(a(Cx),ax),ax/ x } be any C-system. Since (Ux,cx) is the
Stone-Cech Hausdorff compactification of Cx for every X € X, Lemma
yields (a(Cx),ax) < (Ux,cx) for every X € X. Thus Lemma implies
Co <c Cy.

(iii) and (iv) are immediate from Lemma combined with (i) and (ii),
respectively. O
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Since we now know that §G is the coarsest Q-compactification of G induced
by a C-system while 9¥G is the finest one, the question for a characterisation of
those graphs with §G and ¢¥G being topologically equivalent immediately comes
to mind.

Theorem 5.4.11. For every infinite G the following are equivalent:

Proof. Both (iv)«(iii) and (iii)—(ii) are clear, whereas (ii)— (i) holds by Corol-
lary Hence it suffices to show (i)—(iii).

(i)—(iii). Assume for a contradicting that (iii) fails, witnessed by some Y €
X with Cy infinite. Then §3} is finite while U5 is infinite, so (Uy, cy) < (Fy, ¢y)
is impossible. Let g: 9G — FG be a homeomorphism witnessing (i). To yield a
contradiction, we will use g to find a witness of (Uy,cy) < (Fy, cy).

For every X € X let fx:Ux — Fx be a witness of (Fx,cx) < Ux,cx)
(which exists by Theorem . Furthermore, let f: U — § be obtained from
the fx as in , i.e. by setting

f(Ux|X eX))=(fxUx)| X € X)

for every (Ux | X € X) € U, and recall that this is a well-defined continuous
surjection by Lemma By Lemma the map f := fuidg witnesses
FG < 9IG. In particular, f := f Uidy witnesses (§G \ E,idy) < (G \ E,idy).
Since so does § := g| (9G \ E), Lemma yields f = §. In particular,
f:U — § is bijective.

Put hy = fy[U; and note im(hy) = F} by Lemma Next, we use
the injectivity of f to yield that hy is injective. Assume for a contradiction that
hy is not injective, so there exist Uy # Uy, in Uy with fy (Uy) = fy (U{,) = Fy
for some Fy € §y. By Corollary both Uy and U{, uniquely extend to
elements (Ux |X € X) = v and (Uyx|X € X) = v’ of U, respectively. By
Corollary Fy uniquely extends to an element (Fx |X € X) = v of §.
Since v is unique, every other (F% | X € X) € § satisfies Fj, # Fy. Thus
fy(Uy) = fy(U},) = Fy combined with the definition of f forces f(v) = v and
f(v') = v, contradicting the injectivity of f. Hence hy = fy[Us is injective as
claimed.

Together with fy ocy = cy this yields that fy is injective. Since fy is also
a continuous surjection by Lemma [2:4.11] and both §y and Uy are compact
Hausdorfl, it follows from general topology that fy is a homeomorphism. In
particular, the inverse of fy witnesses (Uy,cy) < (Fy,cy), the desired contra-
diction. O
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5.5 A natural quotient of the tangle compactification

In this section, we show that FG is homeomorphic to the quotient space ¥G/=,
but first we describe = in terms of tangles.

Recall that we defined the equivalence relation < on YT by letting v < v’
whenever X,, = X, holds. Via the natural correspondence between T and
O — Q, this induces an equivalence relation < on © —  (here we distinguish
between elements of U and elements of ©). Since U originally only served as a
technical tool to help us better understand the ultrafilter tangles, we wish to be
able to describe the =-classes in terms of tangles. For this, we investigate the
following natural class of stars: For every X € X and C € Cx define

scox =(CUX,V\C), sxoc:=(scox)"=V\C,XUCO)
and put
ox ={scux|C e€Cx}.
Next, we will use these stars to describe X,, (for v € T) in terms of tangles:

Lemma 5.5.1. For every T € © — Q) we have
{XeX|ox Cr} =X =X |x.
In particular, X; is the unique minimal X € X with ox C 7.

Proof. Tt suffices to show {X € X|ox C 7} = A;.

For the forward inclusion let any X € X with ox C 7 be given. Then
U(r,X) is non-principal: Otherwise U(7, X) is generated by some {C} with
C eCx, 80 sx—¢c € 7 implies sc—x ¢ 7, and hence ox € 7 is a contradiction.
Therefore, U(1, X) € U implies X € X;.

For the backward inclusion let any X € X, be given. Since U(7, X) is
non-principal, we know that Cx \ {C} € U(r, X) holds for every C' € Cx. In
particular we have sc_,x € 7 for every C € Cx, and therefore ox C 7 holds as
desired. O

Thus = can be described solely in terms of tangles, as desired. Next, we
compute loads of technical Lemmas leading to an explicit description of a basis
of the quotient topology of ¥G/=.

Let G be any graph. Define ¥: U /=< — § by setting [ = idg and letting
U (Y/=<) map each [v]x € T/< to x(X,) (where x: crit(X) —»F\ Qis as in
Proposition

Proposition 5.5.2. The map V¥ is a well defined bijection between U /= and §.

Proof. The map WV is well defined by Lemma Clearly, it suffices to show
that WI (U/=): U/=< — T\ Q is bijective, which is the case by Proposition [5.3.§]
and Corollary O

Lemma 5.5.3. For every v € T and X € X with X, € X there is a unique
component C of G — X with X, CX UC and v € Oya(X,{C}).
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Proof. By Lemma[3.3.6)the set X,, meets at most one component of G—X. Since
X, € X holds, X, meets exactly one component C of G—X. Set X' = XUX,,.
Then by Lemma[3.3.2} X, is in crit(X’) and C := Cx/(X,) is in U(v, X’). Hence
CIX ={C}isin U(v,X), so v € Oypc(X,{C}) holds. O

Lemma 5.5.4. For every X € X and C € Cx the set Oyq(X,{C}) is closed
under the equivalence relation <.

Proof. Let any v € TN Oy (X, {C}) be given together with some v’ € [v]<. In
particular X, = X,» X holds, so by Lemma there exist for both v and
v’ unique components D and D’ of G — X, respectively, with X, C X U D and
v € Opa(X,{D}) as well as X,y C X UD'" and v € Oyg(X,{D’}). Since X, =
X, meets both D and D', the uniqueness of D implies D = D’. Furthermore
D = D’ = C follows since otherwise {D} and {C} would be disjoint elements
of U(v, X), which is impossible. Hence v’ € Oy (X, {C}) holds. O

Lemma 5.5.5. Letv e T, X € X, and Y € crit(X) be given. Furthermore,
suppose that C C Cx is cofinite in Cx(Y) with C € U(v,X). Then we have
X, =Y.

Proof. Assume for a contradiction that X, is distinct from Y. By Lemma|3.3.2
we have Cx(X,) € U(v, X). Now X, # Y implies that Cx (X, ) is disjoint from
Cx (YY), and hence from C, a contradiction. O

Lemma 5.5.6. For all X € X, every Y € crit(X) and each cofinite subset C of
Cx(Y) the set Oya(X,C) is closed under <.

Proof. Put D = Cx(Y). First, we show that Oya (X, D) is closed under <. For
this, let any s € T N Oye(X, D) be given together with any s € [5]-.

If X,, € X holds, then U(s, X) is generated by some {C} with C a com-
ponent of G — X, and D € U(s,X) implies C € D. In particular we have
s € Oy (X,{C}), so Lemma [5.5.4) implies ' € Oy (X, {C}) and we are done.

Otherwise X, C X holds, so D € U(s,X) together with Lemma [5.5.5|
implies X,, =Y. Hence D € U(5, X) follows from Lemma[3.3.2]and X, =Y.
Therefore, Oy (X, D) is closed under <.

Since C is cofinite in D we have

Op(X,C) = 09a(X,D) - | Ova(X,{D})
DeD\C

which is closed under =< since Oy (X, D) is closed under < and the Oy (X, {D}
are also closed under =< by Lemma O

Lemma 5.5.7. For every v € T the set [v]x is closed in 9G. In particular,
[v]x is @ compact subset of VG.

Proof. Clearly, the closure of [v]x avoids G. It remains to show that no s €
U\ [v]= lies in the closure of [v]=. If we have s € Q, then Cyg(X,, %) avoids
[v]x since for every v’ € [v]x the ultrafilter U°(v’) is non-principal. Otherwise
we have s € T\ [u]x, so Oya(X,Cx(X,.)) with X = X, U X,, avoids [v]x since
Cx(X,) and Cx(X,,) are disjoint due to X,, # X,.. Thus [v]x is a closed subset
of the compact space ¥G and hence also compact. O
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Let B be the collection of all basic open sets of the 1-complex topology of
G, all sets Oy (X, {C})/=< with X € X and C € Cx, and all sets Oy (X,C)/=<
with X € X and C cofinite in Cx (Y) for some Y € crit(X).

Proposition 5.5.8. The collection B is a basis for the topology of 9G /<.

Proof. By Lemmas and the elements of B are open in ¥G/x.

Let z be any point of 9G /=< together with some arbitrary open neighbour-
hood O. Our task is to find an element B of B with x € B C O.

If z is a vertex or an inner edge point, we are done. Else if x is an end, we
write w = z and pick a basic open neighbourhood éﬁG(X, w) of w in ¥G which
is included in | JO. Then we are done by taking B = Cya(X,w)/=.

Finally suppose that there is some v € T with 2 = [v]<. For every v’ € [v]«
we pick some basic open neighbourhood O(v') = Oyg (X (v'),C(v)) in ¥G which
is included in |JO.

If X, € X(5) holds for some » € [v]x we put X = X(5). Then by
Lemmal5.5.3|there is some unique component C of G—X with X, = X,, C XUC
and U (s, X) is generated by {C}. Then

Opa(X,{C}) € Oya(X,C(x) CUO

is a basic open neighbourhood of » in ¥G which is closed under =< by Lemmal[5.5.4]
and included in |J O. In particular, Oya(X,{C})/x< is an open neighbourhood
of [v]x in ¥G /=< which is an element of B and a subset of O, so we are done.

Hence we may assume that X,, € X (v’) holds for all v" € [v]=. Since the
O(v') form an open cover in ¥G of the set [v]~ which is compact by Lemmal5.5.7]
we find some finite subset {vy |k < n} of [v]x such that the O(vy) cover [v]x.
Next we put X = (J,,, X(vx) and note that X,, € X € & holds. Furthermore,
we set D = Cx(X,), and for all & < n we put Dy = C(vg) N D. Letting
Dt :=Jyc,, Dk € D, our hope is that Oye(X,D1)/< is a suitable candidate
for B.

We claim that DT is a cofinite subset of D. Assume not for a contradiction, so
D~ := D\ DT is infinite and by Lemmawe find some » € TNOya(X, D7)
with X,, = X,,. But then there is some ¢ < n with > € O(v;), so in particular
C(vg) € U(s, X(vg)) holds. Since X meets only finitely many elements of C(vy),
the set Dy is a cofinite subset of C(vy), so in particular Dy is in U3¢, X (vy)).
Furthermore, D, € U(3, X (vg)) N 26X implies D, € U(s, X) by definition of
9x(ve),x- This contradicts D~ € U(s, X) since D~ and Dy C DT are disjoint.
Therefore D~ is finite as claimed, so by Lemma the set Opa(X, D7) is
=-closed.

Furthermore, every v’ € [v]< is contained in Oy (X, DT) since D is cofinite
in D =Cx(X,) =Cx(X,) and Cx(X,) is in U(v’, X) by Lemma

It remains to show that Oyg(X,DT) is included in |JO. Since DV is the
finite union of the sets Dy, it follows that Oy (X, D) is the finite union of the
sets Oy (X, D). Hence it suffices to verify that Oya (X, D) C |JO holds for
all £k < n. For this, we observe that

’Dk[X(’Uk) =Dy = C(Uk) ND C C(Uk)
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holds for all £ < n. Then Lemma together with Dy| X (vy) € C(vg) implies

Opa(X,Dy) € Opa (X (vr), Drl X (vg))
C Oya(X(vk),C(ug))
cyo

as desired. 0O

Now that we know a basis of the topology of ¥G/x, only two technical
Lemmas stand in between of us and our desired result, namely that U: U /< <» §
induces a homeomorphism ¥ U idg between FG and 9G /<.

Lemma 5.5.9. For every X € X and C € Cx we have
V[Ou(X,{C})/=] = O5(X,{C}).

Proof. By Lemmal5.5.4] the set Oy (X, {C}) is =-closed, and so is Oy(X, {C}).

We start with the forward inclusion. If w is any element of QN Oy (X, {C}),
then clearly ¥(w) = w is contained in Oz(X,{C}). Else if v is any element of
TNOy(X,{C}), then the ultrafilter U (v, X) is generated by {C} and X, € X
must hold. Furthermore, Lemma [5.5.3] implies X,, € X U C. Hence for C :=
Cxux, (Xy) we have |JC C C. Let v = (Fy |Y € X) be the element of §
to which ¥ sends [v]=. In particular, X,, = X, holds and furthermore Fx is
generated by {D} where D is the unique component of G — X including |JC.
In particular, C' = D must hold, so v is an element of Oz(X, {C}) as desired.

Finally, we show the backward inclusion. For this, let any element v =
(Fy |Y € X) of O5(X,{C?}) be given, and let z be the element of I /< which ¥
sends to v. If z is an end we are done, so suppose that z is of the form [v]< for
some v € T. Since Fx is generated by {C'} we have X,, Z X by definition of V.
By Lemma there exists a unique component D of G — X with X, C XUD
and v € Oy (X, {D}). By the forward inclusion we have

V[Ou (X, {D})/=] € O5(X,{D}),
sov € Oz(X,{D}) implies C = D. Hence v € Oy(X,{C?}) holds as desired. O

Lemma 5.5.10. For all X € X, every Y € crit(X) and each cofinite subset C
of Cx(Y) we have

U[Oy(X,C)/<] = 05(X,C).

Proof. By Lemma the set Oya(X,C) is =<-closed.

We start with the forward inclusion. If w is any element of QNOy (X, C), then
clearly ¥(w) = w is contained in Oz (X, C). If v is any element of TN Oy (X,C)
we consider two cases. First suppose that X, € X holds. Then U(v, X) is
generated by {C} for some C' € C. In particular, v is contained in Oy (X, {C}),
so ¥ maps [v]x to an element of Oz(X,{C}) C Oz(X,C) by Lemma as
desired. Second suppose that X,, C X holds. Then C € U(v, X) and C being a
cofinite subset of Cx(Y) implies X,, = Y by Lemma Let v = (Fz|Z €
X) be the element of § to which ¥ sends [v]x. Then Fx = Fx(Y) holds

by definition of ¥. In particular, C being a cofinite subset of Cx(Y') implies
C € Fx(Y), resulting in v € Oz(X,C) as desired.
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Finally, we show the backward inclusion. For this, let any element v =
(Fz|Z € X) of Oz(X,C) be given, and let = be the element of /=< which ¥
sends to v. If z is an end we are done, so suppose that x is of the form [v]x for
some v € T. If Fx is generated by {C} for some C' € C then v is in Oz(X, {C})
and by Lemma [5.5.9 we have

[U]X € OM(Xv {C})/X c OU(Xa C)/X

as desired. Otherwise Fx = Fx(Y) is the only possibility for Fx, so by def-
inition of ¥ we have X,, = Y. Furthermore, Lemma implies Cx (Y) =
Cx(X,) € U(v,X). Since U(v, X) is non-principal due to X, =Y C X, the
fact that C is a cofinite subset of Cx(Y") implies C € U(v, X). Hence v is con-
tained in Oy (X,C), so [v]x is in Oy (X,C)/x< as desired. O

Theorem 5.5.11. For every graph G combining the bijection ¥: U /=< —» § with
the identity on G U Q yields a homeomorphism between 9G /=< and FG.

Proof. Set ¥ := ¥ Uidg: Y9G /=< —» §G which is a bijection by Propositionm

By Proposition we may consider the basis B for the quotient topology of

¥G /=, and we consider the basis 9B for the topology of FG (recall that B simply

is the basis we defined nerate the topology of §G). Since U extends the
5.

identity on G, Lemmas [5.5.9| and yield that ¥ is bicontinuous. O
Corollary 5.5.12. U is a homeomorphism between U /=< and §. O
Corollary 5.5.13. §G is Hausdorff if and only if G is locally finite.

