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Abstract

Niedermeyer, F., f-Optimal factors of infinite graphs, Discrete Mathematics 95 (1991)
231-254.

A necessary and sufficient condition for the existence of perfect f-factors of countable graphs 1s
proved. Further it 1s shown that every countable graph and every rayless graph possesses an
f-optimal factor. Finally the structure of f-optimal factors of infinite graphs i1s examined.

Introduction

In this paper G = (V, E) denotes always a graph, where V #0 s the set of
vertices and £ < {e < V:le| =2} 1s the set of edges ot , and f a function from V
into w, the set of natural numbers.

We will deal with the question of whether there is a perfect f-factor ot G, 1.e.
whether there is a subset F of E such that d-(v) = f(v) for each vertex v. If this
question is answered negatively, we ask whether there 1s at least some F such that
dr approximates f optimally. We will consider only those subsets F of E for which
d.(v) 1s finite for each v e V. Such a set of edges we call a factor of G. For
comparing two factors F and H with respect to the property of being optimal, we
call F better than H if |d.(v) — f(v)| = |dy(v) — f(v)| for every vertex v, and
ldp(v) — f(v)] <|du{v) — f(v)] for at least one v.

In this paper we prove for countable G that G possesses a perfect f-tactor iff G
1s unobstructed, which means that for every nonpertect f-tactor ¥ and tor every
unsaturated vertex v there exists an F-alternating path starting at v such that the
symmetric difference of £ and the edge set which 1s traversed by the path 1s better
than F. Moreover, it 1s shown for countable G that G possesses a pertect f-factor
iff for every nonperfect factor F there exists a factor better than F. This result is
equivalent to the fact that G contains an optimal factor if G 1s countable. Further
we will see: if GG is rayless, then there even exists, for every non-optimal factor F,
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an optimal factor better than F. These results are generalizations of the
corresponding statements for 1-factors which have been proved by Steffens [7]
and Schmidt {6].

In Section 6 we will examine the structure of optimal factors. For finite graphs,
Lovdsz and Plummer [4] introduced a decomposition of a graph’s vertex set
concerning optimal factors. It makes sense to consider this decomposition for
arbitrary graphs. It will turn out that the properties of this decomposition which
have been shown in [4] hold in infinite graphs, too.

1. Factors and f-factors

For any subset F of E,
de(v) = |{ee F:vee}

defines a function d. from V into the class of cardinals. On the class of functions
from V into the class of cardinals we define a weak order by

g=<h o gv)sh(w) forallveV

and write g <h 1f g=<h and g+#h. If misunderstandings are impossible, we
denote by 1 the function with domain V and range {1}.

F < E 1s said to be a factor of G if dg(v) 1s finite for each v € V, and Fis called
an f-factor if dp <f. A factor F will be called (f-)perfect if dp-=f. If F is an
f-tactor, a vertex veV is said to be (f-F-)saturated (unsaturated, resp.) if
de(v)=f(v) (dp(v) <f(v), resp.). If Fis a factor and if g:V — w is a function,
we define a function 0, ,:V — w by

(V)= |dr(v) — g(v)l.

It g =f, we shall write ‘0,  instead of ‘0. A factor F is said to be better than a
factor F, (with respect to f) if

6F1 -.::: 6F11

1.¢. 1f the function f 1s approximated better by dr, than by de. A factor is called
(f-)optimal if there is no better factor.

Our aim 18 to characterize graphs which have an optimal factor, and to describe
the structure of optimal factors. Indeed, the complete bipartite graph Ky, and
the function f =1 show that not every graph has an optimal factor. Another
important example is the bipartite graph G* = (V,U V,, E*), where

Vo= {(a, 0): & <X, 1s a limit ordinal},
‘/’l = Nl X {1}1
E*={{(a,0), (B, 1)}: < a}.

We will see later that there i1s no 1-optimal factor of G*.
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A measure for the ‘goodness’ of a factor F is in some cases the defect of F,

A(F, f):= Y, s Av).

veV

In Lovasz and Plummer [4] only finite graphs are investigated, and there a factor
is called ‘optimal’ if its defect is minimal. We will see later that for finite graphs
this definition coincides with our definition.

