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Abstract
Polat, N., Asymmetrization of infinite trees, Discrete Mathematics 95 (1991) 291-301.

An asymmetrizing set of a tree T 1s a set A of vertices of T such that the identity is the only
automorphism of T which stabilizes A. The asymmerrizing number of T 1s the cardinahity of the
set of orbits of asymmetnzing sets of 7. We complete the results of Polat and Sabidussi (1991)
by characterizing the asymmetrizable trees containing a double ray, and by proving that the
asymmetnzing number of such a tree T (resp. of any tree T containing a ray but no double ray)
is the product of the asymmetrizing numbers of the components of T\T*, where T, 1s the
union of all double rays (resp. 1s some ray) of 7. We show that, if the asymmetnzing number of
a tree is infinite, then it is of the form 2* for some cardinal x. Besides, given two cardinals k
and A with x <A we present, on the one hand, a set of 2* non-isomorphic rayless trees of
cardinality A and asymmetrizing number 2%, and on the other hand, a set of 2* non-isomorphic
asymmetric (i.e. having no non-identity automorphism) rayless graphs of cardinality .

Introduction

Given a tree T, a set A of vertices of T 1s said to be asymmetrizing if the
identity is the only automorphism of 7 which stabilizes A. The asymmetrizing
number a(T) of T is the cardinality of the set of orbits of asymmetrizing sets of T.
In [3], also appearing in this volume, Polat and Sabidussi investigated the
asymmetrizing problem for trees, 1.e. to determine whether a tree has an
asymmetrizing set.

The case of rayless trees (trees without infinite path) and that of trees which
have no endpoints, i.e. which are the union of their double rays (two-way infinite
paths), were completely settled in this paper. In particular, it was shown that an
endpoint-free tree T i1s asymmetrizable, 1.e. has an asymmetrizing set, if and only
if its asymmetrizing number is 2'"!, and a very simple characterization of those
asymmetrizable trees was given.

In this paper we solve the general case of trees containing a ray by reducing this
case to that of rayless trees. We prove that the asymmetrizing number of a tree T
containing a ray but no double ray (resp. containing a double ray and which is
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asymmetrizable) is the product of the asymmetrizing numbers of the components
of the forest obtained by deleting the edges of some ray (resp. of the double rays)
of 7. Besides we get a characterization of the asymmetrizable trees containing a
double ray, quite similar to that of endpoint-free trees. These results (Theorems
3.1 and 3.5) complete in some way the study of the asymmetrization problem.
Moreover, as several theorems in graph theory, Theorem 3.5 turns out to be
‘self-refining’, i.e. it yields a result (Proposition 3.8) stronger than itself. Finally,
with this theorem and some new results about rayless trees (Section 3), we prove
that 1f the asymmetrizing number of a tree is infinite, then it is of the form 2* for
some cardinal k.

1. Notation and definitions

The terminology and notation will be for the most part that used in [3] with the
following differences.

1.1. Given a tree T, the core T, of T is defined as follows: if T is rayless, then
Ty =9, if T is one-ended, then T, is an arbitrary (but fixed) ray of T starting at a
vertex which must be chosen among the set of vertices fixed by any autmorphism
of T if this set is non-empty (this definition is slightly different from that in [3]); if
I’ has a double ray, then T, is the union of all double rays. If 7, # @, then, for
x € V(T,), we denote by T* the component of T\ T, containing x.

1.2, It G 1s a subgroup of AutT and A ¢V then the G-similarity class (i.e.,
G-orbit) of A is G[A]:={0A: 0 € G}. We shall say that A is a G-asymmetrizing
set of Tt G M Aut(T, A) consists of the identity alone. By &/;(T) we denote the
set of G-asymmetrizing sets of T. T'is G-asymmetrizable if it has a G-asymmetrizing
set. Note that Aut(7, V\A) = Aut(T, A) for any A c V. Hence the complement
of a G-asymmetrizing set is likewise G-asymmetrizing.