Proof. Combine Theorem and Corollary O

We close this chapter with a comparison of the cardinalities of § — €2 and Y:

Lemma 5.5.14. For all X € X, every Y € crit(X) and each non-principal
ultrafilter U on Cx (Y') there is some unique v € T with X, =Y and U C U°(v).

Proof. Put U’ = (U)¢, and note that this is the only ultrafilter on Cx extending
U. Using Corollary we uniquely extend it to an element v of U. In
particular, v is uniquely determined by U, and clearly we have Y € X,,. For
every Y~ C Y theset Cx(Y)[Y ™ is asingleton contained in U (v, Y ™), therefore
witnessing Y~ ¢ X,,. Thus Y = X, follows due to X, = | X, ]| x- O

Proposition 5.5.15. If G is an infinite graph, then
) 15 -0 = ferit()] <[V,
(i) 7] = /=] 2 = [erit() - 2,
(i) |5 -0 -2 < [7].
Proof. (i). By Proposition the map v — X, is a bijection from §F — 2 onto
crit(X). Furthermore, crit(X) C X = [V]<N0 implies |crit(X)| < |V].

(ii). By Lemma we have |T/x| = [erit(X)|. By Lemma we
know that Cx, (X,) € U°(v) holds for all v € Y. Since the set Cx, (X,) is
infinite, there exist at least 2° many non-principal ultrafilters on it, and by
Lemma [5.5.14] each of these extends to a unique element of [v]~. In particular,
[u]x has cardinality at least 2. Since =< is an equivalence relation, this implies
|T| > |T/=<|-2¢

(iii) follows from (i) and (ii) combined. O
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5.6 § described by tangles

In [8], U was use as a technical description of ©. Recently, we created § in-
spired by U, and we showed that § is homeomorphic to a natural quotient of ©,
namely ©/=. So perhaps it is possible to describe § using tangles of G?

Indeed, it turns out that considering a smaller separation system suffices:
Let S” be the set of all {JCU X, X UJC'} € S with CW ' = Cx for which
there is no Y € crit(X) such that both Cx(Y)NC and Cx(Y) NC’ are infinite.
Write ©' for the set of all Rp-tangles with respect to S’. For every 7 € © and
X € X we let

F(r,X)={CCCx|(V[Cx \CJUX,XUV[]) €T}
Like for elements of ©, it is easy to check that this is indeed an element of §x.

Lemma 5.6.1. Let {A,B} € ' and {C,D} € S be such that both AAC and
BAD are finite. Then {C,D} € 5’.

Proof. Assume for a contradiction that {C, D} ¢ S’ holds, witnessed by some
Y € crit(C' N D). Let {C,D} be the bipartition of Conp(Y) with V[C] C C and
V[D] C D. By choice of Y, both C and D are infinite. Next, put

C'={CeC|CNANB=10}
D'={CeD|DNANB =0}

and note that both C\ C" and D\ D’ are finite, since AN B is finite. By choice
of {C, D} we know that all but finitely many element of C’' are included in A,
and all but finitely elements of D’ are included in B. We write C"” and D" for
the sets of those elements, respectively.

IfY ¢ ANB holds, then there is some K € C4np with |JC"U|JD” C V(K).
Without loss of generality we may assume that V(K) C A\ B. Since both C”
and D are infinite, so is AAC, the desired contradiction.

Otherwise Y C AN B holds, so C" and D" together with Y € crit(A N B)
witness {A, B} ¢ S’, a contradiction. O

Lemma 5.6.2. Let 7 € ©' and (A, B) € 7 be given. If (A',B’) € S s such
that both ANA’ and BAB’ are finite, then (A',B’) € 7.

Proof. We mimic the proof of [8, Lemma 1.10]. By Lemma we know that
the three separations {A’,B’},{AU A’, B’} and {A,BU B’} are in S’. First
note that it suffices to show that (A, B) € 7 implies (AU A’,B’) € 7: then
(A, B’) € 7 follows from (A’,B') < (AU A’, B') € 7 and the consistency of 7.
As (A,BUB’) < (A, B) € 7 holds, we have (A, BU B’) € 7 by consistency.
Due to {(4,BU B’),(B’, AU A’)} € T5 the only possibility for {AU A’, B’} is
(AU A, B’) € T as desired. O

The next lemma is an analogue of [8 Lemma 2.2], and with a bit of extra
work we can mimic Diestel’s proof.

Lemma 5.6.3. Let 7 € © and X C X' € X be given. Then

f'X/,X(]:(ﬂXI)) = ‘7:(7'7X)
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Proof. Set F = fx/ x(F(1,X’)) and note that this is in Fx. We check two
cases: .

First suppose that F = c¢x(C) holds for some C' € Cx and let (A, B) € S
be such that AN B = X and B\ A = V(C), i.e. (A,B) = sx_¢c. We wish
to show (A, B) € 7, since then {C} € F(r, X) implies F(1,X) = cx(C) = F
as desired. For this, set C' = qﬁ}}’x({C}) and let (A4, B’) € S’ be such that
A'NB = X" and B'\ A’ = V[C']. By choice of C' we have {A’,B'} € 5.
Now {C} € F implies ¢’ € F(r,X’) by definition of fx/ x, so in particular we
have (A’,B’) € 7. By Lemma {A,B} € 5" implies {A,BU X'} € §".
Furthermore, (4, BUX’) < (A’, B’) holds since we have A’ = AU X’ and B’ =
BU X’ by choice of C'. Hence (A’, B') € T together with (4, BUX') < (A", B)
implies (4, BU X’) € 7 by the consistency of 7. In particular, Lemma [5.6.2]
implies (A, B) € 7 as desired.

Second suppose that F is of the form Fx(Y) for some Y € crit(X), and
assume for a contradiction that F # F(r,X). In particular, we find some

cofinite subset C of Cx(Y) with C ¢ F(r,X). Let (A,B) € S’ be such that

ANB = X and B\ A = V[C]. We wish to show (A,B) € 7, since then
C € F(r,X) yields a contradiction as desired. For this, set C' = ¢;(}7X(C)

and let (A, B’) € S be such that A’ N B’ = X’ and B’ \ A’ = V[C']. Since
C' is a cofinite subset of Cx/(Y'), we have (A, B’) € S’. In particular, since
F(r,X') = Fx/(Y) holds by definition of fx: x, we also have (A4’, B’) € 7. By
Lemma [5.6.1 {4, B} € S’ implies {A,BU X'} € $’. As in the first case this
yields (A, B) € T as desired. O

Theorem 5.6.4. The Rg-tangles of G with respect to S’ are precisely the limits
of the inverse system {§x,fx’ x}.

Proof. Define ®: ©' — § by setting ¥(7) = (F(r, X) | X € X) for every 7 € ©'.
By Lemma [5.6.3] this is well-defined, and it is easy to see that W is injective. It
remains to show that U is surjective. For this, let any v = (Fx | X € X) € § be
given.

If Fx is principal for all X, then v comes from an end w of G. Furthermore,
w induces an Ng-tangle 7, of G with respect to S, and 7, induces the element
Ti=T1,N S of @ Clearly, ¥ sends 7’ to b.

Otherwise X, is non-empty. By Proposition the map U: U /< — § is
bijective, so there is some v € T with ¥([v]<) = v. Then v corresponds to the

No-tangle 7, of G with respect to S, and ¥ sends 7, NS’ to v. O]

5.7 §G as inverse limit

In section 4] we created an inverse system {G., fy ,,I'} whose inverse limit
describes the tangle compactification in that there exists a natural homeomor-

phism between (G) = J'gl(G,Y |y € T') and ¥G. In this chapter we define a
subset A of T', and we show that l'&n(G.Y |y € A) describes §G.

For every X € X let

Py :={{C}|C eCx}={{C}|C €Cx and N(C) ¢ crit(X)}
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and let A C T be the set of all (X, P) € I with P of the form
Py W L-ﬂ Py (12)
Y ecrit(X)

where each Py is a cofinite partition of Cx(Y'). Letting A inherit the partial
ordering from (T, <) yields a directed poset:

Lemma 5.7.1. (A, < NA2) is a directed poset.

Proof. Let any two (X, P),(Y,Q) € A be given. Our task is to find some
(Z,R) € T with (X,P) < (Z,R) and (Y,Q) < (Z,R). Put Z = X UY and
suppose that P is of the form

Pyw 4§ Pk
Kecrit(X)

with Px some cofinite partition of Cx(K) for every K € crit(X). For every
K € crit(X) C crit(Z) set

P ={CNCz|C e Pk} \ {0}

(this is a cofinite partition of Cz(K)) and for every K € crit(Z) \ crit(X) put
P ={Cz(K)}. Then let
P=pr;u | Pk

Kecrit(2)

and note that (Z, P') is an element of A. Define )’ similarly. Then both P’ and
@’ include P, . For every K € crit(Z) choose Rk to be the coarsest partition
of Cz(K) refining both Py and Q%, and note that Ry is again cofinite. Let

R:=P;¢ | Rk
Kecrit(Z)
Then (Z,R) > (X, P), (Y, Q) holds as desired. O

If we recall the inverse system {G., f,/ ~,I'} from section {4} then obviously
the inverse limit 1'&1(6*7 |y € A) should describe FG. But the elements of A
are rather complicated, while a much easier attempt seems possible: For every
X € X write

Px=Pyv [H {Cx(V)}

Y €crit(X)
and consider the subset
A= {(X,Px) | X € X}

of A which is also directed since (X, Bx) < (X',PBx) holdsforall X C X' € X.
Furthermore, we can show that

Lemma 5.7.2. A’ is cofinal in A.
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Proof. Let any (X,P) € A be given where P is of the form . For every
element C' of

U{C CCx|3Y €crit(X) : C € Py is finite} =: D C Cx

pick a vertex u(C) € V(C). Set X’ = X W {u(C)|C € D} which is finite. Then
(X', Bx/) > (X, P) holds as desired. O

Hence if 1&1(07 |y € A) describes G, then so should @(GW |y € A) by
Lemmam But given X € X and C € Cx \Cy it is not straightforward to con-
struct a v € A’ together with an open set in G corresponding to Oga (X, {C})
(an approach similar to the idea of the proof of Lemma works to derive
from (X,%Px)). Hence if we want to put our inverse limit description to use, the
superior simplicity of A’ comes at the cost of ‘quality of life’. Since the whole
purpose of this inverse limit description is to increase our ‘quality of life’, we
take A over A/, keeping in mind that A’ always is an option by Lemma [2.2.8]

Thus we set

(Gl = lm(G, |y € A).

It remains to show (|G|) ~ FG. Since the definition of the fx/ x deviates from
that of the fx/ x too much, we cannot simply claim that mimicking the proof
of Theorem will do, but neither do we wish to redo all of the work. Since
it is clear that a homeomorphism defined similarly to the one constructed in
the proof of Theorem should do, we do not lose any insights when we use
Lemma, [2.2.6| over an explicit construction.

For this, we define a continuous surjection o: §G — G, for every v =
(X,P) € A as follows: We let 0, map every vertex to the partition class of
p(X, P) containing it. If j is an inner edge point of some edge e of G, then if
e is an edge of G, we let 0,(j) := j, and otherwise we let o, map j to the
non-singleton partition class of p(X, P) containing the endvertices of e. Finally
ifo=(Fx|X € X) is an element of § we let o assign VIC] to v where C is the
unique element of PN Fx.

If O is open in H, for some n € A, then we denote by Oy (O,n) the set
(IG) NIl ea Oy with Oy = G, for all y € I' — {n} and O, = O.

Lemma 5.7.3. The maps o, are compatible.
Proof. Let 7' > + be elements of A, and let £ € FG be given; we have to show
(fyr 7 00y)(§) = 04(). (13)

This is clear for £ € G U, so we may assume that that £ = (Fz|Z € X) is
an element of §\ Q. Write (X’,Q) =+, (X,P) = v, and let C’ and C be the
unique elements of @ N Fx: and P N Fx, respectively. By definition of f,/ , we
know that in order to verify it suffices to show

vic'l cviC). (14)

For this we check several cases:
First suppose that Fx» = Fx/(Y) holds for some Y € crit(X’). Then @ is
of the form

Qvv W Qk

Kecrit(X)
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where the Qg are cofinite partitions of Cx/(K) and C’ is the unique infinite
element of Qy. If Y ¢ X holds, then Fx = fx/ x(Fx) is of the form cx(C)
where C' is the unique component of G — X including |JCx/(Y). Then C' C
Cx/ (Y) and C € Cx(c) yield

VIC cVICx (V)] € V(C) CV[C]

as desired. Otherwise Y C X implies Fx = Fx(Y). We may assume that P
is of the form . In particular, C is the unique infinite element of Py. Since
C’ is cofinite in Cx/(Y) and Cx/(Y") is cofinite in Cx(Y") (Observation we
know that C’ is cofinite in Cx (Y'). Now some D € Py satisfies V[D] 2 V[C'] due
to v < «/, and since C’ is cofinite in Cx(Y"), the only possibility for D is D =C
as desired.

For the second case suppose that Fx: = cx/(C") holds for some component
C’ of G — X'. In particular C’ is in C’ due to C' € Fx/. Let C be the unique
component of G — X including C’. Then the definition of fy/ x yields Fx =
cx(C), and C € Fx implies C € C. Let D € P be the partition class with
V[D] 2 V[C’] (which exists due to v < +'). In particular, D must contain C'
since C' does, so D € Fx follows. Assume for a contradiction that D and C
are distinct: then C and D are disjoint partition classes of P, so C € D implies
C ¢ C contradicting C € Fx = cx(C). Hence D = C yields as desired. O

Lemma 5.7.4. The maps 0., are continuous. O
Theorem 5.7.5. For every graph G we have G ~ (|G|).

Proof. Consider the map

: FG — Im(G, |y € A)
= (04(§) [v € A)

which clearly is injective. By Theorem we know that §G is compact. Since
the o, [ G are surjective, so are the o.,. Hence by Lemmas and [5.7.4] the o,
form a compatible system of continuous surjections, and applying Lemma [2.2.6
yields that @ is also a continuous surjection. It remains to verify that ®~! is
continuous. For this, let any point x of §G be given together with some basic
open neighbourhood O of x.

If x is in G we choose some X € X such that x is contained in the 1-complex
of G[X], and set n = (X,PBx). Then O is also a basic open neighbourhood of x
in G, so Oy (0,1n) = ®~1[0] holds.

Otherwise x is an element of § and we check two subcases. First, if O is of the
form Oz (X, {C}) for some X € X and C € Cx, then we let P be a partition of
Cx such that {C} is a singleton partition class of P and (X, P) € A. Next, we
consider the basic open neighbourhood O’ := E(X,C)U{V(C)} of the dummy
vertex V(C) in Gy. Clearly, Oy (0’,n) = ® *[O] holds as desired. For the
second subcase suppose that O is of the form Oz (X,C) for some X € X with C
a cofinite subset of Cx (K) for some K € crit(X). Then we let P be a partition
of Cx such that C is a partition class of P and (X, P) € A. Considering the
basic open neighbourhood 0’ := E(X,|JC) U {V[C]} of the dummy vertex V[C]
in G, yields O (0',n) = ®7[0] as expected. Thus ! is continuous. [
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Corollary 5.7.6. For every infinite graph G we have
§G = (|G)) = (G, |7 € A).
Proof. Combine Theorem [5.7.5 with Lemmas and O

5.8 Outlook

Of course, finding meaningful graph theoretical reasons to consider C-systems
or § ~U/x is of highest interest. Since we have

Hm(G, [y € A') >~ lim(G, |y € A) = G = IG/=
it might be possible to show that the Ro-tangles of G w.r.t S’ induce precisely
the No-tangles of G w.r.t S”, where S” is the set of all {A, B} € S respecting
the finite partition PBanp of Canp-

Finally, it remains to compare § and I/ in the wild. Since i is so much bigger
than §, it might be easier to get some generalisation of thins sums to work in a
modified version of YG than in a modified version of §G. On the other hand,
we might run into dependencies on certain models of ZFC.
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6 Auxiliary edges and tree-packing

In this chapter, G is always assumed to be connected.