At the end of this section we give some definitions concerning the terminology
used in this paper. A sequence P = (Vi)p<i<x (0<k =w) 1s called a walk if
{v,_, v;} € E for 0<<i<k. We define

V(P):={v;:0=si<k} and E(P):= {{v,_,, vi}:0<i<k}.

If k<w, ? is said to have the length k — 1. P is called a trail (path, resp.) if no
edge (vertex, resp.) will be traversed twice by P. If P = (v,)g<i<x and 2=
(w;)o<i-; are walks satisfying k <w, /=< w, and v, =w,, then ®9 denotes the
walk (#4;)ocick+s, Where w,=v; if 0=i<k, and w;=w,_, f ksi<k+1l If
F,FcE, then a walk 2 1s called F-F-alternating if the edges of & are
alternately in F;,\F and F\F. If FcE, let F*:= E\F. A walk is called
F-alternating if it is F-F“-alternating. Note that an F-F-alternating walk is both
Fj-alternating and F;-alternating.

Given a function g:V — w and a vertex v € V, we define new functions g, and
g"on V as follows:

- {g(x) if x e V\{v},
8 == 1 ifx=uv,

g(x) if x e V\{v},

g7 (x) = {g(x) +1 ifx=w,

We can compose such functions; let g“":=(g“)", gv:=(g"), = (g.,)" - . ..
For any sets A, B, the symmetric difference (A\B) U (B\A) will be denoted by
A DB.

2. Fl'Fz'trai]S

If Fis a factor and ? = (v;)y<;<x an F-alternating trail, then F & E(%) is a
factor, too. dy and drgg») differ at most at the start- and the endpoint of 2. If
for instance 1 <k < w, {vy, v,} € F, and {v,_5, v,_,} € F*, then dropo = A
F-alternating trails may be useful to ‘improve’ a factor F. This can be illustrated
by the example G* from the previous section: Let F ¢ E* be a factor of G* and
let v, e V, be a vertex such that do(v,) =0. Now assume that, for 0<<i =</, v; is
already defined such that (v;)o«;<; 1 an F-alternating trail. If / 1s even, then
v, e V,. Choose v,,, e V;\{v;:i<I} such that {v, v,,,} € F©. This is possible
since dg.(v,) =X, and F is a factor. If { 1s odd, then v, € V,. If dr(v;) >0, choose
V.1 € Vp such that {v;, v;,,} € F. If on the other hand dg(v;) =0, let k:=1+1
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and stop this recursive definition. If the definition does not stop, let k := w. Let
P = (V)p=i<k- P is an F-alternating trail, and we get

dF@E(?} - d;ﬂ'uk_l if k< w, and dF@E(:’F‘) = d;ﬂ if k=w.

Therefore Orgr(e),1 = (0F 1), , <01, if k<@, and Oror@.1 = (OF 1)y, <Of,
if k=w. So F® E(P) is better (with respect to f=1) than F. By Fodor’s
Theorem (see e.g. [3, Theorem 11.2.6]) there exists, for every factor F of G*, a
vertex v, € V, satistying dg(v,) = 0. Thus no factor of G* is 1-optimal.

The possibility of modifying a factor by an alternating trail will now be
examined. The following lemma and definition will play a fundamental role.

Lemma 1. Let F\, F, be factors of G and let {v,, v,} € F\F,. Then there exists a
trail P = (V;)o<;<x With the following properties:
(1) k>1,
(11) P is F-F-alternating,
(i) k= w or

k< w, {Uk—2, Ui} € F\E and dp(Vi-1) > dE(Vi_1)
or
k<, {Vi_z, ¥4} € E\F, and dF,(“k—l) < dg?(vk—l)-

Such a trail we call an F-F,-trail.

Proof. The vertices v, of % will be defined recursively. Assume that v,, . .., v,
(/= 1) are already defined such that %, := (v,)y=.<; is an F-F-alternating trail.