The G-asymmetrizing number of T, denoted by as(T), is the maximum
number of mutually non-G-similar G-asymmetrizing subsets of V. It is immediate
from the definitions that a5(T) <27,

[f G =AutT the reference to G will be omitted. Thus we will write similar,
asymmetrizing, $(7) and a(7) for G-similar, G-asymmetrizing, s{5(7T) and
a(T), respectively.

1.3. Given a rooted tree (7T, w) its awtomorphism group is Aut(T, w):=
{o€e Aut T: ow = w}, i.e., the stabilizer of {w}. If G is a subgroup of Aut T we
shall usually write G, for G N Aut(T, w). The case G =Aut T (hence G, =
Aut(7, w)) is particularly important. With this assumption we set the following
definitions and notations: two vertices or sets of vertices are similar in (T, w) if
they are G,-similar in T; AcV is an asymmetrizing set of (T, w) if it is a
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G, -asymmetrizing set of T; (T, w) is asymmetrizable if T is G, -asymmetrizable;
we denote A (T) and ag (T) by #,.(T) and a,,(T), respectively. Notice that, if
w is a fixed point of T, then Aut(T, w) = Aut T, hence a(T) = a.(T).

1.4. Let (T, w) be a rooted tree, G a subgroup of Aut(7, w), and x € V\{w}.
The G-mudltiplicity of x in (T, w), denoted by ms(x), is the number of vertices in
the G, -orbit of x which have the same lower neighbor as x. Clearly, G-similar
vertices have the same G-multiplicity. If G = Aut(T, w), we will write multiplicity
and m(x) for G-multiplicity and m(x), respectively.

2. Rayless trees

Proposition 2.1. Let (T, w) be a rayless rooted tree such that a,(T) is infinite.
Then a, (T)=2" for some cardinal k.

Proof. Suppose a, (T)+# 2 for any cardinal x. We will define by induction a
sequence (w,),=o of vertices of T such that w,,,eV(w,;T,) and a, (7,) 1s
infinite and # 2* for any cardinal k.

Let w,:=w. Suppose that w, is defined for some n = 0. Since a,, (7., ) is infinite
and # 2" for any k, there is, by [3, Theorem 2.3], a neighbor x of w,, 1n T, such
that a,(T,) is infinite and # 2" for any k. Set w,,,: =K.

(wy, Wy, ...y is then a ray of 7, a contradiction since T is rayless. Thus
a,(T)=2" for some cardinal k.

Corollary 2.2. Let T be a rayless tree such that a(T) is infinite. Then a(T)= 2" for
some cardinal k.

Proof. T has a fixed vertex or a fixed edge, since it is rayless (see [4]). Then let w
be a fixed vertex of T if there is some, or an endpoint of its fixed edge otherwise.
The result is then a consequence of 2.1 since a(T)=a,(T) by 1.3 and |3,
Proposition 2.5].

Lemma 2.3. For any infinite cardinal A there is a set N, of 2" non-isomorphic
rayless rooted trees (T, w) such that |T|= A and a,(T) =2.

Proof. In this proof, as well as in that of Proposition 2.4, we will use the
following operation. Given a family (7;, w;);., of rooted trees, we define the sum
of this family as the rooted tree (7, w) obtained by forming the disjoint union of
the trees (T, w;), and joining each w; to a new vertex w. Note that the sum of any
family of rayless trees is rayless.