6.1 Introduction

By now, the topological cycle space of locally finite graphs has been the subject
of extensive studies, but several problems are known to occur in straightforward
generalisations to arbitrary infinite graphs. For example consider the heavy edge
sets in the following three graphs:

Figure 6: Classical cycle space obstructions

All heavy edge sets can be obtained as thin sum of all the facial cycles of
their respective graphs, and hence should be elements of their cycle spaces. For
the top left graph, a solution is known: Identifying the end with its dominating
vertex yields a compact Hausdorff quotient G of (G U, VTop) whose topology
is known as I'Top. In this quotient, the ray actually converges to its dominating
vertex, as pictured below:

Studying this quotient proved rewarding, e.g. see [3] and [I4]. For the
graph G on the bottom left of Fig. @ however, (G’, IToP) is not defined since
the relation we would use to yield G no longer is transitive. Obviously, we
could fix this by taking the transitive closure of that relation, but this would
result in vertex identification, which we want to avoid at all cost. Finally,
consider the graph G on the right in Fig.[6] This graph has no end, and hence
VTopr is Hausdorff, but not compact, and identifying the two vertices of infinite
degree does not change that. A space solving all our problems by using vertex
identification is already known: E£G is compact Hausdorff, and many of the
theorems known for locally finite graphs admit easy generalisations to £G for
arbitrary infinite graphs (among these we find a working cycle space):
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Figure 7: A ray dominated by two vertices (left) and visualised in £G (right). I
expect the black edges and vertices to induce a TST for any sensible notion of

-

Figure 8: A Ky, (left) and visualised in £G (right). I expect the black edges
and vertices to induce a TST for any sensible notion of a TST.

This is possible thanks to the inverse limit /G describing EG. But EG
has a huge downside: since it uses vertex identification, we lose the structure of
the graph. For an extreme example, consider the graph G from Fig.[9] Clearly,
this graph admits a very rich structure, e.g. its underlying binary tree plus the
edge (x yields an NST and in (é, ITopr) we find an edge-less Hamilton circle
(see [I1l Proposition 3.4 and Corollary 3.5])@ But since no two of its vertices
are finitely separable, £G is just a hawaiian earring, and we may say that £G
takes the sledgehammer approach by sacrificing the structure of our graphs in
exchange for easy generalisations.

Figure 9: A graph from [IT], Fig. 6] admitting an edge-less Hamilton circle in
(G,ITop).

Let us have a look on the topologies considered so far from another perspec-
tive. Generally speaking, I'Top approaches the generalisation problem ‘from

32This is one reason why the usage of ITOP is commonly restricted to finitely separable
graphs.
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bottom up’ by using the straightforward generalisation VTOP of the Freuden-
thal compactification—which is natural on locally finite graphs—on arbitrary
graphs, then fixing problems by moving on to a Hausdorff quotient and restric-
tion to a suitable class of graphs (which is still big enough to be of interest).

The tangle compactification on the other hand naturally extends the Freu-
denthal compactification to arbitrary infinite graphs in that it uses Ry-tangles to
compactify the 1-complex of G. Yet it seems like the tangle compactification is
not the ‘right setting’ for arbitrary infinite graphs: First of all, we recall from the
introduction of this work that a K x, admits some set of edges which we expect
to induce a TST of the tangle compactification, but which has no meaningful
acirclic and topologically connected superset. Second, Lemma [3.1.4] tells us that
arcs in the tangle compactification default to arcs in VG, i.e. the arcs avoid the
ultrafilter tangles. But it would be great if at least leanly structured countable
graphs would admit arc-connected circles and TSTs using ultrafilter tangles in
order to overcome the difficulties discussed earlier.

Therefore, we have two choices. First, we may stick to our definitions of cir-
cles and TSTs in terms of arcs while modifying the tangle compactification in
some way deemed natural. Second, we may adjust both the tangle compactifi-
cation and our definitions of circles and TSTs. Since our definitions of circles
and TSTs heavily rely on the unit interval while we do not impose any cardinal
bounds on our graphs, the second choice is more appealing.

If we modify the tangle compactification, we should see to it that the result-
ing space AG is both compact and Hausdorff: then AG is a continuum and the
field of continuum theory provides us with a useful tool box. But what could
AG look like? Of course, it should solve our earlier problems from Fig. [f] On
the other hand, it should admit a TST even for the graph G from Fig.[0] Here,
the obstruction in (G,ITOP) is the existence of an edge-less Hamilton circle.
This circle does not look very ‘circle-like’ in that drawing, hence let us draw the
graph again, but this time we start with a circle in the plane (S!, say) and em-
bed the vertices of G into it discretely, as sketched in Fig. Now the idea of a
circle consisting exactly of the vertices and ends of G appears much less incon-
venient, doesn’t it? Also, the (finite) cycles induced by the boundaries of the
inner faces seem to converge to S! in some sense. Let us state this more clear:

For every n € N denote by C,, the set of all (finite) cycles which are induced
by face boundaries of the drawing above, and which only meet V(G) in |, ,, 2.
Then for every € > 0 there is some N € N such that the (finite) cycle C,, with
edge set Y E[Cy] is included in {z € R?|dz(z,0) € (1 —¢,1]}. Also note that
> ElUnenCn] = 0 holds.

This gives us a first hint: if we introduce some sort of limit edges, one between
every end of G and each of its dominating vertices, and if we embed these into
S! appropriately (which is possible since we embedded V(G) discretely), then
the edge-less Hamilton circle is no longer edge-less. Furthermore, by the looks of
the drawing, it should not be a problem to define basic open neighbourhoods of
the inner edge points of these limit edges such that the sequence (3 E[Cp])nen
‘converges’ to our Hamilton circle induced by the limit edges. On top of that,
the obvious NST of G (the underlying T% plus the edge zf)) now should induce
a TST, and the Hamilton circle minus one of its limit edges should be a TST.

But what about a Kj x, or graphs admitting ultrafilter tangles in general?
In case of G ~ Kjy,, if we remember why the expected TST did not work
out, the problem informally amounted to the ultrafilter tangles not being ‘suffi-
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Figure 10: A sketch of the graph from Fig. |§| embedded into the plane with all
vertices lying on S'.

ciently connected’ to the two vertices of infinite degree. Furthermore, we cannot
meaningfully modify the topology of the tangle compactification of this graph
into a Hausdorff one without losing compactness. But if we join every ultra-
filter tangle v of G to each vertex in X, via a limit edge, and if we generalise
the topology of the tangle compactification in an MToP-like way onto the new
space (treating inner limit edge points almost like tangles), then we obtain a
continuum.

Since the space AG is not that easy to work with, we dedicate this chapter
to a Hausdorff auxiliary space 241G which in general is not compact, but whose
structure combinatorially captures the basic structure of AG. Informally, AG
is obtained from |G| with MToP by disjointly adding auxiliary (multi-)edges
between every end of G and each of its dominating vertices, and between any
two distinct vertices of the same critical vertex set (one for each critical vertex
set both are contained in). As basic open neighbourhoods of the inner edge
points of auxiliary edges we take the same ones as for inner edge points of edges
of G, and we carefully adjust the open neighbourhoods of other points to include
also half-open partial auxiliary edges.

As we have seen two times before, if we construct a TST in £G, then its inner
edge points do not induce a TST of ¥G, e.g. in a K3y, the sole non-singleton
~-class of Y9G (which consists of all ultrafilter tangles and the two vertices of
infinite degree; also recall 9G/~ = 9G ~ £G) is totally disconnected in 9G.
But in (K3 x,) that ~-class minus the ultrafilter tangles plus the auxiliary
edge between its two vertices is arc-connected. As it turns out, between every
two distinct points z and y of V U 2 there exists an auxiliary arc from z to
y if and only if x ~ y, where an auxiliary arc simply is an arc in the closure
of the set of all auxiliary edges (see Sections and . Interestingly, this
holds without any cardinality bounds imposed on the graph considered. Hence,
if we wish to prove a statement about the existence of certain structures in AG,
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then the following two step procedure might be worth a try: First, prove it for
EG using J/G)J. Second, ‘lift’ the obtained structures to AG by expanding the
non-trivial ~-classes to something auxiliary arc-connected. For the rest of the
section, we carry out this procedure to prove a generalisation of tree-packing
(with the usual circle and TST definitions) for countable graphs, demonstrating
the synergy of the two spaces £G and G.

For finite graphs, the so-called ‘tree packing’ is a fundamental theorem that
was proved by Nash-Williams and Tutte independently in 1961:

Theorem 6.1.1 ([7, Theorem 2.4.1]). The following are equivalent for all finite
multigraphs G and k € N:

(i) G contains k edge-disjoint spanning trees.
(ii) G has at least k(|P| — 1) edges across any finite vertex partition P.

For infinite graphs, however, the naive generalisation fails. Indeed, let G be
a Ky, whose vertices of infinite degree we denote by x and y. Furthermore,
we enumerate the other vertices of G — = — y as ug, u1,.... Now we show that
G satisfies (ii) for & = 2. For this, let P = {po,...,pe} be any finite vertex
partition of G. If x and y are contained in different partition classes, with
T € pg say, then infinitely many edges leave py since there are infinitely many
disjoint paths from x to y in G, so (ii) holds. Otherwise x and y are contained
in the same partition class pg, say. If there are infinitely many of the u, not
contained in pg, then again infinitely many edges leave pg, witnessing (ii). Hence
we may assume that pg contains all but finitely many of the w,,. Then for every
i > 0 the partition class p; is a finite subset of {u,|n € N}, and every edge
leaving p; is incident with precisely one of x and y. Thus exactly 2|p;| many
edges leave p;. By choice of py the partition P has precisely

4
Z2|pl >3 2= 2207~ 1)

many cross-edges, so again (ii) holds. This completes the verification of (ii) for
k = 2. But obviously, every spanning tree of G has degree 2 at some u,. In
particular, every two spanning trees of G share an edge, so (i) fails as claimed.

The TSTs of known topologies on G (not relying on vertex-identification)
face the same problem, but 2AG does not:

Figure 11: The black edges (including the dashed auxiliary edges) form TSTs
of G ~ Ky, which are edge-disjoint on E(G).

Of course the two TSTs of AG depicted in Fig. share an edge, but this
is not an edge of G, and clearly this is best possible for 2G. Furthermore, the
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shared auxiliary edge indicates that its endvertices are in the same (infinitely
edge-connected) ~-class, so both TSTs share an artificial edge which represents
infinite edge-connectivity.

6.2 The space 4G

In this section, we formally define the topological space 2G which makes use of
auxiliary edges.

For this, we let
E(Q) :=€¢(QG)) i={uw|w € QG),u € A(w)}
EX):=¢X(G):= J XPx{x}
Xecrit(X)
¢ :=¢(G) =) UEWX)

and we let & be the multigraph on V(G) U Q(G) with edge set E(G) U & where
every ({z,y}, X) € €(X) has endvertices « and y. The elements of & are referred
to as auziliary edges. Unless stated otherwise, our standard notation such as &,
Cx and Q2 still depends on G, not on &. Next, we obtain a topological space AG
with ground set the 1-complex of & by declaring as (basic) open the following
sets:

For inner edge points of & we take the usual basic open neighbourhoods.
For every vertex u of G and every e € (0, 1] we declare as open the star Og (u, €)
of half-open intervals. Finally, for every X € X, for each C C Cx and for all
€ € (0,1] take

OQ[G(X,C,E) = A(X7C) UE@ (XUUCaA<ch)) U U 06<£76)
EEA(X,C)
where
AX,0)=Ucu | ax,0).
ceC

(Informally, if C is of the form {C'(X,w)} for some end w of G, then we may think
of Oga(X,C,e€) as Co(X,w) plus (possibly half-open partial) auxiliary edges.)
Using Corollaryit is easy to check that this really yields a topology. Similar
to Ce(X,w) and C(X,w), for every X € X and w € Q we write

C(X,w) := Oga (X, {C(X,w)},€)
(X, w) = €1(X,w)
Observation 6.2.1. AG is Hausdorff.
Lemma 6.2.2. The finite cuts of G are finite cuts of &.

Proof. This follows from Theorem and the fact that no finite cut separates
an end from any of its dominating vertices. O

Lemma 6.2.3. Let X € X be given together with a bipartition {C,C'} of
Cx. PFurthermore suppose that K is a connected subset of AG meeting both
Os(X,C,1) and Os(X,C',1). Then K meets X.
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Proof. Otherwise {Oac(X,C,1), Oae(X,C’,1)} induces an open bipartition of
K which is impossible. O

The following Lemma basically restates the first part of the Jumping Arc
Lemma [7, Lemma 8.5.3 (i)] for AG. Hence, with Lemma the proof is
analogue:

Lemma 6.2.4 (L). Let F be a finite cut of G with sides Vi and Va. Then

AG\ B(8) = V1 wT5

and no connected subset of AG \ F meets both WmG and EmG, ]

An arc A C AG is called an auziliary arc if A C & 2

Lemma 6.2.5 (L). |JEe(A) is dense in A for every arc A in AG.

Proof. First choose a homeomorphism o: [ — A. We claim that |J Eg(4) = A.
Assume not for a contradiction. Then |JEg(A) C A since A is closed. Pick
some £ € A\ |J Es (A) together with some basic open neighbourhood O of ¢ in

2AG which avoids UEO’@ (A). It is impossible to find such a neighbourhood for
vertices of G or inner edge points of &, so £ must be an end of G. Let Z be
some basic open subset of I which ¢ maps to O. Then o[Z] C Q(G) holds by the
previous argument. Hence it suffices to show that there is no arc living entirely
in (G) to yield a contradiction:

Assume for a contradiction that there is an arc A’ C (G) starting in w and
ending in w’, say. Pick some X € X witnessing w # w’. Then A’ avoids X,
contradicting Observation [6.2.3 O

If H = (V’, E') is a subgraph of &, then we write H = V' UE’ for its closure
in AG. If a subspace = of AG is of the form H and every w € V' \ V(G) is
incident with an auxiliary edge from E’, then we call 2 a standard subspace
of AG and write E(E) = E’. By Lemma we have H = E' if H is arc-
connected. An ATST of G is a uniquely arc-connected standard subspace of
2AG including V(G). If A is an auxiliary arc-component of 2(G and = = E'CA
is a uniquely arc-connected standard subspace with E' C €, then Z is called an
ATST of A. If T is an ATST of G or of an auxiliary arc-component of AG and
f is any edge in E(T), then T — f has precisely two arc-components 7; and
T2 and we write D]T for the fundamental cut of T (with respect to f) which
consists precisely of those edges of & with one endvertex in 7; and the other
in 7. A circle of AG is the image of a homeomorphic embedding of S' into
2AG. By Lemma [6.2.5] every circle of 21G is a standard subspace of JG. If C' is
a circle of AG, then E(C) is a circuit.

Observation 6.2.6. IfT is an NST of G and T is the closure of T in UG, then
<7 naturally extends to an ordering <s of T. Furthermore, by Theorem|3.35.

all the sets X, and A(w) U{w} (where v € T and w € Q) form chains in <r.
Hence if f = ut is an edge of T with u <r t, then all edges of D}T (in particular

those of DJZ— N &(G)) are incident with [u]r.

Lemma 6.2.7 (). Let G be a any graph and let T be an NST of G. Then the
closure of T in AG is a TST of G with respect to AG.
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Proof. Let T denote the closure of T in 2G. Using normal rays it is straightfor-
ward to show that T is arc-connected, so assume for a contradiction that there
is some circle C C 7. By Lemma [6.2.5| we may pick some edge f = ut of &
which C traverses. Without loss of generality we have u <r t since f is an edge
of the graph G by choice of C. Now consider the arc A := C'\ f Since T' is an
NST we know that DJT = Es(X,DUQ(X,{D})) where X := [u]r € X and
D := |t]r. But then

{om(x, {D},1/2) , Oac(X.Cx\{D}, 1)U | O@(x,l/Z)}

zeX

induces an open bipartition of A since A C T\ f C AG\ (DfT U E(G)). O

6.3 Construction of auxiliary arcs

The aim of this section is to construct an auxiliary arc between any two dis-
tinct vertices of G which are not finitely separable. In order to do this, we will
approximate a topological path in € between the two vertices via a countable
linear ordering on some special set of vertices. Then we ‘fill in the gaps’ of that
linear ordering with inner edge points of auxiliary edges and ends of G, yield-
ing a topological path between the two vertices in €. Finally, since we cannot
guarantee injectivity at the ends of G, we involve general topology to obtain the
desired auxiliary arc.