If [ is odd, then {v,_y, v,} € F\E. If de(v) >di(v), let k:=1+1, P:= P,
and stop the recursive definition. Otherwise we have dr (v;) < dj(v,). Since

dﬁﬁﬁ(:’i‘}) (v;) = Uﬁflmﬁ'{%)(t’f) + 1,

we can choose a vertex v, such that {v, v, ,} e (EAE(PN\(F\E(P)) =
EN(E(P)UR). Thus @, = (V,)o<i=1+1 is an F-F-alternating trail.
It /1s even, we stop the recursive definition if dr(v,) <d}(v,), or we can find
similarly to the first case an edge {v;, v;,,} € F\(E(?)UE).
If the definition does not stop, let & := w and 2 := (V,)g<; <.

The following lemma gives us some possibilities to apply the F-F>-trails.

Lemma 2. Let F, F be factors of G and let P = (v,)y<;<x be an F,-F-trail.
(a) If Op(vo) <O0r(vy) and dr(vo) > dr(vy), then

65@5(#}(”0) = 6F,1!;¢_|(vﬂ) -1 1t k <w,

6;:]@5(@)(”{]) = 6F](Uﬂ) —1 if £ = w.
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(b) If 0r (vg) <Of (Vo) and dg(vy) > dr,(vy), then

65@5(@}(”{}) =0py, (Vo)—1 k<o,
65@5(?)(”0) = ‘5F;._(Un) — 1 if Kk = w.

(¢) If k <w, voFvr_1, and Op,(Vi_) <O (Vi_1), then

65@5(9)(1&—1) = ‘5F1(Uk—1) — 1.

(d) If k <w, voF v, and Op (Vi) <0 (Vi_,), then

65@5(@)(1/’;:—1) — 65(“;:—1) — L.
Before we present the simple proof of this lemma we want to give a corollary.

COI‘O“Rl'y 1- Let g) — (Ur')[]éiﬂik be an E‘F‘z'[rﬂil SuCh fhﬂf dFl(Uﬂ) = ng(UU)*
(a) If (Vo) <Ofp(vy) and Op,(vi_) <dp(vi_,), then F,© E(P) is a factor
better than F,.

(b) If 6F.(Un)‘<6ﬁ(”n) and 6F1(Ukv—l)““:"aﬁ(vk—l): then F,© E(P) is a factor
better than F,.

Note that the assumption Op(vi—) < 0p (Vi_)) (O (Vi_1) = Og(vi—,), TESP.) IS
fulfilled if F, is better than F (F] is better than F,, resp.).

Proof. (a) Case 1: k = w or (k< w and vy v ).
Since &, (vy) < Of (vy) and dg (vy) > dr(vy), we have dg(vy) > f(v,). Therefore

65@5{@)(”0) = dﬁ@ﬁ‘(@)(vu) —f(vy)| = \dFi(Un) —1—f(vy)l
= |dr(vy) — f(vg)| — 1 =0g(vy) — L.

Case 2: k<<w and vo=v,_,.
Case 2.1: {vy_5, vy} e F\F and dg (v, ) > dE (v ) = dp(ve—y) + 1.
Since O, (vy) < Of (vy), we conclude that dr(vo) > f(vy) + 1. Therefore

65@5[@)(“{;) = dﬁ@E(:’ﬂiﬂ)(Un) — f(vo)| = |dF|(UU) —2—f(vy)]
— dFl(U[l) —f(ve)| — 2= ‘5ﬂuk _.I(Un) — 1.

Case 2.2: {Vi_s, Uiy} € BKE\F, and dp (v, ) <dp(vg_)) =dp(ve-) + 1
This case cannot occur since dg (Vo) > dr (Vo).
(b), (c), and (d) can be proved similarly.

A first application of the ‘technique of F-F-trails, we find in the proof of the
following lemma.
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Lemma 3. Let F be an optimal factor and let P = (v,)g<;<, be an F -alternating
tratl satisfying one of the following properties:

(1) {vo, v1} € Fand dp(vy) > f(v,), or

(i1) {vg, v,} € F© and d(vo) <f(vy).
Then F @ E(?P) is an optimal factor; further k < w and dpq E() = O

In other words: If an optimal factor is improved by an alternating trail at its
startpoint it remains optimal, but it is debased at its endpoint.