We first recall Remark 3.4(i) of [3]): For any ordinal « there is a set M, of 2,
non-isomorphic rayless rooted trees (T, w) such that \|T| =2, and a,,(T) = 2.
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This lemma is then a simple extension of that remark with N, = M. when
A=3,. Suppose 3,<A<2,, and let M, ={(T;, w,):iel}. For Je(!) let
(7;, wy) be the sum of two copies of every (T;, w;) with j e J. Then, by Theorem
2.2, a,(T)=2. We may therefore take N,:={(T;, w;):J e ({)}, since clearly
IN;| = 2%

Proposition 2.4. For any infinite cardinals x and A, with k < A, there is a set of 2*
non-isomorphic rayless trees T such that |T| = A and a(T) =2*

Proof. (a) We will first prove that, for any infinite cardinal k there is a rayless
tree 7, such that |7, | = x and a(T,) =2~

Dehne (7,,, w,,) as the sum of the family (P,, a,),,,,, where (P,, a,) is the path
of length n rooted at one of its endpoints. Let x = w. Suppose that (7, w;) 1s
defined for anyv cardinal A < k. Then:
* if x is a limit cardinal, (T, w, )} is the sum of the family (7}, w;),<1cx;
* if k=17, then (T, w,) is the sum of x copies of (T}, w,).

In each case, 7, is clearly rayless and of cardinality x. Furthermore,
a(T,)=a,(T,) since w, is a fixed point of 7,. We have then to prove that
a, (T,) = 2% The proof goes by induction on k, using in each case Theorem 2.3

of [3].

(=2 1T () 2 [T 270120

71 < (1} 0

It x 1s a limit ordinal >w, then

a,(T)=2 || a. (T)=2 [] 2*=2~

W=l K =A< K

If «x=A", then
a, (T.)=2a, (T)"=22%* =2

(b) Now let A=k, and let N, ={(T;, w;):iel} be the set defined in the
preceding lemma. Let iel, and denote by w, some vertex of 7T.. Now let
(Ti:), wiy) be the sum of (7, w,) with two copies of (T, w;). Then |T;| = A, and
by [3, Theorem 2.3] and the fact that the vertex wy, is a fixed point of Ty
a(T) =a,, (T;)=2" Since {I| = 2% the set {T.y: i €I} is then a solution to the
statement.

From the existence of asymmetrizing rayless trees with given cardinality and
asymmetrizing number, we can easily obtain a result about the existence of
asymmetric (i.e. having only the identity as automorphism, or equivalently such
that the empty set is asymmetrizing) rayless graphs of given cardinality.

Proposition 2.5. For any infinite cardinal x there is a set of 2* non-isomorphic
asymmetric rayless graphs of cardinality k.
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Proof. By Proposition 2.4 there i1s an asymmetrizing rayless tree T of cardinality
k and asymmetrizing number 2*. Let (A, )<~ be a family of pairwise nonsimilar
asymmetrnizing sets of T. Denote by C a cycle (w,, w;, wy, ws, w,) of length 5
with in addition the edge [w;, w;]. The identity is then the only automorphism of
C fixing w,. Now, for all a <2, let (CY),c, be a family of pairwise disjoint
graphs such that V(CINT) = {x} and (CZ, x) is isomorphic with (C, wy); and
finally let G, :=T U, 4, Cy. |

The graphs G, are rayless, and pairwise non-isomorphic since so are the
asymmetrizing sets A,. Besides the restriction of any automorphism ¢ of G, to
the set V(T) belongs to the stabilizer of A,, and then it is the identity since A, is
asymmetrizing; hence o =1 since o| V(CY) =1 for any vertex x of 7.

3. Trees containing a ray

Theorem 2.3 of [3] completely settles the case of finite trees (see [3, Algorithm
3.1]), and in a least obvious way that of rayless infinite trees. We will now reduce
the case of trees containing a ray to that of rayless trees. We will first improve
substantially Proposition 5.2 of [3], which was the only result concerning
one-ended trees without fixed point. Following what was done in [3],. the
vertex-set of a one-ended tree T will be endowed with the partial order defined by

x=y itand only if R, c R,

where, for a vertex x, R, denotes the unique ray of 7 which starts at x.

Theorem 3.1. Let T be a one-ended tree, and R = (w,, wy, .. .) a ray of T. Then

a.(T)= || a.(T),

n=(

where, for n=0, T, denotes the component T of T\R containing w,.
Furthermore, a(T) = a,,(T) if w, is a fixed point when T is not fixed-point free.