Suppose that  and y are two distinct vertices of G with x ~ y and denote
by P the set of all z-y paths in G. Every path P € P naturally induces a linear
ordering <p on its vertex set with z <p y, and for each X € X we denote by
<X the linear ordering on X N V(P) induced by <p. Furthermore, for every
X € X we define a map ¥ x with domain P by letting

Ux(P) = (X NV(P),<F)

for each P € P. In addition, for every X C X' € X we set up a function
YxrX- im(¢X/) — lm(iﬁx) by letting

pxx (Y, <)== (XY, <'n(XNnY")?)

for every (Y, <’) € im(¢px/). Hence {im(¢)x), px/ x } is an inverse system and
the diagram

P X ()
wx ‘ 5’0
im(¢x)

is easily seen to commute.

Since = ~ y holds, we inductively find some countably infinite subset Q of
‘P consisting of edge-disjoint z-y paths. For every X € X we let £x be the set
of all £ € im(¢x) with ¥ ({£}) N Q infinite, i.e. £ is in £x if and only if
1x sends some infinitely many paths of @ to £. Then it is easy to check that
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{€x,¢0x' x| Lx '} is an inverse system. Clearly, every im(¢x) is finite, and so
is every im(¢x | Q). Hence all £x are non-empty by pigeon-hole principle, so
the Generalized Infinity Lemma (2.2.4)) yields some

(ﬁx|X€X)€1.&H£)(. (15)

Theorem 6.3.1. Let G be any graph, and let x and y be two distinct vertices
of G. Then x ~ vy if and only if there is some auziliary arc from x to y.

Proof. The backward direction is immediate from Lemma [6.2.4

For the forward direction suppose that z ~ y holds and consider the family
from constructed above. Write (Lx,<x) = Lx for every X € X and put
V* = Uxex Lx. By standard inverse limit arguments it is straightforward to
check that <:={]J xex Sx isa linear ordering on V* with least element x and
greatest element y. Since V* is a subset of V[Q] and Q is countable, we know
that V* is countable.

If V* is finite, then z (- y holds: Otherwise Corollary yields some
Y € X disjoint from V* such that Y separates z and y in G — E(V*). Set
Z =V*UY. Then we have L; NY = () since Y avoids V*. Pick some P € Q
edge-disjoint from the finite set E(V*) with ¢z(P) = Lz. Then P is an z—y
path which avoids both Y and E(V*), which is impossible since Y separates x
and y in G — E(V*). Hence z (- y holds, so by Theorem there exists
a path from z to y in & using only auxiliary edges. In particular, we find an
auxiliary arc from z to y.

Therefore, we may assume that V* is infinite. Now consider the set

M= (V" x {_1707 1}) \ {(xa _1)v (ya 1)}

and let < be the linear ordering on M induced by the lexicographic ordering
on V* x {—1,0,1}, where V* is linearly ordered by < and {—1,0, 1} inherits its
ordering from Z. Since M is countable we find some order preserving injection
ity M — INQ with ¢pr((2,0)) = 0 and ¢pr((y,0)) = 1. Note that cps[V* x {0}]
is discretﬁ in I. Next define ty«: V* < INQ by letting vy« (uw) := epr((u,0))
for every w € V*. Then the linear ordering on V* inherited from I via ¢y«
coincides with <. Furthermore, the image of ¢y« is discrete in I, so for every
u € V* we may pick some 4, > 0 such that (ty«(u) £ d,,) meets the image of
Ly~ precisely in ty«(u).

An h-blank (where h is some function into R) is a non-empty open interval
(a,b) C I\ im(h) with {a,b} C im(h) \ im(h). Clearly, any two h-blanks are
disjoint. Since every h-blank contains a rational number, there are only count-
ably many h-blanks, so we may consider some enumeration {B, |n < 6} of all
ty=-blanks where § < Xy. Also note that every ty«-blank avoids (cy«(u) £ d,,)
for every uw € V*. In order to get rid of the ty«-blanks, define ¢: V* — Q as
follows: let ¢(z) := 0 and for every other u € V* pick

t(u) € (Lv*(’u,) — Z{b—a‘n <0,B, = (a,b),b< Lv*(u)} :|:5u/2) NQ.

Then the image of ¢ is again discrete by choice of §,, /2. Furthermore ¢ is injective
and the ordering on V' inherited from I via ¢ coincides with <. By construction,

33i.e. every point in ¢ty [V* x {0}] is isolated
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there are no «-blanks. For ease of notation we that ¢(y) = 1 holds. As before,
for every u € V* we pick some ¢, > 0 such that (:(u) & €,) meets the image of
¢ precisely in ¢(u), e.g. set €, = 6,/2. Let A :=im(¢) \ im(¢) which is the set
of all accumulation points of the discrete image of + in I. In order to obtain a
topological z—y path in & we need some more information about ¢ first:

Claim 1. Let u € V* be given and suppose that there is some t € V* such that
v(u) < u(t) and (v(u),o(t))Nim(s) = 0. Then there is some v € U withu § v { t.

Proof of the Claim. Assume not for a contradiction. Then by Lemma we
find some Y € X with u,t ¢ Y such that Y separates u and ¢ in G — ut. Put
Z = {u,t} UY and pick some P € Q with ut ¢ E(P) and ¢z(P) = Lz. Then
uPt meets Y in some vertex r. Hence r € Lz implies r € V*, but then P
witnesses u <z r <z t and thus ¢(u) < ¢(r) < 1(t), a contradiction. o

Claim 2. Let y € A be given together with a sequence (t,)nen in V* such that
t(tn) = 1 forn — 0o. Then (t,)nen has a subsequence which converges to some
w € QG) in AG.

Proof of the Claim. Without loss of generality we may assume that our sequence
satisfies p < q(tn+1) < q(t5) for all n. Inductively we define X,, € X and P,, € Q
by letting

X, = {tn+1} U U V(tk+1Pktk)

k<n

and picking some P, € Q with ¢x, (P,) = Lx,, for every n € N. Then
Qn = tpy1Paty, avoids all ¢, with £ < n since otherwise P, would witness
q(tnt1) < q(tg) < q(t,) for some k < n, which is impossible. Consider the
connected infinite subgraph H := |J,cy@n of G. We claim that H is even
locally finite:

Assume not for a contradiction, witnessed by some vertex z of H of infinite
degree. This vertex is none of the ¢, since each @, avoids all ¢, with k¥ < n. Let
7 C N be the infinite set of all n € N with z € @,,, and let ¢ := minZ. Then z
is in X, for all n > 7. Pick some m € Z with m > 4. Then P,, contains z while
z € X, and ¥x,, (Pn) = Lx,, hold, so P, witnesses z € Lx, C V*. But then
for every n € T with n > m we know that z € Q,, implies t(t,11) < 1(2) < t(tn),
which is impossible since Z is infinite. Hence H is locally finite.

Therefore, since H is connected, infinite and locally finite, applying the Star-
Comb Lemma ([, Lemma 8.2.2]) yields a comb with all teeth in {¢, |n € N}.
Let R be its spine, and let w be the end of G containing R. Since every basic
open neighbourhood of w in /AG is of the form ¢, (X,w) for some X € X, only
finitely many teeth of the comb can lie outside of this neighbourhood. Therefore,
the teeth of the comb form a subsequence of (,)neny which converges to w in
AG as desired. o

Claim 3. In the context of Claim[3, suppose that there is some u € V* with
vu) =X <pand (\ p] Nim(e) = 0. Then u dominates w.

Proof of the Claim. Assume not for a contradiction, witnessed by some Z € X.
Without loss of generality the whole sequence (t,)nen converges to w in 2AG.
Pick N € N such that t,, € €(Z,w) holds for all n > N. For every n > N let
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Y, := {u,t,} U Z and pick some W,, € Q with ¢y, (W,,) = Ly, . Then uWyt,
meets Z in some 2y, s0 z, € V* and ¢(u) < ¢(z,) < i(t,) follow. By pigeon-hole
principle we find some infinite J C N>y with 2z, = 2, =: 2z for all n,m € J.
Then ¢(u) < ¢(2) < t(ty,) holds for all n € J. Since J is infinite, this implies
1(z) € (A, p], a contradiction. Therefore, u dominates w. o

Define o: T — 2AG as follows: On the image of ¢ we let o(c(u)) := u for every
u € V*, so the diagram

Ve——1
o

idx J
AG

commutes. Next we write the set I\ im(¢) as disjoint union ;. ; I; of maximal
non-empty intervals I; over some index set J. Let a; :=inf I; and b; := sup [;
for all j € J. We distinguish several cases (see Fig. for an illustration):

. a; = b.: ..

(i) 170 (iia) a; b;
e ertb—— : ] L

T T T

(iib) aj b; (iii) a; b;

———r I I I

T T T T

(iv) a; b
— i} W

Figure 12: The cases; red indicates elements of A.
(i
(iia

(iib

) aj =bj, e Iy ={a;} = {b;}

) aj < b; with a; € im(¢) and b; € A, i.e. I; = (a;,bj]

) a; < bj with a; € A and b, € iIn(L)7 i.e. Ij = [aj,bj)

(111) a; < bj with a; € lm(L) and b, € iIn(L)7 ie. I; = (Clj,bj)

There is no case (iv) covering ‘a; < b; with a; € Aand b; € A, ie. I; = [a;,b;]
since there are no ¢-blanks. Now given j € J, we define o[ I; as follows:

First we consider case (i), i.e. I; is a singleton. Let a; take on the role of
p in Claim |2 and pick an arbitrary sequence (t,)nen in V* witnessing a; € A,
so Claim [2] yields some w € Q(G). Then we set o(a;) = w.

Next we consider case (iia), i.e. a; < b; with a; € im(:) and b; € A.
We pick an arbitrary sequence (tp)nen in V* witnessing b; € A, so Claim
yields some w € Q(G). Letting ¢~!(a;) take on the role of u in Claim [3| yields
u € A(w). Hence we let o I; be a homeomorphism onto the edge uw with
o(bj) = w. We treat Case (iib) analogously using the symmetric analogue of
Claim Bl

Finally we consider case (iii), i.e. a; < b; with a; € im(:) and b; €
im(z). Letting :7'(a;) and ¢'(b;) take on the roles of u and ¢ from Claim
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respectively, yields some v € U with w § v § ¢. If v is an end of G, then we
write w = v and note {u,t} C A(w). Hence we pick some p € (a; + €,,b; — €;)
and let o [a;, p] and o] [u, b;] be homeomorphisms onto the edges uw and wt,
respectively, such that o(pu) = w holds. Otherwise v is an ultrafilter tangle
and we let o [a;,b;] be a homeomorphism onto some auxiliary edge between
u and t such that o(a;) = v and o(b;) = t (such an auxiliary edge exists by
Theorem . This completes the definition of o.

Note that V* C im(o) holds by construction. Due to the Claims used for
the definition of o, proving that o is well defined amounts to verifying that o is
continuous, and we will need the continuity of ¢ in order to obtain an auxiliary
arc from im(c). Hence, we verify that o is continuous:

Claim 4. o: 1 — 4G is continuous.

Proof of the Claim. Given p € I (without loss of generality u € H) and O some
basic open neighbourhood of o(u) in 2G, we have to find some basic open
neighbourhood (a,b) C T of p which ¢ maps to O.

If o(p) is a vertex u of G, then we find a suitable neighbourhood of i included
in (u+te,). Elseif o(u) is an inner edge point we are done, so finally suppose
that o(u) = w € Q(G). Thus O is of the form €.(X,w) for some X € X and
€ > 0. If p is not in A, then o(u) was defined in case (iii) for some j € J, and
we find some suitable open neighbourhood of p included in (a;,b;). Hence we
may assume that p is in A. The rest of the proof is dedicated to this case.

Assume for a contradiction that for every n € N there is some &, € (u£1/n)
with 0(&,) ¢ O. First, we obtain a sequence (&}, )nen from (&, )nen with o(&,) €
V*\ O for all n and £/, — pu, as follows: Let any n € N be given.

If 0(&,) is a vertex of G, then we let &, := &,.

Else if 0(&,) is an inner edge point of some auxiliary edge e,, then we pick
&), € im(e) such that o(&),) is an endvertex of e, outside of O. For later use, we
let ¢,, denote the length of the closed interval I containing &,, for which o[ I is
a homeomorphism onto the auxiliary edge e,,.

Finally suppose that o(&,) = w, € Q\ O. We check two subcases: For
the first subcase suppose that &, is not in A, so o(&,) was defined in case (iii)
for some j, € J. Furthermore, w, ¢ O implies that o[I; ] avoids O. Let
u = o(a;,) and t := o(b;,). Then neither of v and ¢ is in O, since otherwise
X would separate one of u and ¢ from w,, contradicting {u,t} C A(wy,). In
particular, g is not in [a;,,b;,]. If p < a;, we let &, := a;,, and &, = b;,
otherwise. For the second subcase suppose that &, is in A. Then by definition
of o there is some sequence (tm)men in V* such that ¢(tm,) — &, in I and
tm — wy in AG for m — oco. Since AG is Hausdorff and w,, # w holds due to
wy ¢ O, we find some M € N such that )y ¢ O and ¢(tpr) € (= 1/n) (which
is possible due to &, € (£ 1/n)). Thus we let &/, := ¢(tpr). This completes the
subcase and the definition of the £/,.

We still have to verify that £/, — u holds. For this, let Z C N be the set of
all n € N for which ¢(&,) is an inner edge point of &. Clearly, o(u) was defined
in one of the cases (i), (iia) and (iib) for some j € J. If o(u) was defined in
case (i), i.e. with I; = {u}, then for every ¢ > 0 both intervals (1 — ¢, ) and
(1, p + €) meet im(¢) and one easily checks that ¢, — 0 holds for n € Z and
n — oo. Therefore, |&, — &,| — 0 for n — oo follows from the choice of the &,.
Thus &/, — p holds for n — oco. Else if o(u) was defined in case (iia), i.e. with
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a; € im(¢) and b; = p € A, then for every e > 0 the interval (u, 1t + €) meets
im(¢), but the interval (a;, u] does not. By construction, ¢ maps (a;, 1) to the
interior of the auxiliary-edge o(a;)w. Hence §, — u together with o(&,) ¢ O
implies that &, > p must hold for all but finitely many n, without loss of
generality for all n. But then one easily checks as before that [¢], — &,] — 0
holds, and thus £/, — p. Otherwise o(u) was defined in case (iib), which follows
from (iia) via symmetry, completing the proof of &/, — p.

Therefore, (&£])nen is a sequence in I with o(¢),) € V*\ O for all n and
&, — p for n — oo. Applying Claim [2[to (0(£],))nen and p yields a convergent
subsequence (0(),, ))ken with limit w" € Q(G). Since AG is Hausdorff, the fact
that no o(¢;,,) is in O implies W' # w. Write r, = o(&},,) for all £ € N and

note that L(;k) — p holds for & — oo due to u(rx) = t(o(§,,)) = &,, and
&l — u. Recall that Claim [2| was used in order to define o(u) = w, so there is
a sequence (tp)nen in V* with «(¢,) - g in I and ¢, - w in QlGlﬂ Pick some
7Z € X witnessing w # w’, and choose some N € N such that ¢, € €(Z,w) and
m € €(Z,w') hold for all n > N. For every n > N let X,, := {tn,7,} U Z and
pick some P, € Q with ¢¥x, (P,,) = Lx,. Then P, meets Z in some z, between
t, and r, (i.e. zp € t,Pyry if t, <7y, and 2, € 7, Pyt, otherwise) which yields
Zn € Lx, CV*, and furthermore

min{e(ry,), t(tn)} < t(zn) < max{c(ry),c(ty)}

Since Z is finite, by pigeon-hole principle we find some infinite J C N>y with
Zp = zZm =: z for all n,m € J. But then

min{e(ry), t(tn)} < u(z) < max{c(ry),(tn)}

holds for all n € J, yielding ¢(z) = p since J is infinite and ¢(r,,) — p holds as
well as ¢(t,) — p. Thus p € im(:) contradicts u € A as desired. Therefore, o is
continuous at u. o

Since 2AG is Hausdorff, so is im(c), and in particular im(o) is also path-
connected. Hence im(o) is arc-connected by Lemma so we may let A be
an arc in im(o) from x to y. Since A only traverses auxiliary edges, Lemma
implies A C &, so A is an auxiliary arc from z to . O

We involve Lemma [2.4.3| at the end of the proof since o may fail to be
injective at ends. Indeed, consider the one-ended grid on 4 x N, and for each
k < 4 let Ry, denote the ray with vertex set {k} x N. Then let G be obtained
from this grid by replacing every edge of every Ry and the egde {(1,0),(2,0)}
with a copy of a Ko, (with the two vertices of infinite degree being identified
with the endvertices of the original egde).