Proof. Since F i1s optimal, F &P E(%) is not better than F and therefore we
conclude £ <@ and Opggr(p) =0F'. To prove that F @ E(P) is optimal, we
assume for a contradiction that H is a factor better than F @ E(%). Then there is
some w, € V such that 0,5(wy) <Orerw@(Wo). If drere(we) <dy(w,). let 9 =
(Wido=i<: be an H-(F @ E(P))-trail, and if drg gy (W) > dy(ng), let 2= (W,)oe, <
be an (F @ E(P))-H-trail. We have V(P)NV(2)+#0B; otherwise dp(v)=
drer»(v) for each veV(2), 2 would be an H-F-trail (an F-H-trail, resp.),
and, by Lemma 2, we would get 0rgr9) = 8pnpm,_,, if [ < w, and Or@r(2) = OFw,
if /= w. Both contradict the assumption that F is optimal. Consequently there
exists m :=max{i:v; € V(2)}. Choose n such that w, = v,, and let

Dy = (Wy_iJo=izns 2= (W) n=i<n Pi= (Vg—)1<ick—m-
Uk
L
*’"1
2, 2,
«— —_—
» -
Wo W, = U,

Since F 1s optimal and, by Lemma 2,

—_ —_ Uy — .
6F$E(5’F’)$E{E‘3) - 6F$E(9’)H’uwa—1 _ 6Fﬁ1u:*’nw.f—1 if [ < w,

— Al

Or@E(#)BE2) = OF@E(®)my = O if [ = w,

we conclude that v, _, ¢ {wy, w,_;}. Therefore both @Tﬂ@ havmsitive
length. We leave it to the reader to show that either & := #,92, or R := P2, is an

(F © E(P))-alternating trail such that F @ E(P)® E(R) is a factor better than
F. This is a contradiction to the fact that F is optimal.

The following lemma will be applied in the proof of Theorem 1 and in Section 4.
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Lemma 4. Let F be a factor. Further let H be a factor such that at most one of the
sets

VitH) = {v € V: 3£(v) <0u(v)},
Vo(H) := {v € V: 0p(v) > 0p(v)]

is infinite. Define

T if ViI(H) is infinite,
HH) =4 if Vo(H) is infinite,
D, du(v) —8:(v) else.

If Fis optimal, then 3(H)=0.

Proof. Let F be optimal. Suppose that there is a factor H with the property that
at least one of the sets V(H), V,(H) is finite and #(H) < 0. Then #(H) # + and
therefore V,(H) is finite and

B(H) = 3 du(0)=8:0)= 3 8u(v)—8p(v)

veVi{H) veVAVL(H)

is nonnegative integer. Choose H such that ¢,(H) i1s minimal. Since #(H) <0, we
can choose v, € V,(H). Then dy(vy) # de(vy).

Case 1: d(vy) <dp(up).

Let @ = (V;)o<i<x be an F-H-trail. Since v,e Vo(H) and dg(vy) <dp(vg), we
have d-(v,) > f(v,) and hence kK < w by Lemma 3. Since F is optimal, we get
v.—, € Vi(H) by Corollary 1(a). In particular, vy#* v;., and from Lemma 2(d)
follows

Opar@(Vi—1) = 0(vi-) — 1. (1)
Therefore v, _, ¢ Vo(H © E(%)). Further it follows from
Onee# (Vo) = 0n(vo) £ 1 (2)

and v, e Vo(H), that v,¢ Vi(H D E(P)). Since, for each v ¢ {vy, v,_,}, vE
V{HD E(P)) iff veV,(H) (i=1,2), at most one of the sets V|(H @D E(P)),
Vo,(H @ E(%)) is infinite and from (1) and (2) we get 3(H @ E(P)) <= ¢H) <0
and ¢(H @ E(P))=H(H) —04(vi-1) + Onorw(Vi-1) = 4 (H) — 1. This con-
tradicts the minimality of 4,(H).

Case 2: dy(vy) > dp(v).

Analogously we can construct a contradiction.