Proof. We introduce a few notations. For n = 0:

* T, is the subtree of T induced by the set of vertices =w,,:

¢ T, =T 1(x): x € UWH+I\GWH+1[WH]};

¢ To:=To=Ty;

* 5, =5,(T.), 5,:=5,(T,), sn:=5,(T)), and m,, := G, . [w.]l.

Notice that, since the ray R is fixed by any element of G,., if A is an
asymmetrizing set of (7, wp) then, for any n=0, ANV(T)e A, (T,); and
conversely any set {_J,.¢ A, with A, € &, (T,), n=0, is an asymmetrizing set of
(T, wy). Hence

a(T)<a,(T)=]] a..

n ={)

We are done if w, is a fixed point. Assume that T has no fixed point. We
distinguish three cases.
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Case 1: a,, =0 for some n = ).

a’, = 0 implies that there are p = n and an automorphism s such that s(w;) = w,
if and only if { = p. Hence a, =0, and

0<sa(T)<a,(T)=]] a,=0.
rn=0

Case 2: 0 <a, <w for every n = 0.

Then clearly 0 <a,, < for any n=0. Thus a,(T)=1l,-0a.=2", since any
positive asymmetrizing number is =2. Besides, for any n=0, q,(T)=
a' -, a #0, thus a(T)=2% by [3, Lemma 5.1]; hence a(T) = a,,[(T)=2".

Case 3. All a, are >0 and at least one of them is infinite.

Then there is a p such that a, is infinite for every n=p. Without loss of
generality we can suppose that a, is infinite for any n. We will prove that
a(T) =1l,-0a, We define by induction sets A, and B,, of cardinality ¢ ' and a,, of
pairwise nonsimilar asymmetrizing sets of (T, w,) and (T,, w,), respectively.

Since g, is infinite, there are two disjoint sets A, and B, of cardinality a, such
that their union is a set of pairwise nonsimilar asymmetrizing sets of (7;, wy).
Suppose that A, and B, are defined for some n = 0. Let C, be a set of cardinality
a’,, of pairwise nonsimilar asymmetrizing sets of (7,1, W, ).

If m,, =1 then a,,.,=a,,; let:

A, 1:={AUC:Ae€A,and Ce(C,},
Bn+l:=Cn'

L1

Assume now that m, > 1. Since a,, is infinite, a,,,=a, " a,,,. For every
x eG, [w,] denote by o, an element of G,  such that o.(w,)=x. Since
IA, | =a, is infinite and m, <a, by Remark 2.1(iii)) of [3], there 1s a family
(fe.n)e<am Of injections from G,  [w,] into A, such that their images are pairwise
disjoint. Finally let

D, :={U{o, o f: (x)xeG, [w.]} and & <a;"},
A,.:={CUD:CeC,and D eD,},
B,  ={ANV(T.,): A€A,..}.

In both cases A, ,, and B, ., are then sets of cardinality a,,, and a,,, of
pairwise nonsimilar asymmetrizing sets of (T,.y, w,,y) and (T, Wyi),
respectively.

lLet B:=\J .,B, where B,eB,, n=0. If 0e Aut(T, B), then oB,= B,
since, by the definitions of A, and B, for any n>0 and x € G, [wo], B, N V(T,)
is not similar with B,. Thus ow,=w,, and this implies that o fixes the ray R.
Hence oB, = B, for any n = 0. Therefore the restriction of o to V(T,) is the
identity, since B, is an asymmetrizing set of 7. Furthermore, by their defimitions,
two different such asymmetrizing sets are nonsimilar. Hence

a(T)=[] IB.| =[] a..

rn =) n=I()
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(c) Theretfore

a(T) = a,(T) =] a,.

n=0

And this completes the proof.

We get immediately the following.