34This is the convergent subsequence mentioned in the conclusion of Claim not the
sequence of the same name mentioned in the premise of that claim.
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e o—o o

Figure 13: The auxiliary edges of G.

Then AG admits two topological (0,0)—(3,0) paths in € (see Fig. , and
only one of them is an auxiliary arc, while the other can be obtained as im(o)
for certain choices of Q.

6.4 Basic properties of auxiliary arcs

Lemma 6.4.1. Let G be a any graph, let y be a vertex of & and (§,)nen a
sequence of vertices of & with &, — w in AG for some end w of G. Suppose
that for every m we have an auziliary arc A, from y to &,. Then one of the
following holds:

(i) There is some k € N such that Ay contains a vertex of G which is the
centre of an infinite star of auxiliary arcs included in the union of the A,
with leaves in {&, |n € N}. In particular, that vertex dominates w.

(ii) There is an auziliary arc from y to w included in {w} U, cy An-

In either case there exists an auxiliary arc A from y to w. Moreover, if all of
the A, are tame, then so is A.

Proof. The proof basically mimics two proofs from the lecture course while
taking care of new special cases. First, we prove the statement of the Lemma
minus the ‘Moreover’-part.

Inductively we define a function &k : N— {0} — N together with an ascending
sequence Wy C Wy C --- of closed subsets of G as follows: Let Wy := Ag and
suppose that we are at step n > 0 of the construction. Pick some o,: 1 — A,
witnessing that A, is an y—¢, auxiliary arc, with 0,(0) = y and 0,(1) = &,,
and let A, € I be maximal with o,,(\,) € W,,_1. Such a A, exists since W,,_1
is closed in AG and A,, meets y € Wy C W,,_y. Write g, := 0,(\,) and
Aj, = on[[An, 1]]. Furthermore, let k(n) < n be minimal with g, € A, and
let W, := W,,_1 U A],. This completes the definition of the W.,.

If there is some n with w € W, we are done, so suppose w ¢ |J,,cy Wn and
consider the tree T':= (N, {{n,k(n)}|n > 1}). We check two main cases:

For the first main case, suppose that T is not locally finite, witnessed by
some vertex £ of infinite degree. Let ¢y < ¢1 < --- denote the w-sequence of all
¢, € N which k sends to ¢. Since A} is an arc, and hence sequentially compact,
the sequence (g, )nen has a convergent subsequence (without loss of generality
the whole sequence) with limit point o € Aj. Clearly, ¢ is not an inner edge
point.
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First suppose that ¢ is a vertex of G and consider any basic open neigh-
bourhood O of p in AG. Without loss of generality every gy, is contained in
this neighbourhood. Since A, N O is the union of two half open partial edges
at o and every Aj meets Aj precisely in g, , the only possibility for each o,
is 07, = o. Hence for every n # m we have A; N Aj = {o}. Then g must
dominate w: Assume not for a contradiction, so we find a witness X € X of
0 ¢ A(w). Pick N € N such that g;, € €(X,w) holds for all n > N. Then all
A;n with n > N meet X by Lemma so by pigeon-hole principle some two
of them meet the same vertex of X, a contradiction. Therefore, ¢ must domi-
nate w, so (i) holds. In particular, pw U A, admits an auxiliary arc from y to
w.

Second suppose that ¢ is an end w’ of G and let X € X witness w’' # w.
Furthermore let N € N be big enough that gy, € €(X,w) holds for all n > N.
Then every A, with n > N meets X by Lemma so by pigeon-hole
principle some two of them meet the same vertex of X, which is impossible.
Hence p cannot be an end. This completes the first main case.

For the second main case suppose that T is locally finite. Then by [7]
Proposition 8.2.1] there is some ray R = mgm; ... in T. Clearly, we can see to
it that mo = 0. For every n > 1let I, := [1 — &+, 1 — =5). Define o: I — AG
by letting o[ I,, traverse A7, from g, to om,,,, and set o(1) = w. Then o
is continuous: It suffices to show continuity at 1, so consider some basic open
neighbourhood € (Z,w) of w in AG and pick N’ € N such that &, € €. (Z,w)
holds for all n > N’. Since Z is finite, Lemma implies that only finitely
many Aj, ~ with m, > N’ have points outside of €. (Z,w). Picking K > N’
bigger than these finitely many m,, ensures that o maps (1—1/K, 1] to @E(Z, w).
Hence o defines a topological path from y to w in 2AG. Since I is compact, AG
is Hausdorff and o: I — 2G is a continuous injection, it follows from general
topology that A := im(o) is an arc (in particular: an auxiliary arc). Thus (ii)
holds and the second main case is complete.

For the ‘Moreover’-part, it remains to show that if all of the A,, are tame,
then so is A. Since this is clear for (i) we may assume that (ii) holds. Assume
for a contradiction that A is wild, witnessed by some infinite Vo C V(G) N A on
which A induces the ordering of the rationals. If there is some n € N such that
im(o[ I,) meets Vg in two distinct vertices, then A}, C A, is wild, which is
impossible. Hence every im(o I,,) meets Vg in at most one point. But then 1
is the only accumulation point of o~![Vg] in I, a contradiction. Therefore, A is
tame as claimed. O

Theorem 6.4.2. Let G be any graph, and let x and y be two distinct points of
VUQ. Then x ~ y if and only if there exists an auziliary arc in from x to y.

Proof. The backward direction holds by Lemmal6.2.4] For the forward direction
we check several cases:

If both = and y are vertices of G we are done by Theorem [6.3.1] so suppose
first that z € V and y = w € Q. If there is some t € A(w), then x ~ w ~
implies x ~ t. Hence we find an auxiliary arc from x to ¢ which we may extend
to w by adding the auxiliary edge tw.

Otherwise A(w) is empty, so by Lemma we find a sequence Xg, X1, ...
of non-empty elements of X such that for all n € N the component C(X,,,w) in-
cludes both X, 1 and C(X,,41,w). In particular, the collection of all Coc (X, w)
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forms a countable neighbourhood basis of w in JG. Since x does not dominate
w we find some X € X with z ¢ X UC(X,w), and we may choose N € N big
enough that éﬁG(XN,UJ) - CA’19G(X, w).

Now for every n > N we wish to find some vertex ¢,, in C(X,,,w) with x ~ t,,.
Hence consider an arbitrary n > N and suppose for a contradiction that there
is some finite set of edges F' which separates « from X,, in G — C(X,,,w). Then
Xn,UC(X,,w) is included in some component of G — F' which does not contain
T, 80 T o4 w is a contradiction. Therefore, no finite set of edges separates = from
X, in G—C(X,,w). Proceeding inductively we find some infinitely many edge-
disjoint —X,, paths in G — C(X,,,w). By pigeon-hole principle, some infinitely
many of these paths agree on their endvertex in X, in the same vertex, which
we choose to be t,. In particular, x ~ t, holds.

Then for all n > N by Theorem we find some auxiliary arc A, from
x to t,. Furthermore, the choice of the basic open neighbourhoods C’gg (X, w)
implies ¢, — w in YG. Applying Lemma [6.4.1] yields some auxiliary arc A from
T to w.

Finally suppose that both x and y are ends of G, and write x = w as well as
y = w’. By Lemma there is some vertex u of G in [w]|~. Then w ~ u ~ w'’
together with the previous case yields two auxiliary arcs, one from u to w and
one from u to w’, whose union yields an auxiliary arc from w to w’ as desired. [

6.5 External A'TSTs: Technical preliminaries

An ATST T of G is external if for every auxiliary arc-component A of AG the
space T N.A is arc-connected (i.e. TNAisan ATST of A). The idea behind this
definition is that, if we want to obtain an ATST from a TST of £G by blowing
up its non-trivial points in £G \ E to ATSTs of their respective auxiliary arc-
components of AG, then we hope for the result to be an ATST, and if it is then
of course it is an external one.

Corollary 6.5.1. Let G be a graph such that every end of G has a countable
neighbourhood basis in AG. Furthermore, let X € X and let A be an auziliary
arc-component of AG — X — Eg(X,AG). Then A is closed.

Proof. Assume for a contradiction that there is some x € A—A (with the closure
taken in 2G). In order to yield a contradiction, we will find an auxiliary arc
from z to a point of A. Clearly,  must be an end of G, so we write w = z. Let y
be an arbitrary point of ANV (®). Using that w has a countable neighbourhood
basis in 2G we find a sequence (&, )nen of points of (ANV(&)) — {y} such that
&, — w holds in 2AG. For every n we pick an arc A,, from y to &, in A. In
particular, the A, are auxiliary arcs. Hence Lemma yields an auxiliary
arc from y to w, a contradiction. O

For every X € X and C C Cx we write
O56(X,C) = Oya(X,C) — U(X/~)
O@G(X7C) = O,;(;(X,C)/N

and furthermore if w is an end of G we write

CkG(Xa w) = OﬁG(Xv {C(X’ W)})
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Lemma 6.5.2. For every X € X and C C Cx the set Og3,(X,C) is an open
subset of UG.

Proof. Since X is finite and 9@ is Hausdorff, by Lemma m the set U(X/~)
is a closed subset of ¥G. Thus O5,(X,C) is an open subset of 9G. By Corol-
lary [3:4.7] it is closed under ~. O

Corollary 6.5.3. Let A be a connected subset of 9G. Furthermore, let X € X
and C C Cx be given such that A meets both Oy.(X,C) and Oz5,(X,Cx \ C).
Then A meets X/~. O

Lemma 6.5.4. Let A be an arc in 9G, witnessed by o: I<» A. Suppose that
K:=0()¢ E is an accumulation point of A\ E. Then there is some unique
w € KNQ with A converging to w in that for every X € X there is some € > 0
such that

ol(1—€1)] C Cju(X,w). (16)

Proof. We start by choosing a candidate for w. For this, we claim that

Claim 1. For every X € X there is some € > 0 and some C € Cx such that
ol(1 -6 1] € O5c(X,{C})

Proof. Assume not for a contradiction, witnessed by some X € X. Choose € > 0
small enough that A’ := o[(1 — €, 1)] avoids the finite set X/~. Then

A CIG - (X/~) = |H 054(X,{C}
ceCx

holds by Lemmas and By assumption, A’ meets at least two sets
of the union on the right hand side, say for D # D’ € Cx. But then by
Corollary we know that A’ meets X/~, a contradiction. o

Mapping every X € X to the unique C' € Cx from the claim above yields
a direction of GG, and hence an end w of G. In particular, for every X € X
there is some € > 0 such that w satisfies . Moreover, w is unique in  with
this property. It remains to show w € K, so assume not for a contradiction
and pick some finite cut F' of G' witnessing this. Since this F' induces an open
neighbourhood of K in ¥G there is some ¢ > 0 such that o[(1—§,1)] is included
in this neighbourhood. For X = V[F] this contradicts ([16]). O

Lemma 6.5.5 (Arc Lifting). Let G be a countable connected graph. Suppose
that for every mon-singleton auxiliary arc-component A of AG there is some
ATST T4 of A, and let A be an arc in 9G witnessed by o: T« A. Furthermore
let € 0(0) CYG and y € o(1) CIG be given. Then there exists an arc A’ in
AG from x to y such that (A’ — G)/N = A and for every non-singleton auxiliary
arc-component A of AG exactly one of the following holds:

(i) |[A'NnA| <1

(i) A’NAis an arcin Ta.
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Proof. We do not use Theorem here since this would require us to ‘mix’
the spaces G and JG.

Let A be the set of all non-singleton auxiliary arc-components of AG meeting
U(A\E). By Lemmathis set is countable since V(G) is countable. Let & be
the function with domain I which sends every ¢ € I to o (i) \ T. Denote by I the
set of all i € I which & sends to a subset of some element of A. For every A € A
we let i4 be the unique point of T with G(i4) € A. Then I := {iq| A € A} is
a countable set. Conversely, for each ¢ € I we denote by A; the unique A € A
with ¢4 = ¢. Write I~ for the set of all ¢ € I which are accumulation points of
IN0,4), and I for the set of all 7 € I which are accumulation points of N (4, 1].
For every i € I we define points x; and y; in A; as follows: If i € I~ then we let
x; be the end of G given by Lemma Else if i = 0 we set x; = . Otherwise
there is some edge e of G and some € > 0 such that o[(i — €,i)] = é, and we
let x; be the endvertex of e in A;. Similarly, we define y; (with the case ‘%4 = 0’
replaced by ‘4 = 17). Let J := {i € I|x; # y;} and choose some ¢: J — Ry
with > .., €(7) = 1. For every i € J we let A; be the unique arc in T4, from =;
to y; and we let o;: [0,£(7)] = A; be a parametrisation of 4;. Let

¢:1—10,2], i—i+ E £(4)
jed
1<t

and recall that for every A € [0,2] \ ¢[I\ J] there is some jy € J with jy < A
and

A€ [9(4r), 9(3n) + £(5N)]

by Lemma[2.4.18] Now we are ready to define a mapping t: [0, 2] — AG whose
image we will take as A’. For this, let A € [0,2] be given, and suppose for the
first main case that there is some ¢ € I'\ J with ¢(i) = A. If (¢) is an inner edge
point, we put 1(\) = o(i). Else if & sends i to a singleton subset {¢} of 9G\ E,
we set ¥(A\) = £ (note that we have £ € V U Q by definition of 7). Otherwise i
is contained in I\ J and we set ¥(\) = x; = y;. This completes the first main
case.
For the second main case suppose that A is not in ¢[I\ J]. Thus

A€ [0(5x), 0(5x) + €(n)]

and we put
V(A) =05, (A= d(4r)) € 4j,,

completing the second main case and thus the definition of . Clearly, ¢ is
injective, and for every j € J the restriction

PIe(), 9(5) + £(5)]

parametrises A;.

Put A’ = im(¢). In order to verify that A’ is the desired arc, it suffices to
show that ¢ is a continuous injection since [0, 2] is compact and AG is Hausdorff.
For this, let an arbitrary A € [0, 2] be given. Clearly, we may assume that ()
is an end of G, so we write w = ©(\). Consider any basic open neighbourhood
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O = €(X,w) of w in AG. We have to find an open neighbourhood of X in [0, 2]
which ¢ maps to O.

If we have w € A; for some j € J we are done by the continuity of o;.

Else if w € {z;,y;} for some j € J, say w = x;, then by choice of x; there is
some € > 0 such that holds, and hence v maps (¢(j—¢),d(j)] = (d(j—€), A]
to O. Using the continuity of o yields some ¢ > 0 such that v sends the open
interval (A — €, A+ 6) to O as desired.

Else if w = 2; = y; for some ¢ € T\ J there is some € > 0 such that
symmetrically holds for both sides, and hence ¥ sends (¢(j —¢€), ¢(j +¢€)) to O.

Finally if {w} is a singleton auxiliary arc-component of 2AG meeting | J(A\E),
then let i be the point of I which o maps to {w} (Theorem|[6.4.2]and Lemmal|3.4.6]
yield [w]. = {w}). Now we use the continuity of ¢ to find some € > 0 such that
o sends (i+e) to C'gG(X, w). Then ¢ sends (¢(i—e), p(i+e€)) to O as desired. O
Lemma 6.5.6. Let A be an auziliary arc-component of AG and let ug, uy, . ..
be an enumeration of ANV (G). For every n € N write X,, = {ug | k < n} and

Ap = A= X, — Eg(X,, A).

Let some N € N be given, and let (x,)n>n be an w-sequence of arc-components
Ty of Ay with x, O xpyq for allm > N. Then there exists an end w of G such

that (> n Tn = {w}.