The following theorem characterizes in some cases the optimal factors of
G—e.g. 1if G 15 finite.
Theorem 1. Define
Ao :=min{A(F, f): F < E is a factor}.
If A, is finite, then a factor F is optimal iff A(F, [)=A,.
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Proof. We only proof the nontrivial implication. Let F be an optimal factor. We
have to show that A(F, f) =< A,. Choose a factor H satisfying A(H, f)= A,. Since
Ay € w, the set Vi(H) from Lemma 4 is finite. By Lemma 4, we get (=<
divev 05 (V) —dp(v) = Ay — A(F, f). Thus A(F, f)< A,

Corollary 2. If G is a finite graph, then a factor F is optimal iff it is optimal in the
sense of Lovdsz and Plummer [4], i.e. A(F, f)=A,.

3. f-F-trails, f-obstructions, and stable f-factors

In this section we are going to examine f-factors. We give a necessary and
sufficient condition for the existence of an /-perfect factor if G is a countable
graph (‘Theorem 3). This criterion is a generalization of Steffens’ criterion for the
existence of an 1l-perfect factor of a countable graph [7]. By the aid of this
criterion Steffens proves in [7] for countable graphs the existence of an c-maximal
matchable set V'V or, in our terminology, the existence of an 1-optimal
I-factor. We want to generalize this for f-factors, too (Theorem 6). The role of
‘#-augmenting pathes’ in [7] will be played in this paper by the ‘f-F-trails’ which
have been introduced by Steffens in [8] (and are called "F-augmenting trails’
there).

Let F be an f-factor of G and let ? = (v,)y-...., be a trail satistying k > 1. P is
called an f-F-trail if the following properties are fulfilled:

(1) & is F-alternating,

(1) de(vy) < f(vy),

(iii) {va, v,} € FF.

(iv) if k <o, then {v, ,, vs_,} € FC and dr(v,_)) <f, (vi_,).

It 1s easy to see that the following holds.

Lemma 5. Let F be an f-factor and let P =(V;)o=i<x be an f-F-trail. Then
F & E(P) is an f-factor better than F. If Kk<w, then drgrp=dy* ', and if
k = ), Ihé’ﬂ dFﬂﬂE(ﬁ") = d}i‘“.

An easy consequence of Lemma 1 is the following.

Lemma 6. Let F be an f-factor better than an f-factor E and let v, e V such that
dp(vy) < dg(vo). Then there exists an f-F-trail starting at v,,.

Proof. Choose an F-F;-trail starting at v,,. This is an f-FE-trail.

Let F be an f-factor and let v, be an unsaturated vertex such that there is no
f-F-trail starting at v,. Then (F, v,) is called an (f-)obstruction. 1f there is no
f-obstruction in G, G is called (f-)unobstructed. The condition of being
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unobstructed corresponds to ‘condition (A)’ for 1-factors in [7]. Since a perfect
factor i1s better than any nonperfect factor, we have the following by Lemma 6.

Theorem 2. [f G possesses a perfect factor, then G is unobstructed.

The converse of this theorem is trivial for finite graphs and false for arbitrary
graphs. This 1s shown again by K x or G*, described in Section 1. For
countable graphs however the converse holds (Theorem 3). To show this, we
need the concept ot ‘stable tactors’ which corresponds to that of ‘independent
matchings™ in [7}. An f-factor F is called (f-)stable if there is no f-F-trail
traversing edges of F. So, an f-factor 1s stable iff each f-F-trail has length 1. Note
that @ and each perfect factor are stable. In the next lemmas we want to collect
some properties of stable f-factors and obstructions.

Lemma 7. Let I' be a stable f-factor, let H o F be an f-factor, and let P be an
f-H-trail. Then P is an (f — dg)-(H\F)-trail in the graph G\F :=(V, E\F).