Corollary 3.2, Let T be a one-ended tree without fixed point. Then a(T)=a,(T)
for any vertex w.

J.3. To get a similar result for trees containing a double ray, we have to extend in
a way some results of [3] about upward extendable trees. The next lemma is
obtained by relativization of different results of Section 4 of [3] to a particular
subgroup of automorphisms. Its proof, which is exactly the same as those given in
[3], with G instead of Aut 7T, is thus omitted. We recall that, for a rooted tree
(T, w), if G 1s a subgroup of Aut 7, then G, :=G N Aut(T, w).

Given a tree T we will denote by 4(T7T) the set of subgroups G of AutT
satisfying the following condition: if o € Aut T is such that ox belongs to the
G-orbit G{x] of x for every x € V, then o€ G.

Lemma 34. Let (T, w) be an upward extendable tree, and G € YT). The
following are equivalent:
(1) T is G,-asymmetrizable;
() T is G-asymmetrizable;
(iii) a,(T)=2"";
(iv) ag(T)=2"";
(v) mg(x) <2'™ for every x € V\{w}.

Theorem 3.5. Let T be a tree containing a double ray, such that (T*, x) is
asymmetrizable for every x € V(T,); and let we V(T,). The following are
equivalent:

(1) (T, w) is asymmetrizable;

(1) T is asymmetrizable;

(ii1) au(T) = Myevr ax(T5):

(v) a(T) =llicv(r,)a.(T");

(v) mx)<ll,cvr.n1)a,(T”) for every x e V(T,)\{w}.

Proof. (a) Let x € V(T,). The subtree T is rayless, and asymmetrizable by
hypothesis. Define the cardinal k, in the following way: If a (7”) is infinite, then
by Proposition 2.1 it 1s of the form 2* for some cardinal kx; put k,:=k. If,
otherwise, a,(T*) is finite, then put x, :=1.
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Define then the family (T°), ., (r , of pairwise disjoint trees such that, T®™ is
the tree reduced to the vertex x if k, =1, and is a regular tree of degree k, with
V(TN T,)={x}, otherwise. For any x € V(T,), |T®| =k, and a,(T™) = 2%
(by {1, 3.2] or by [3, 4.12] any regular tree T is asymmetrizable with a( T)=2"
moreover, this is a simple consequence of Lemma 3.4 with G = Aut 7, since
condition (v) is trivially satisfied).

Nowlet T":=T, U UL cv(r, T, Clearly (T"),=T",

IT'|= 2 k. and [(T"),|= 3k, foranyzxeV(Ty).
xeV(T,) yeV (T ,NT)

Finally let G:={oce AutT": o| V(T,) = ¢'| V(T,) for some ¢' € Aut T}y Gis
an element of ¥(T"’). Indeed, if an automorphism o of 7" is such that ox € G[x]
for every x € V(T'), then on the one hand, by the definition of G, V(T,) is
invariant with respect to o; and on the other hand, (7%, x) and (T, ox) are
isomorphic for any x € V(T,). Hence there is ¢’ € Aut T such that o] V(T,) =
o'| V(T,). |

(b) Notice that a,(T)<Il,cv(r )a.(T*). This is obvious since, for any x €
V(T,), the intersection of any asymmetrizing set of T with V(T*) i1s an
asymmetrizing set of (77, x). More generally

a(T)< |} a,(T") for every x e V(T,).
yeV(T ,NT;)
(c) If (7, w) is asymmetrizable then T’ is G-asymmetrizable:

Suppose that 7' is not G-asymmetrizable. Then, by 3.4(v), there is x ¢
V(T')\{w} such that

me (x)>2Tx =[] 2= [] a(T).

yeV(T NT,) yeV(T MNT,)

Thus x € V(T,) since T” is asymmetrizable for every y € V(T,). Hence

mx)=mg(x)> [l a(T)=a(T)
yeV(T,NT,)
by (b). Thus, by [3, Remark 2.1(iii)], (7, w) is not asymmetrizable.
(d) Also, if T* is G-asymmetrizable, then T is asymmetrizable with

a(T)=ag(T')y= [] a(T%):

xeV(T,)

We will associate with every x e V(T,) two sets R(x) and R'(x).