Proof. The set {x, |n > N} trivially has the finite intersection property. For
every n > N set y, = x, \ E(®) and let z, be the closure of y,, in ¥G. Since the
set {y, |n > N} also has the finite intersection property, so does {z, |[n > N}.
Using that ¥G is compact hence yields some £ € ¢ :=(),,> y Zn-

First we show ¢ C Q(G). Clearly, ¢ avoids G, so suppose for a contradiction
that there is some v in T N (. If X, meets A, then X,, C A and we may let
M € N be big enough that X, € X;;. Then due to Lemma there is
some component C' of G — Xy with zpr C Oga(Xar, {C}, 1), and hence yps C
Opc (X, {C}). Therefore, Oya (X, Cx,, —{C}) is an open neighbourhood of
v avoiding yus, yielding v ¢ zys, a contradiction. Else if X,, avoids A, then by
Theorem[6.4.2] there is a finite cut F' of G with sides A and B separating X, from
A. Put X = V[F] and let {C,C’} be a bipartition of Cx respecting the sides of F,
i.e. with V[C] C A and V[C'] C B. Without loss of generality we have X, C A.
Then v € Oy (X,C), since otherwise Oys(X,C’) is basic open neighbourhood
of v which sends no edges to X,,, contradicting Lemma[3.2.1] Hence Oyq(X,C)
is an open neighbourhood of v avoiding A\ E((’5) = g, resulting in v ¢ 29 2 ¢,
a contradiction. Hence ¢ C Q(G) holds as claimed.

Finally, we show that ( is a singleton: Assume not for a contradiction, so we
find two distinct ends w and w’ of G in (. Let X € X be a witness of w # w’ and
let K be big enough that X N A C Xg. Then due to Lemma [6.2.3] the ends w
and w’ are contained in distinct auxiliary arc components of A, contradicting
¢ C zk. Hence ( is a singleton subset of Q(G). O

89



6.6 RATSTs of auxiliary arc-components

Theorem 6.6.1. If G is a countable graph, then every auxiliary arc-component
of AG has an ATST.

Proof. The proof starts with the essential idea of a proof from the lecture course.

Let A be any non-singleton auxiliary arc-component of AG. If ANV (G)
is finite, then any spanning tree of A C & will do, so we may assume that
AN V(G) is infinite. Pick an enumeration wug,u1,... of AN V(G) and write
X, = {ug |k < n} for every n € N. Furthermore, for every n we write

An = A - Xn - E@(XnaA)v

and we let the set V,, consist of all singleton subsets of X,, and all arc-components
of A,,. Then we let H,, be the multigraph on V,, whose edges are the cross-edges
of V,, with respect to & — F(G). For each n we denote by N,, the arc-component
of A,, containing u,, (which is in X, \ X, by definition). Hence V), can be
obtained from V,_; by discarding A, _; and adding {u,—_1} as well as the arc-
components of

K:nfl = anl — Up—-1 — EQ‘@(unflaanl)

Next, we inductively construct spanning trees T, of the H,, starting with
the spanning tree Ty = ({A},0) of Hy = ({A},0). For the induction step,
informally we obtain T}, from T}, _; by expanding the vertex N,,_; of T,,_1 to a
star in H,, with centre {u,,_1} and leaves the arc-components of K,,_;. Formally,
we proceed as follows: Let T be the subgraph of H,, whose 1-complex coincides

with E(T,_;) where the closure is taken in the 1-complex of H, (i.e. T/ is the
subgraph of H,, induced by the inner edge points of T},). Then we let T,, be
the union of T, and an arbitrary spanning star of H, [V, \ Vn—1] (recall that
Vi \ Vn—1 is the set consisting of {u,_1} and the arc-components of K,,_1). It
is easy to see that T,, is a spanning tree of H,,. Note that, by construction, for
every n we have that every {u} C X,, sends to each arc-component of A, at
most one edge of T,,. As a consequence, every arc-component of A, has finite
degree in T,,.
Finally, we let

— G
7= ET)

neN

which will turn out to be our desired ATST of G. The rest of the proof is
dedicated to a formal verification. By definition, 7 is a standard subspace of
AG. First, we show that 7 is ‘spanning’:

Claim 1. If K is an auziliary arc component of A, for some n then either K

meets V(GQ) or K = {w} for some w € L.

Proof of the Claim. If K avoids V(G) then K also avoids €, so K C €. Then
K must be a singleton: Otherwise there is some w’ € K — {w}. Pick a witness
X € X of w# w'. Then K meets X by Lemma [6.2.3] a contradiction. o

Claim 2. ANV(6)CT.
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Proof of the Claim. By construction we have ANV(G) C T. Let any w € ANQ
be given; we have to show w € T.

If for every n € N the auxiliary arc-component W, of A, containing w
meets AN V(G) we have w € ANV(G): Indeed, consider any basic open
neighbourhood €.(X,w) of w in AG and pick N € N big enough such that
XNAC Xy. Then Wy C és(X, w) by Lemma Due to our assumption
we know that Wy C €.(X,w) meets AN V(G). Hence w € ANV(G) holds.
Since T is closed and ANV(G) C T we also have w € ANV(G) C T.

Otherwise there is some W, which avoids AN V(G) and hence V(G). By
Claim [1| we have W,, = {w}, so T, includes the interior of an auxiliary-edge e
from X,, to w and é C T witnesses w € T. o

Thus 7 is ‘spanning’. Next, we show that 7T is arc-connected:

Claim 3. For every i < j there exists an arc from u; to u; in T.

Proof of the Claim. For every n > j there exists a unique path P, C T,, from
u; to uj. Let A, be an arc traversing P, (i.e. formally A, is the 1-complex of
the graph P,). For every n > j we define f,,: A, — A,_1 as follows: If £ € A,
is a point of P,, which is also a point of P,_; we put f, () := &. Else if £ is not
a point of P,_1, then ¢ formally is one of the following:

(i) the singleton {u,—1} C X, \ Xp—1;

(ii) an inner edge point of an auxiliary edge from u,_; to an arc-component

of Kp—1;
(iii) an arc-component of K,,_1.

In either case we let f,, map ¢ to N,_1, which formally is a point of P,_;.
Note that f, 1(M,_1) is a connected subset of (the 1-complex of) P, and f,
is a continuous surjection. The arcs A, together with the maps f, form an
inverse sequence {A,, fn,N>;} whose inverse limit A := @An is an arc by
Theorem [2.2.9] We have to translate this arc into an auxiliary arc.

For this, we define ¢p: A — A as follows: Let any z = (x,|n > j) € A be
given. If there is some N > j such that x is an inner edge point, then we put
o(x) = zy. Else if there are some naturals N > j and ¢ such that xy = {us},
then we put ¢(z) = u,. Both cases are well defined by definition of the f,,. For
the final case suppose that z, is an auxiliary arc-component of A, for every
n > j. Then z, D z,41 holds for all n > j by definition of the bonding maps
and we set ¢(x) = w for the end w of G with (-, x, = {w} which exists by
Lemma [6.5.6] This completes the definition of .

Let 0: T — A witness that A is an arc. In order to show that A’ := im(p)
is an arc it suffices to show that ¢ := poo: I — A’ is a continuous injection
since I is compact and A’ C G is Hausdorff. Clearly, 1 is injective. Since o is
continuous, it suffices to show that ¢ is continuous. For this, let z = (z,, | n > j)
be any point of A and let O be any basic open neighbourhood of ¢(z) in 2AG.

If there exists some N > j such that zy is not an arc-component of Ay,
then O easily translates into an open neighbourhood W of zx in Ay. Letting
W, = A, for all n > j with n % N and Wy := W results in the desired open
neighbourhood ANT]J W,, of x.

n=j

nzj
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Otherwise for every n > j the point ,, is an arc-component of A,,, and ¢(z)
is an end w of G by construction. In particular, O is of the form éE(X ,w) for
some X € X. Let N > j be big enough that X N A C Xy. Then Lemma [6.2.3
implies xny C éE(X,w). Recall that xzy is a vertex of the path Py. Due to
N > j > i there exist two distinct auxiliary edges e and e’ such that eU{zy}Ué’
is a homeomorphic copy of (0,1) in Ay. Clearly, this set includes an open
neighbourhood W of 2 in Ay such that W — {zx} C €.(X,w) holds. In
particular, letting W,, := A,, for all n > j with n # N and Wy := W results in

an open neighbourhood AN anj W, of  which ¢ sends to O. o

Claim 4. If A is an arc in A which meets two distinct auziliary arc-components
of A, then A meets X,,.

Proof of the Claim. If not, then A also avoids X,, U E@(Xn,A). Hence there
exists a unique arc-component of A,, including A, a contradiction. o

Claim 5. For every n and every arc-component K of Ay: if A is an arc in A
meeting KC and A\ K, then A meets €(X,,, K).

Proof of the Claim. Let o: 1 — A be a parametrisation of A, without loss of
generality with 0(0) € K and 0(1) € A-K—€&(X,,,K). Since K is a closed subset
of AG by Lemmal6.5.1] there is a maximal A € I with o()\) € K. By Claim [4] we
know that o[[A, 1]] meets X, so since X, is finite there is some minimal g > A
with o(u) € X,. Again by Claim [4 and by choice of both A and p we know
that o[(\, p)] avoids A,. Hence o[(), p)] is a connected subset of (X,,,A).
In particular, there is an auxiliary edge e in (X, A) with é D o[(), u)], so
e = o[\, p]] follows. Write e = zy with z € A and y € X,,. Due to o(\) € K,
the only possibility for z and y is * = () and y = o(u). Therefore, we have
e € €(X,,K) as desired. o

Claim 6. For every end w of G in A there exists an arc from w to ug in T .

Proof of the Claim. We check two main cases.

For the first main case suppose that for every n the auxiliary arc-component
W, of A, containing w meets V(G) in some t,. Then we use Claim [3|to find
an auxiliary arc A4,, from wug to t, in T for every n. We have t, — w in 2AG:
Consider any basic open neighbourhood éfE(X,w) of win AG and let N € N
be big enough that X N A € Xy. Then Lemma yields Wy C éie(X, w)
which implies ¢,, € ée(X ,w) for all n > N. If Lemma yields an auxiliary
arc from ug to w included in {w} UJ, cy An € T then we are done. Otherwise
Lemma [6.4.1] yields some k& € N and a vertex u; on Ay which is the centre
of an infinite star of auxiliary arcs included in J, .y An and with leaves in
{tn|n € N}. But then Claim [5| applied to the infinitely many arcs from u to
the ¢, in that fan implies that Wy is a vertex of H, with infinite degree in Ty,
which is impossible (as argued at the end of the construction of the trees T,,).

For the second main case suppose that there is some N such that Wy avoids
V(G). Then Wy = {w} holds by Claim |1} so T includes the interior of some
auxiliary edge from some u € Xy to w. If u = uy we are done. Otherwise, by
Claim [3] there is an auxiliary arc from ug to w in T, which uw extends to an
auxiliary arc from wug to w in 7. o

Thus, 7 is arc-connected.
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Claim 7. T is acirclic.

Proof of the Claim. Suppose for a contradiction that 7 contains a circle C. By
Lemma we know that C traverses an auxiliary-edge, so in particular C
contains a vertex of G. Let N € N be minimal with uy € C. Then C' — uy
avoids Xn41. Let e be an auxiliary edge at uy which C' traverses, and let K
be the auxiliary arc-component of Ax4;1 containing the other endvertex of e
(which exists by choice of N). Now consider the arc A :=C —¢é C 7. Since 4
meets both Xy41 and K, Claim [5| together with the choice of N yields that A
traverses some e’ € E(uy, L) — {e}. But then we have eUé’ C Ty y1, i.e. Tt
has two parallel edges, contradicting the fact that Tv41 is a spanning tree of
HN+1 . <&

This completes the proof that 7 is an ATST of A. O

6.7 Tree-packing

A circle in £G is a homeomorphic copy of the unit circle. If H = (V', E’)
is a subgraph of G, then the closure of (V//~g) U E' in G where ~¢ is the
equivalence class used to obtain £G from £'G = G U Q' (cf. Section is
said to be a standard subspace of EG. Clearly, every circle in £G is a standard
subspace. A standard subspace of £G is said to be spanning if it includes EG\ E.
A topological spanning tree (TST) of £G is a uniquely arc-connected spanning
standard subspace of £G. These definitions are equivalent to those of Miraftab
[20, Chapter 5]@

Lemma 6.7.1 ([20, Lemma 22]). Suppose that G is a countable connected graph.
A standard subspace E of EG is arc-connected if and only if = contains an edge
from every finite cut of G of which it meets both sides (taken in EG).

Lemma 6.7.2. Suppose that G is a countable connected graph. If for every
finite partition of V(Q), into € sets say, G has at least k(¢ —1) cross-edges, then
EG has k edge-disjoint arc-connected spanning standard subspaces.

Proof. This easily follows from mimicking the proof of [7, Lemma 8.5.8] where
we replace

(i) the G, by the G.F from the inverse system {G.F, fp' r,£},
(ii) [7 Lemma 8.5.5] by Lemma [6.7.1]
(iii) |7, Lemma 8.1.2] by Lemma [2.2.4
and finally use Lemmafor @(G.F |F e = )G ~EG. O

The following Lemma can be proved analogously to [7, Lemma 8.5.9] (with
[7, Lemma 8.5.5] replaced by Lemma in the proof):

Lemma 6.7.3 (L). Suppose that G is a countable connected graph. Then every
connected spanning standard subspace of EG includes a TST of EG. O

35Note that Miraftab writes (G, ITop) for (G, EToP).
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Theorem 6.7.4. Let G be a countable connected gmphﬁ Then the following
are equivalent for all k € N:

(i) G has k external ATSTs which are edge-disjoint on E(G).
(ii) G has at least k(|P| — 1) edges across any finite vertex partition P.

Proof. (i)—(ii). Using Lemma this holds by the same argumentation as
in the proof of [7, Theorem 8.5.7]. . B

(ii)—(i). For this proof we treat EG ~ U¥G as EG = JG (recall Theo-
rem . Applying Lemmas and yields k edge-disjoint TSTs
Ti,..., Tk of EG. Let A be the set of all non-singleton auxiliary arc-components
of AG. For every A € A we apply Theorem to find an ATST T4 of A,
and for each i € [k] we set

~ ——AG
T=E(T) vl T
AcA

Then every 7; is acirclic: Assume not for a contradiction, witnessed by some
circle C' C 7;

If E(C') avoids all finite cuts of G, then C' being connected together with
Lemma, G_LLéll yields C' C T4 for some A € A, which is impossible.

Otherwise E(C) meets some finite cut F' of G in some edge e. Then A :=
C —éis an arc in 7, — é. By Lemmawe know that (A\ )/~ satisfies the
premise of Lemma so T; — é is still connected which is impossible. Thus
7T; is acirclic.

Furthermore, every 7; is arc-connected: For this, let any two distinct points
x and y of AG be given (without loss of generality none of x and y is in F(&)).
If x ~ y, then by Theorem there is some A € A containing = and y, so
we find an arc from z to y in T4 and hence in 7:. Otherwise z 4 y holds, and
we let A be an arc in 7; from [z]. to [y]~. Then Lemma lifts A to an arc
from x to y in 7. O

Corollary 6.7.5. Every countable connected graph has an ATST. O

6.8 Outlook: limit thin sums

While we managed to construct auxiliary arcs without imposing any cardinality
bounds on G, we proved tree-packing only for countable connected G. On the
one hand, this is needed for the Arc Lifting Lemma to work. But on the
other hand we used it to obtain ATSTs of auxiliary arc-components of 2G, and
we would like to know whether these exist for arbitrary G, too. Also, we would
like to know whether there is a connection to dendrites.

There exist various obstructions to naive generalisations of thins sums of
circles. For example, if G is just a dominated ray embedded into the plane, and
if our thin family consists of all the (inner) facial cycles of G, then their sum
should yield the ray plus the sole auxiliary edge since the ray itself is an NST
and hence induces an ATST. Hence we could modify the definition of a thin sum
in that we also add certain auxiliary edges. For example, if G has no ultrafilter

36 Multigraph should not be a problem.
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tangles, and if (C; |4 € I) is a thin family of circuits, then a candidate for such
a thin sum could be

S Ci+ {uw € €(Q) ‘w e(Ua)nEsw \ (> ¢:) ﬂE@(u)}.

i€l icl icl

On the other hand, investigation of AG from the next section should be priori-
tised.
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Part 11
Partial results

7 A tangle Hausdorff compactification

The introduction of Chapter [f] motivated the auxiliary space AG after motivat-
ing the Hausdorff compactification AG. Hence in this chapter, we immediately
begin with the formal construction of AG.