Proof. Let P = (v,)g<ick- Since dyp=dy—dpe <f —dp, H\F is an (f —dr)-
factor of G\ F, and a vertex is f-H-saturated iff it is (f — dg)-(H \ F)-saturated. It
remains to show that there is no edge in ¥ N E(%). Suppose for a contradiction
that £ N E(P)#0. Without loss of generality we can assume that {v,, v,} € F;
otherwise consider H'=H\{{v, >, v,_,}} and P =(v,),_,<;,—x, where s:=
min{i: {v;, v,,,} € F}. If there is some edge in (H\F)NE(P), let r:=
min{i: {v;, v;,,} € H\F}. Otherwise let r:=k. In both cases (v,)y<;—, IS an
f-F-traill which traverses an edge of F. This 1s a contradiction to the stability of
F.

Lemma 8. Let F be an f-stable f-factor of G and let J = F* be an (f — dj)-stable
(f — di)-factor of the graph G\F . Then FUJ is an f-stable f-factor of G.

Proof. Since dp,=dp +d, <dpr+(f —dg)=f, FUJ is an f-factor. Let 2 be an
f-(FUJ)-traill. We have to show that there is no (F UJ)-edge in E(2). Because
of Lemma 7, # 1s an (f —dg)-J-trail in G\F. Thus % traverses no edge of F.
Furthermore, 2 traverses no edge of J by the stability of J.

Lemma 9. If G is f-unobstructed and if F is a stable f-factor of G, then G\F is
(f — dg)-unobstructed.

Proof. Let J be an (f —dg)-factor of G\F and let vqaeV be an (f —dg)-J-
unsaturated vertex. Since J U Fis an f-factor of G and v 1s f-(J U F)-unsaturated
and G 1s f-unobstructed, there exists an f-(J U F)-trail starting at v,. Because of
Lemma 7, this 1s already an (f —dg)-J-trail in G\F. Therefore (J, v,) is no
(f — dr)-obstruction.

Lemma 10. G contains an =-maximal stable f-factor.
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Proof. Let 4 be the set of stable f-factors of G. By Lemma 7, (_J,_, F is a stable
f-factor whenever (F);., is a —-chain of stable f-factors. Since 4 8 (8 € ) the
assertion follows by Zorn’s Lemma.

Note that each optimal f-factor is —-maximal stable. The converse is false as

Ky, x, and @ show. We will see later that the equivalence holds for countable
graphs. Because of Lemma 8 we have the following.

Lemma 11. Let F be an c-maximal f-stable f-factor of G. Then @ is the only
(f — dg)-stable (f — dg)-factor of G\ F.

In some cases, the following two lemmas can give us information about the
existence of stable f-factors which are non-empty.

Lemma 12. Let H be an f-factor of G and let x,€ V. We define oA := {P: P is an
H-alternating trail starting at x, with an H-edge} and F := {e € H: There exists a
ratl P € A terminating at a vertex incident with e}. If A contains no trail of infinite
length and if no trail P e o terminates with an H-edge at an f-H-unsaturated
vertex, then F is a stable f-factor.

Proof. Suppose F 1s not stable. Then there exists an f-F-trail 2 =(W,)j<;<s
traversing an edge e={x,y}e€F. By definition of F, there exists a trail
P = (x;)o<i<: € A with endpoint x, = x, without loss of generality.

Case 1: {xg, x,} = {w,, w,,,} for some s.

If xo=w, let R:=(W,)sxick, and if xo=w..; let R:= (W, ocicssi- & is
an F-alternating trail starting at x, with an H-edge. & has infinite length or
terminates with an F“-edge at an F-unsaturated vertex. For the vertices
Xo= Ws, Weii, Weyn, o .., TE€SP. Xo= Wy, W, Wy, ... it follows successively by
the definition of F:

{w,vieH iff {w,v}eF

So A is an H-alternating trail which starts at x, with an H-edge and has either
infinite length or terminates with an H“-edge at an H-unsaturated vertex. This is
a contradiction to the assumption on .

Case 2: {xy, x1} ¢ E(2).