Case 1: k., #1.

Let R(x) (resp. R’(x)) be a set of one representative of each similarity class of
asymmetrizing sets of (T, x) (resp. (T, x)) which do not contain x. Since R’(x)
and R(x) have the same cardinality 2*, there is a bijection f. between these two
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sets. These bijections can be chosen so that, if x and y are similar in 7, then, for
any Ae R'(x) and B e R'(y), A and B are G-similar in T' if and only if f.(A) and
f,(B) are similar in 7.

Case 2: x, = 1.

Let R'(x) = {8}, and R(x) be the set having as single element an asymmetriz-

ing set of (7%, x) which does not contain x. And let f, be the bijection between
R'(x) and R(x). Let

A ={AeAdz(T"): AN(V(TNH\{x}) e R'(x) for any x € V(T,)}.

For any G-asymmetrizing set A of 7' there is obviously an A’ € o’ which is
G-similar with A. Hence as(7T') is equal to the cardinality of the set of
G -similarity classes of elements of &f’.

For any A € &’ define
A= ANV(T) UIU{LANV(TO\{x})): x e V(T,)}.

Let A, B € &' be such that B, = g[A,] for some o€ Aut T. Since T, is stable
with respect to Aut 7, we have BNV (T,)=0[ANV(T,)]. Let x e V(T,) and
y = ox. Then

£ (B V(TN {y}) = olf (AN (V(T)\{x}))],

thus, by the definition of f, and £, there is an automorphism a,, between (T, x)
and (T, y). Hence

g¥ = JI V(T*) U U{Ux,m:: X € V(T*)}

is an element of G such that B = g*[A].

Theretore, on the one hand, taking A=B, we get 0*=1 since A is
G-asymmetnzing. Thus o| V(T,)=0* V(T,)=1, and for any xe V(T,),
o| V(T*) =1 since A, N(V(T") is an asymmetrizing set of (T*, x). Hence o0 =1,
and A, 1s an asymmetrizing set of 7.

On the other hand, if A and B are non-G-similar elements of &', then A, and
By are nonsimilar asymmetrizing sets of 7. Thus

a(T)zag(T')=2""= || 2= [] a(T%)
xeV(T,) xeV{(T.,)
by 3.4 and (a), hence a(T) =1l,cv(r,ya.(T*) = ac(T") by (b).

(e) We can now prove the theorem. The implications (iv) = (ii) = (i) < (iii) are
obvious. (1)=> (ii)=> (iv) are consequences of (c¢) and (d). (iv)=>(iii) is a
consequence of (b) and of the inequality a(T) <4, (7). (iti) = (v) since, by [3,
Remark 2.1(iii)], if (T, w) is asymmetrizable, then by (b),

mx)<a (TH< |] a, (T”) forevery x e V(T,)\{w}.

yeV(T,N1,)
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Conversely assume that

mx)s || e (T”)=2"" for every x € V(T,)\{w}.

yeVv(Tr ,nr)
Since (T(y), y) is asymmetrizing for every y € V(T,), then mg(x) <27 for
every x € V(T,)\{w}. Hence, by Lemma 3.4, T’ is G-asymmetrizable. Therefore
T 1s asymmetnzable by (d). Thus (v) = (ii). And this completes the proof.

With this last result we are now able to prove the assertion announced at the
end of [3].

Corollary 3.6. If an asymmetrizable tree T contains a ray, then a(T) = 2* for some
cardinal k.

Proof. By Theorems 3.1 and 3.5 a(T) =Il,cv(r)a.(T*). The result is then a
consequence of the facts that, if a,(77) is finite then a,(7T*) =2, and if a,(T7) is
infinite then q,.(T°) =2 for some cardinal k, by Proposition 2.1.