7.1 Construction

Recall section E[ For every X € X and C C Cx put
A(X,C) = 09 (X,C) \ E,
and for each P € Px put
P={A(X,C)|C e P}.

Furthermore, for every (X, P) € I' we denote by p(X, P) the finite partition of
V UU induced by P and the singleton subsets of X. Let G be the graph on
V UU with edge set

EG)U{uv|ve T,ue X,} U{uw|w € Qu € Alw)}.

The edges in E(G) \ E(G) are the limit edges. For every v = (X, P) € T we let
G/p(X, P) be the multigraph on p(X, P) whose edges are precisely the cross-
edges of p(X, P) with respect to G. Vertices of G/p(X, P) that are singleton
subsets {z} of X we consider to be vertices of G and refer to them as z; the other
vertices of G /D(X, P) are its dummy vertices. Now we let CAT’A, be the topological
space obtained from the ground set of the 1-complex of G /P(X, P) by endowing
it with the topology generated by the following basis:

For every x € X and e € (0,1] we choose Op(z,€). For every inner edge
point of an edge that is an edge of G we choose the usual open neighbourhoods.
For every dummy vertex d = A(X,C) of G/p(X, P) and every e > 0 we choose
as open the set

{d} U U {t[0,€)z |z € X and xt € Ex(X,d)}.

If i is an inner edge point of an edge e € E(@) \ E(G) with e = zv, i.e. there is
some C € P and some v € Oy (X,C) with e = zv, then for every 0 < e < § <1
with i € x(e,0)v and every finite F' C Ex(X,d) — {e} we declare as open the
set

J{z(e.6)¢ |2 € X and 2¢ € E4(X,d) \ F},

also see Fig.
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Figure 14: A basic open neighbourhood of an inner limit edge point.

Lemma 7.1.1. (A;',Y is a compact Hausdorff topological space for every v € T'.

For every v = (X,P) < (X',P") = 4/ € T we define a bonding map
fv’m/: év’ — év which sends the vertices of Gv’ to the vertices of CAT'A, including
them; which is the identity on the edges of G’y that are also edges of CA}’,Y; and
which sends any other edge of G/ to the dummy vertex of G, that contains
both its endvertices in CAY'W/.

Lemma 7.1.2. The f%,y are continuous.

By Lemmas [7.1.1] and [2:23] the inverse limit
AG = lm(G, [y €T)

is compact Hausdorff.

7.2 Outlook

Call a continuum T TST-like if for every two distinct points a and b of T
the set &7(a,b) endowed with the subspace topology is a subcontinuum of
T. Recall that, by Theorem m the space &7 (a,b) is linearly ordered by its
separation ordering, and by Theorem the subspace topology on &1 (a,b)
coincides with its order topology. If H = (V', E’) is a subgraph of ¢ where each
v e V'\ V(G) is incident with a limit edge in E’, then we write H = V' U E’
for its closure in AG and call this closure a standard subspace. If G is any graph
and Z is a standard subspace of AG with V(G) C E, then we say that Z is
spanning. A TST of AG is a spanning standard subspace of AG that is also a
TST-like subcontinuum of AG. A circle C' of AG is a subcontinuum of AG such
that C'— {a,b} is disconnected for every two distinct points a and b of Cﬂ

Conjecture 7.2.1. If G is any graph, then AG admits a TST.

Idea. By transfinite usage of Theorem we can find a subcontinuum Z’ of
AG such that

(i) AG\ E(G) C Z.

37We should not need the additional requirement that C' — {a} be connected: an arc minus
its two endpoints is still connected, and hence not a circle. Also see the claim of [26, Theorem
28.14].
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(ii) For every edge e of G the space &' — é is disconnected.

Finally, use Theorem to find a subcontinuum = of Z’ which is irreducible
about V(G). It remains to show that = is a TST-like standard subspace of
AG. (If E is not standard, a transfinite approach should work instead of Theo-
rem [2.4.7] but here we have to remove open neighbourhoods of inner edge points
of limit edges with e =0 and § = 1.) O
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8 ETop and the maximal Hausdorff quotient

8.1 Introduction

Since for connected graphs G the quotient 9G = 9@ /~ is a Hausdorff quotient of
YG with 9G ~ £G by Theorem one might ask whether it is the maximal
Hausdorff quotient of ¥G. In this chapter, we study for which graphs G the
space 9@ is the maximal Hausdorff quotient of the tangle compactification. In
order to keep things to the point, we introduce some notation first: Recall that
the relation { is defined on ¥G \ E by letting 2 j y whenever there exist no two
disjoint open neighbourhoods of z and y in ¥G, and {-+() denotes the transitive
closure of {j. Since (- is an equivalence relation, we write JG for the quotient
space YG/()-(. The equivalence relation & on ¥G satisfying 9G /& = H(IG) is
given by Theorem [2.4.16] Due to Corollary the minimality of & and the
definition of {--() we have

Lemma 8.1.1. (C{--0CNC~ holds for every graph G. O

Now we are ready to start: Of course, the first question that comes to mind,
is whether there even exist graphs for which 9@ is not the maximal Hausdorff
quotient, i.e. for which & is a proper subset of ~. Surprisingly, a long known
example graph positively answers this question:

Figure 15: A graph with (--(=~C~ from [II] Fig. 6]

The graph G from [II, Fig. 6], also pictured in Fig. here, originally
served as an example of a non-finitely separable graph on which the relation
used to obtain ITOP as a quotient of VTOP is an equivalence relation (i.e. for
which ITop is well-defined even though G is not finitely separable) and which
has no topological spanning tree with respect to ITopP. Even more strikingly,
in IToP this graph admits an edgeless Hamilton circle (which witnesses the
absence of topological spanning trees, see [I1, Proposition 3.4 and Corollary
3.5] for details). In this graph, ~ identifies every two points of V U Q, whereas
ITopP identified every vertex with the two ends it dominates. Unsurprisingly,
(-0 identifies the same points as ITop did:

Clearly, it suffices to show that this graph has no ultrafilter tangles. For
this, consider any X € X. Then Cx is finite: Indeed, let X’ be the union of
{z} and the first n levels of the underlying binary tree of G, where n € N is big
enough that X is included in X’. Now Cx- is easily seen to be finite, and so
Cx must be finite. Hence every Cx is finite, so G has no ultrafilter tangles as
claimed.
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By arguments similar to an exercise from the lectures, it follows that IG is
Hausdorff (we shifted the proof to the end of the introduction):

Lemma 8.1.2 (L). There is a connected graph with (--(=RC~.

Furthermore, the edgeless Hamilton circle from ITOP also is one in 9G, so
UG has no TST either. All in all, this graph shows a sufficiently rich structure
of finite vertex separators branching in a binary tree like way (the separators
of the form [u]r with u a vertex of the NST T of G given by the underlying
binary tree plus the edge zf)) can force &C~ even though the graph does not
have a single finite cut.

So ~ and & in general do not coincide. As a K x, shows, () in general is not
transitive, but maybe (--() coincides with & for every graph? An easy example
shows that this is not the case:

() Uy U us Ug

Figure 16: A graph with (--(CR=~.

If w is an undominated end of an arbitrary graph, then clearly [w]j...; = {w}
holds. The graph G pictured above shows that [w];...; C [w]~ is possible: Indeed,
W]~ = {un|n € N} U {w} holds while ~ and {--() agree on the vertex set of
G. Thus 9G turns this graph into hawaiian earrings and UG does the same
except for w which does not get identified with any other point. Taking a closer
look reveals that [ugly...; = {un|n € N} is not closed in DG, witnessed by
Wlg..; = {w}, so JG is not even T; by Lemma m Meanwhile, & and ~
coincide.

So if the (j--(-classes in general are not closed, then perhaps taking their clo-
sures might suffice? If (by abuse of notation) we define W to be the relation
on ¥G with z (-0 y whenever there is some {)--(-class whose closure in 9G con-
tains both x and y, then the following example shows that neither of W and
its transitive closure do suffice:
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Wwo w1 wo

Ug to Uy t Uz to W

Figure 17: A graph with trel( (- ) CR=~.

Indeed, if G is the graph pictured in Fig. then the m is not an equiva-
lence relation: For every double ray of heavy edges, its vertices of infinite degree
(in Q) form a (--(-class, and these are the only non-trivial (j--(-classes, so ev-
ery end w, with n > 0 lies in the closure of two distinct ()--(-classes. Thus, the
only non-trivial equivalence class of the transitive closure of (- consist of all
vertices of G of infinite degree together with all ends w,, (n € N). Since the end
w is excluded from this class, the quotient ¥G/ trcl(ﬁ) fails to be Tj.

As described in the preliminaries of Theorem[2:4.17] it is possible to obtain &
from (--() via a transfinite construction. The graph from Fig. can also be used
to show that there exists no ordinal a < w such that h*(VG) = H(JG) holds
for every graph G (where h®(9G) is defined in Section [2.4). Indeed, assume for
a contradiction that there is such an a < w, and let G be the graph pictured in
Fig. Put Gy = G. For every n € N there is a subgraph H,, corresponding
to wy, just like the red subgraph of G corresponds to w;. To obtain the graph
G from G we replace the red subgraph H; of G with a copy of G where the
vertices x and y of the copy take over the roles of u; and t; of the original
G, respectively, and we do the same for every other n. Next we obtain Go
from G by replacing the H,, of each copy of G that was added in the previous
construction step in the same way. Proceeding inductively, we arrive at a graph
G o1 for which h*(¥(Ga+1)) is not Hausdorft, contradicting our assumption.

Now that all straightforward attempts starting ‘from below’ with (j---( failed
and the graph from Fig.[17]showed that a sufficiently rich structure can result in
NC~, we will try a different approach. Readers who attended a talk by Diestel
about the discovery of topological infinite graph theory already noticed that
every example graph from this introduction is based on a graph which occurred
in his talks. In these talk, the examples led to the definition of a circle and the
usage of arcs instead of (graph-)paths. So, perhaps some sort of special arcs
might describe the &-classes?
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\

Figure 18: A dominated ray and a Ks x,-

For the example graphs from Fig.[I§|this does not work: If G is the left graph,
then every arc (in 9G) from the sole end of G to its dominating vertex must
visit some vertex of finite degree. Similarly, every arc between the two vertices
of infinite degree of the right graph must visit some vertex of finite degree.
Furthermore, arc-constructions in graphs that are not locally finite face various
problems. But, what if we enrich ¥G with some auxiliary structure reflecting
our intuition? Let us have a second look at the example graphs discussed so
far, but this time we draw in auxiliary arcs (using grey):

S

Figure 19: A dominated ray and a Ks x, with auxiliary arcs.

>0 W
(n) Uy U U3 Uy

Figure 20: The graph from Fig. [16| with auxiliary arcs.
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«o w1 w2 w3

Figure 21: The graph from Fig. [17| with auxiliary arcs.

For the simple examples things look fine, and after choosing a more conve-
nient drawing, the edgeless Hamilton circle from Fig. [I5] can be visualised by an
auxiliary Hamilton circle:

000 111
00 11
001 110
0 1
010 101
01 10

011 10
0

Figure 22: The graph from Fig. (15| with auxiliary Hamilton circle.

We have already seen that for the graph G from Figures [I5] and 22] the
quotient UG is not the maximal Hausdorff quotient of ¥G. In fact, we shall see
later that auxiliary arc components describe precisely the ~-classes. But not all
is lost: The auxiliary Hamilton circle failing to describe the &-classes is wild,
while the auxiliary arcs from our other examples are all tame@ So perhaps we
can use this in order to characterise the graphs with £G = H(JG)?

I did not succeed in finding a combinatorial characterisation of the graphs G
satisfying £G = H(YG). However, as our main contribution we at least present

38Recall that an arc is called wild if it induces on some subset of its vertices the ordering
of the rationals, and tame otherwise.
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sufficient combinatorial conditions. In Section B.H we will discuss the main
difficulty prohibiting me from giving a combinatorial characterisation. Basically,
the difficulty lies in describing a limit property (here: wild and tame), which
excludes naive inverse limit approaches right from the start.

Before we continue, we give a proof of a fact we used earlier:

Proof of Lemma[8.1.3 Let G’ be the graph from Fig. and consider G :=
G’ — x for simplicity. Furthermore, let T be the underlying binary tree of G,
and note that it is an NST of G (with root §)). It suffices to verify that JG
is Hausdorff. Therefore, let x # y € 9¥G be given. We have to find disjoint
open neighbourhoods of z and y in Y9G which are (j--(-closed. Since the only
non-trivial j--(-classes are of the form {[u01%]q,u, [ul0¥]q} with u a vertex of
G, without loss of generality we may assume that xz and y are vertices of G.
Let (-): U, <, 2" — I map each 0-1 sequence (finite or infinite) to its naturally
corresponding value in I, and let ®: Q(G) — I map every end w to the image
of the binary sequence induced by RZ under the map (-). We check two cases:

First suppose that  and y are incomparable with respect to <7. Then we
define an open neighbourhood W, of z in ¥G by taking the union of Og(x,1/2)
with the following choices of sets: for every n > 1 choose

Og (0", 1/2) U Cyg ([20™] 7, [20"1%]0(q))
UOg(x1™, 1/2) U Cyc ([21™] 1, [#1"0%]o(c)) -

Similarly, we define W,. These clearly are disjoint and {--{-closed.

Now suppose that z and y are comparable with respect to <p with z <rp vy,
say. Without loss of generality suppose that the first digit of the 0-1 sequence
y after x is 1 (the other case follows by symmetry). Next, we pick some £ €
((y0«), (y01«)) \ Q and let R = ujug ... be some normal ray in 7' whose end in
G corresponds to &. In particular there are some N(z) < N(y) € N such that
T = Un(y) and y = un(y,). For every n > N(x) we define W' as follows: If
Up4+1 = upl we let

y)*

W = O (un, 1/2) U Coc ([un]r, [un0%]o(e))

and W} := ) otherwise. Similarly, for every n > N(y) we define W' as follows:
If upt1 = u, 0 we let

W; = OG(U”IH 1/2) U éﬂG (|—un-|T7 [unlw]Q(G’))
and W' := () otherwise. Furthermore, for every n > 0 we let M denote
O¢ (Z‘On, 1/2) U 019@ (|—$0n‘|T, [xonlw}Q(G))
and similarly for every n > 0 we let M} denote
Oc(y1™, 1/2) U Coe ([y1™]1, [¥1"0%]a(e))
Finally let
W, :=0ca(z,1/2)0 | wrul]Mmr

n>N(z) n>0
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for z € {x,y}. Clearly, W, and W, are open and disjoint. We show that W, is
(--(-closed (then W, will be (--(-closed by an analogue argument).

For this, we first show that if w is an end in W, dominated by a vertex u
then u is also in W,,. If w is in some M, then clearly u € W, holds. Otherwise
w is an end in some W]. If u € W then we are done, so suppose not. Due to
w € W2 the normal ray R’ = tgt1 . .. of w starts with u,,0 and v is in {ug, ..., un}
since T' is normal. Pick k¥ < n with u = ug. By u ¢ W) we have k < n. The
only two possibilities for R’ are u01% and ©10%, but the first case is impossible
due to k < n and choice of W, so we have R’ = u10%. Since the sequence u,,
is an initial segment of R’ this yields u = uy € WP as desired. Thus we have
AW, NQG)] € W, as claimed.

Second, we show that if u is a vertex in W, dominating an end w then w is
also in W,. Since u and RL represent the same rational and by the construction
of W, it suffices to show that the ends in W, correspond to ((x0%),&), i.e. that

W, NQG)] = ((20%), ).

Since “C” is clear we show “D”. Given any A € ((x0¥),€) pick w € Q(G)
with ®(w) = X and let N be maximal with uy € RL. Then A\ < ¢ implies
uny1 = uyl. If N = N(z) then w € M for some n > 1 due to A > (z0%).
Otherwise N > N(x) and w € W holds.