Remark 3.7. Theorem 3.5 could have been stated in a more general form by
considering a subgroup G € ¥ T) instead of Aut 7T itself. Obvious modifications in
the given proof would have led to the extended result. But we will show that this
generalization (Proposition 3.8) can easily be obtained by applying Theorem 3.5
to a modified tree. Notice that Theorem 3.5 itself was proved by applying Lemma
3.4 mn that manner. Therefore, since Proposition 3.8 is also a generalization of
that lemma, we can say that Lemma 3.4 and Theorem 3.5 are ‘self-refining’.

Proposition 3.8. Let T be a tree containing a double ray, and G € 4(T), such that
I s G-asymmetrizable for every x € V(T,); and let w € V(T,). The following are
equivalent:
(1) Tis G,-asymmetrizable;

(1) T is G-asymmetrizable;

(i1 ag(T)= HIEV(T*) ﬂGI(TI);

(1v) ag(T) = ILEV(T_) ﬂG:(TI);

(V) mg (x) <Ilyevir.nn)ac(T”) for every x e V(T,)\{w}.

Proof. (a) Let (5°)..v be a family of pairwise disjoint rayless trees such that,
V(S*NT)={x}, (8% x) is isomorphic with an element of the set N, defined in
Lemma 2.3, where A4 1s a cardinal > |T'|, and such that ($*, x) and (S”, y) are
similar 1f and only if x and y are G-similar. Notice that a,(S*) =2, and by the
definition of N;, x is the only vertex of $* whose degree is A. Define then

TG:=TU U SI.

xeV
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Clearly (Tg)« =Ty, and (T) :=T* U, cv(r, §” for every x € V(T,). Besides
the vertices of T are those of T; whose degrees are A. Hence, by the last property
of the §*, ox € G[x] for any automorphism o of 7; and any x € V. Thus, by the
definition of 9(7T), the restriction of ¢ to the set V is an element of G: and
conversely any element o of G can be extended to an automorphism o of T, by
taking the identity on the complement of V.

(b) Let Ae A(T;) and oe GNAu(T, ANV). Then og € Aut(T;, A), thus
oc = 1; hence =1 which implies that ANV € 4,(T). Besides, if B= oA for
some o € Aut T then BNV = (0| V)[A]. Hence ag(T) < a(Ty).

Conversely it A € 45(T) and, for every x e V, A, is an asymmetrizing set of
(5%, x) which does not contain x, then

A =AU L{,AI e A(T).
Notice that, for any x € V, a,($) =2 implies that any two asymmetrizing sets of
(5%, x) not contaming x are Aut(S”, x)-similar. Hence, if A, Be A;(T) are
G-similar, then A; and B; are similar. Thus a(7;) < a (7).

Theretore we proved that T i1s G-asymmetrizable if and only if T, is
asymmetrizable, with a;(7T) = a(7;). Using exactly the same arguments we can
prove that, on the one hand T 1s G, -asymmetrizable if and only if (T, w) is
asymmetrizable, with a; (T) = a,.(T;); and on the other hand, for any x € V(T,),
(7:;)" 1s asymmetrizable since 7" is G.-asymmetrizable, with a. (T*) = a,(T*).

Consequently we get the equivalence of conditions (i), (ii), (iii) and (iv) of
Proposition 3.8 by that of the respective conditions of Theorem 3.5.

Now 7T 1s (-asymmetnizable if and only if T; is asymmetrizable, hence by
Theorem 3.5 if and only if

m(x) < 11 a,((T;Y) for every x € V(T )\ {w};
ye V(T), N(Te)y)
thus, since (15)« (1), = T. N T, and m; (x) = m(x), if and only if
me (x) < |1 ac(T”) forevery x e V(T )\{w}.
yeV(T,NT)

This proves the equivalence of conditions (i) and (v), and so completes the
proot.
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