Since the only non-trivial (j--(-classes are of the form {[u01%]q,u, [ul0]q}
it follows from the two claims above that W, is (--(-closed. O

8.2 A first sufficient combinatorial condition

Call a graph G simply-branching if ~ and {--() agree on V2. This is a combina-
torial definition since Corollary combinatorially describes {-( on V2.

Example 8.2.1. The graph pictured in Fig. 18 simply-branching, while the
graphs from Figs.[17 and [15 are not.

Proposition 8.2.2. Let G be a simply-branching graph with finitely many com-
ponents. Then 9G = H(VG).

Proof. We show ~=&. Recall that JG is Hausdorff by Corollary so AC~
holds by minimality of &. Assume for a contradiction that &C~ holds, and pick
any two distinct points p,q € 9G witnessing this, i.e. with p ~ ¢ and p % q.
Since (- and ~ agree on V2, either {p, ¢} meets V and U, or both p and ¢ are
in Y. We thus check two main cases:

For the first main case suppose p € V and ¢ € U, say. Write u = p and
v = q. We check two subcases:

First suppose v € T and pick any ¢ € X, which exists since G has only
finitely many components. Thus ¢ & v holds by Lemma [3.2.1] and furthermore
u ~ t implies u {--+( t. In particular u & t, so u & v is a contradiction.

For the second subcase suppose v € 2 and write w = v. If w is dominated by
any vertex x then clearly u ~ = as well as & w, yielding u & w, a contradiction.
So we may assume that w is undominated. By Lemma [2.4.1] it suffices to show
that w lies in the closure of [u]zy in YG to yield w € [u]gy. Applying Lemma
to the undominated end w of G yields a sequence Xy, X1,... of non-empty
elements of X’ such that for all n € N the component C'(X,,,w) includes both

105



X,11 and C(X,;1,w). Furthermore, the collection {Cyc(X,,w)|n € N} is a
countable neighbourhood basis of w in ¥G. Since w is undominated, we may
assume that v is not in XqUC'(Xy,w). By Lemmawe know that every X,
meets [u]~ in some vertex t,, so in particular every X,, meets [u]zy since t, ~ u
implies ¢, & u by assumption. Thus every Cya(X,,w) meets [u]py as desired,
resulting in w € [u]gy, a contradiction. This completes the second subcase and
the first main case.

Now suppose both p and ¢ are in i and write v1 = p,vs = q. We will check
two subcases:

First suppose v; € T and ve € €, say. As before, pick t; € X, and note
t1 & vy as well as t; ~ vo. Hence t; & vq, since otherwise v; & vs is a
contradiction. But then we derive a contradiction for ¢t; and v from the second
subcase of the first main case.

For the second subcase suppose both v; are in €. Since v, ~ vg there is some
vertex u € [v1]~ by Lemma Then v1 & u & v9 by the second subcase of
the first main case, a contradiction. O

8.3 Auxiliary arcs and the maximal Hausdorff quotient

An arc is called wild if it induces on some subset of ANV/(G) the ordering of the
rationals, and tame otherwise. Let fo be a function with domain ¥G \ E that
is the identity on V' U and which assigns some element of X, to v for every
v € T. We define the equivalence relation & on Y9G\ F by letting « & y whenever
there is some tame auxiliary arc from fo(z) to fo(y) or fou(x) = fg(y)ﬁ By
Theorem the equivalence relation & is well defined.

Next, we introduce a definition which helps us in that it describes ‘good’
open subsets of AG. Suppose that R is an equivalence relation on 2AG \ F(®).
An open subset O of AG which is closed under R is called R-standard if it
satisfies the following three conditions for every edge e of &:

(i) If O contains both endvertices of e, then also ¢ C O.
(ii) If O contains exactly one endvertex of e, say z, then O Ne = [z, m(e)).
(iii) If O avoids both endvertices of e, then O also avoids é.

Every open subset O of JG which is &-closed induces an & N (V U Q)%
standard subset O of AG, where O is the union of the following choice of sets:

For every u € O NV(G) choose Og(u,1/2).

For every w € ONQ(G) let €.(X,w) be a basic open neighbourhood included
in O, and choose é:l/z(X, w).

For every edge e of G we check three cases: If both endvertices of e are in
O, then we choose é. Else if precisely one endvertex of e is in O, say z, then we
choose [z, m(e)). Otherwise no endvertex of e is in O and we choose the empty
set.

For every auxiliary edge e with one endvertex in O we know that both
endvertices must be in O, and hence we choose é.

This completes the definition of O.

390ne special case which led to this definition is the following: If v € Y is such that
X, = {t} then our definition must ensure t & v.
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Observation 8.3.1. If O is an open subset of 9G which is R-closed, then
O\ E(G) =0\ E(&).

If O1_and Oy are two disjoint open subsets of 9G which are N-closed, then 0,
and Oy are disjoint.

Lemma 8.3.2. Let x and y be two vertices of G with x & y and let A be an
auziliary arc from x to y. Then there is a vertex u € V(G) N A distinct from x
and y with r & u ¥ y.

Proof. Put R = &N (V UQ)2 By Observation we find two disjoint R-
standard neighbourhoods O(x) of x and O(y) of y in AG. Since A is connected
there is some point £ € A\ (O(x) UO(y)). In particular, x % £ % y holds.

If € is a vertex of G we are done.

Else if £ is an inner edge point of some edge e of &, then e must be an
auxiliary edge with endvertices a and b, say. In particular, one of a and b is
a vertex of G, say a. Since O(z) and O(y) are R-standard, £ ¢ O(x) U O(y)
implies that all of e avoids O(z) U O(y), so we are done with u = a.

Finally assume that £ is an end of G and write w = £. Next, let H be the
complete graph on {x, y,w}. For every edge e = ab of H we use Observation
to yield two disjoint R-standard neighbourhoods O.(a) of a and O.(b) of b in
2AG. Then we let O(a) be the intersection over all sets O, (a) where e is an edge
of H at a. By Lemma we find some auxiliary edge e’ of A together with
some j € ¢ NO(w). Then j is in both Oy, (w) and Oy, (w) by choice of O(w).
Since both of these are R-standard, both contain the endvertices of €/, and so
does O(w). Then one of the endvertices of €’ is a vertex of G in AN O(w), and
this vertex can take on the role of u by choice of O(w). O

Corollary 8.3.3. Let x and y be two distinct vertices of a graph G with © & y.
Then every auxiliary arc from x to y is wild.

Proof. By Lemma [8.3.2 between every two distinct vertices a and b of G on A
with a & b there is a vertex u of G on A with a & u 8 b. Iterating this lemma,
starting with @ = x and b = y, yields a subset of ANV (G) on which A induces
the ordering of the rationals. O

Lemma 8.3.4. For every graph G we have SC& on V(G)?.

Proof. Assume not for a contradiction, witnessed by two distinct vertices z and
y, i.e. with z & y and = % y. Pick a tame auxiliary arc A from z to y witnessing
z & y. Then the existence of A contradicts Corollary [8.3.3]

O

Lemma 8.3.5. If G is a graph such that every auziliary arc is tame, then NCX
holds on V(G)?.

Proof. Suppose that two distinct vertices  and y of G are given with z & y.
Then x ~ y holds by Lemma Using Theorem we find an auxiliary
arc from z to y, which is tame by assumption, so we have = X y. O

Lemma 8.3.6. Let G be a graph with finitely many components such that every
auxiliary arc is tame. Then B=X=~ holds.

Proof. By Lemmas & together with Theorem we know that
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(%) The three equivalence relations &, & and ~ agree on V(G)2.

We show “NC~CXCR.

“NC~". This follows from Corollary and minimality of &.

“~CR". Let p,q € 9G \ F be given with p ~ q. We check several cases:

If both p and ¢ are in V(G) U Q(G), then we are done by Theorem
combined with the assumption that all auxiliary arcs are tame.

Next, suppose that p is a vertex of G and ¢ is an ultrafilter tangle, and write
u = pand v = ¢. Then we pick some ¢ € X,. Recall that v §§ ¢ holds by
Lemma [3.2.1] so “¥C~”" implies v ~ t. In particular, u ~ v ~ t holds, which
implies u ~ ¢, and hence u & t by (x). By definition of &, this yields u & v.

Now suppose that p is an ultrafilter tangle and ¢ is an end of G, and write
v =pand w = ¢q. Pickt € X,, and note that ¢ ~ v holds as before. Furthermore,
v ~ w implies t ~ w. Hence t & w follows by a previous case. Together with
v & t this yields v & w.

Finally suppose both p and ¢ are ends of G and write w = p and W' = q.
By Lemma there is some vertex u of G in [w]~. Then w ~ u ~ w’ implies
w =~ u R W by a previous case, and therefore w & w’.

“SCR. Let p,q € Y9G\ E be given with p & ¢ and let A be some tame
auxiliary arc from fy(p) to fa(q). By (), not both p and ¢ are vertices of G.
We check several cases:

First, suppose that p is a vertex of G and ¢ is an ultrafilter tangle, and write
u = p and v = ¢g. Furthermore, write ¢t = fy(v) and recall that ¢ is a vertex
in X,,. In particular, we have u = ¢, which implies u & ¢t by (x). Furthermore,
t & v holds by Lemma Together with u & ¢, this yields u & v.

Next, suppose that p is a vertex of G and ¢ is an end of GG, and write u = p
and w = ¢q. Assume for a contradiction that v & w holds, witnessed by some
disjoint open neighbourhoods O(u) of u and O(w) of w in VG, respectively, which
are both &-closed. By Lemmal6.2.5|there is some auxiliary edge e whose interior
meets O(w) and which A traverses. In particular, since O(w) is & N(G U Q)%
standard, we know that the whole edge e is included in O(w). Let t be an
endvertex of e which is also a vertex of G. Then u % ¢ holds, but also u & ¢
witnessed by a tame auxiliary arc A’ C A. This contradicts (x), so u & w must
hold as desired.

Now suppose that p is an ultrafilter tangle of G and ¢ is an end of G, and
write v = p and w = q. Pick t € X, and note ¢t & v as well as t & w due to
t < v < w. Hence t & w holds by the previous case. Together with v & ¢ this
yields v & w.

Finally, suppose that both p and ¢ are ends of GG, and write w = p and
w’ = q. Pick some X € X witnessing w # w’. Then A meets X in some vertex
u of G due to Observation Then w & v & w' implies w & u & ' by an
earlier case, and hence w & w’ follows. O

8.4 A second sufficient combinatorial condition

Lemma 8.4.1. If G is a connected graph such that for every x € UG the graph
G has a normal spanning tree T(x) whose subtree |J,c,n0 RE™) contains no
subdivision of the (infinite) binary tree, then all auziliary arcs (in AG) are

tame.
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Proof. Let A be any auxiliary arc, and assume for a contradiction that it is wild,
witnessed by some infinite set Vg C A of vertices of G on which it induces the
ordering of the rationals. By Lemma we know that there is some unique
z € 9G with A\ E(6) C z. For every w € N Q write R,, = RE®™) and put
T = U, ezna Rw, taking as root for T' the root of T'(x). By [7, Proposition 8.6.1]
the rooted tree T is recursively prunable, so we may assume that every vertex
of T receives an ordinal label by some fixed recursive pruning of T'. For every
w € zNQ let a(w) be the minimal ordinal label of the vertices of R,,.

Claim 1. Ift € V(Ry) receives label a(w), then tR, = |t|r, ,, holds.

Proof. Every vertex u of tR, receives label a(w) by minimality of a(w), so
tR, C |[t|r,, holds. Since tR, ¢ [t|r,, would contradict the fact that
[t]7,., is a chain in T}, equality must hold as claimed. o

Now choose some homeomorphism o: I — A and write Ig = 0~ ![Vg]. Next,
pick two points A= < AT in Iy and let A denote the set of all accumulation
points of Iy in the open interval (A\~, A™). Since Iy is discrete in I we know that
A avoids Ip and ¢ maps A into the end space of G.

Claim 2. FEvery point of A is an accumulation point of A.

Proof. Given any A € A pick a sequence (A, )nen in Ip with A, — A, and without
loss of generality suppose that A, < A,41 < A holds for all n € N. Given an
arbitrary € > 0 pick N € N big enough that |\ — \,| < € and A, € (A7, AT)
hold for all n > N. Using that A induces the ordering of the rationals on Vg
(and hence on Ip) it is easy to find some p € (Ay, An+1) N A. By choice of N
we have |\ — p] <e. o

In order to yield a contradiction, we inductively construct a sequence (wp, )nen
(where the w,, are ends, not ordinals) in A together with a sequence (¢, )nen of
vertices of T" such that for all n € N we have

(i) ty is a vertex of R, ,
(ii) ¢, receives label a(wy,),

(iil) a(wnt1) < a(wy).

This suffices, since then by (iii) we have a strictly decreasing sequence (a(wy,))nen
of ordinals, which is impossible.

We start the construction by picking an arbitrary wy € o[A] together with
some vertex to of R, receiving label a(wp). Now suppose that we are at step
n > 0 of the construction, and ¢, and wy got constructed for k& < n. Using
Claim |2 we find some w,, in o[A] N é:( [tn—1]T,wn—1) other than w,_1. Let u
be the maximal vertex of R, N R, , with respect to the natural ordering
<7 on T induced by its root. Since T'(x) is an NST and [u]r = [u]p@
holds, we know that [u]7 witnesses w,, # w,_1. By (i) we have t,,_1 € R, _,,
s0 u >t t,_1 holds since otherwise u <r t,_1 contradicts C([t,—1]T,wn) =
C([tn-1]T,wn—1). By Claim [} we find some vertex t, of R, \ R,,_, with
t, > u such that ¢, receives label a(w,). In particular, v >r ¢,_; implies
tn, >7 tn—1. Also recall that t,,_q receives label a(w,—1) by (ii). Together with
t, ¢ R, , and Claim applied to ¢,,—1 and w,,_1, the only possibility for a(w,,)
is a(wy) < a(wp—1). Thus (i)—(iii) hold for n. O
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Proposition 8.4.2. If G is a connected graph such that for every x € 9G the

graph G has an NST T'(x) whose subtree |, c,nq RE™) contains no subdivision
of the (infinite) binary tree, then EG is the mazimal Hausdorff quotient of VG.

Proof. By Lemma all auxiliary arcs (in 21G) are tame, so & and ~ coincide
by Lemma Furthermore, 9G ~ £G holds by Theorem [3.4.14] O

Proposition [8:4.2] is not best possible:

Lemma 8.4.3. There exists a connected graph G all whose auxiliary arcs are
tame and which has an NST, but which does not satisfy the premise of Theo-

rem [87.2

Proof. Let G be obtained from the infinite binary tree with root r by adding an
edge from r to every other vertex. Then T is empty by the same argument we
used on the graph from Fig. and ~ only identifies all ends of G with r (since
r is the only vertex of infinite degree). Hence ~=(--( implies 3G = H(VG)
by Lemma Now Lemma together with the fact that the auxiliary
edges form a star in & (with center r and the ends of G as leaves) yields that
every auxiliary arc traverses the closure of either one or two auxiliary edges,
and hence must be tame. O

8.5 Outlook

Of course, we would like to know whether & and X coincide for all G. Further-
more, if z and y are two vertices of G and every auxiliary arc between them is
wild, then the question arises whether there exists structures of the graph wit-
nessing that. One difficulty are the auxiliary edges between vertices and ends
which allow the auxiliary arcs to ‘jump’ in an NST.

Let (-): Upco 2" — I map each sequence to its naturally corresponding
value in I.

Conjecture 8.5.1. For every graph G and every two distinct vertices x and y
of G the following are equivalent:

(i)  ~y and every auziliary arc from x to y is wild.

(ii) There exists a countable subset W of §(G — xy) such that the following
hold:

(a) Ewvery (A,B) € W satisfiesx € A\ B andy € B\ A.
(b) The partial ordering < of §(G — xy) induces the ordering of the
rationals on W.

(c) There exists a bijection ¢: Ty — W satisfying p(a) < o(b) if and
only if (a) < (b). Let ¢: To — X map each vertex of the Ty to the
vertex separator of o(a). For every a € V(Ty) let n(a) € N be the
level of the Ty containing a, and let X, be the set of all vertices of
the first n(a) levels of the Ty minus a. Then for every a € V(T3) and
every auziliary arc A from x to y, the set $(a)\U,ecx, P(b) meets A.

(iil) z ¥ y.
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