Let r:=min{i = 1: x;, € V(2)} and define

Py = (X )osi=r Q1= (W,)s<i<ks 2 = (Ws_, Joxi=ss

where s 1s any index such that w, =x,. If either {x,_,, x,} e H and s=0, or
{x,_y,x,}eH, s>0, ar_}gﬁiwj_l, wteF, or {x,_,,x,}eH" s5>0, and
{w,_;, w,} € F©, let R:= P.9,. Otherwise let %:=@ As in case 1 R 15 an
H-alternating trail starting with an H-edge at x,, and % has either infinite length
or terminates with an H“-edge at an f-H-unsaturated vertex. Again this is a
contradiction to the assumption on .
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Lemma 13. Let H be an f-factor and xoeV. We define B:={P:. P is an
H-alternating trail which starts at x,, but not with an H-edge}, F :={e € H: There
exists a trail P € B terminating at a vertex incident with e}. If B contains no trail of
infinite length and if no trail P € B terminates with an H%-edge at a vertex w
satisfying d,(w) <f,(w), then F is a stable f-factor.

Note that the F in Lemma 12 and in Lemma 13 contains all H-edges incident
with x,.

Proof. As in the proof of Lemma 12 we assume that there is an f-F-trail
2 = (W,)g=;<x Which traverses an edge e = {x, y} € F. We conclude that x,¢
{w,, Wi—,} since otherwise 2 (resp. (Wi_;)o<i=x) would be an f-H-trail 1n
contradiction to the assumption on 9. By the definition of F, there exists
P = (x;)oci<; € B with endpoint x,=x, without loss of generality. Let r:=
min{i = 0: x; € V(2)} and define

Py = (X osisr Dy = (W)smi<ks 25 1= (Wy_Jo=ies)

where s i1s any indwtisfying w, =x,. As in the proof of Lemma 12, either
R.= @Tor R:= P 9, is an H-alternating trail starting at x, with an H“-edge
which has infinite length or terminates with an H“-edge at an f-H-unsaturated
vertex, which is f, -H-unsaturated too since x, ¢ {w,, w,_,}. This is a contradic-

tion to the assumption on 4.

Lemma 14. Let x, € V such that f(xy) > 0. If G is f-unobstructed and if G contains
no non-empty stable f-factor, then the following holds:

(a) G is f, -unobstructed.

(b) G is f™-unobstructed.

Proof. (a) Suppose that there is some f, -obstruction (J, v). Since G 1s
f-unobstructed, there exists an f-J-trail ?=(v;)p<;<x- We have k< and
dy(vi_1) = fr o (Vk—)) because otherwise P still would be an f, -J-trail. Since
d;(Vi—1) <fo(Vk-1), We get v, =X, and

dy(x0) = fuolXo) — 1. (1)
Let H:=J @ E(%). H is an f-factor and so we conclude that
dey = djov %ﬂ (2)

By (1) and (2) we get
dr(xo) = f (x0).

Now we consider the set & from lLemma 12. Suppose there 1s a trail
9 = (x)pxic: € A satisfying I=w or I<w, {x,_, x;_ € HS, and dy(x,_)) <

flx—y).
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Case 1. | < w.

Then x;., #x, and, by (2), dyerw) = Hry = fro- Further d; <dj*'=dj; =
dner2) by (2). Therefore H® E(2) is an f, -factor better than J and d,(v,) <
Ao £(2)(Vo)-

Case 2: | = w.

Similarly to case 1 one can prove that H @ E(2) is an f.factor better than J
and d,;(vo) < dngra)(vo).

Now Lemma 6 yields an f, -J-trail starting at v,. This is a contradiction to the
fact that (J, vy) is an f, -obstruction. Therefore the conditions of Lemma 12 are
fulfilled and we obtain an f-stable f-factor F. F is not empty since dy(xe) =
J(xo) > 0. This contradicts the requirement of the lemma.

(b) Suppose that there is an f*-obstruction (H, v,).

Case 1: vy, =x,.

Then dy(xo) = f(x,) since otherwise (H, x,) would be an f-obstruction, too.
Thus, the members of the set B in Lemma 13 which have infinite length or
terminate with an H“-edge in an f-H-unsaturated vertex are exactly the f*o-trails
starting at x,. Therefore, since (H, x,) is an f*-obstruction, the conditions on the
set B in Lemma 13 are fulfilled. By Lemma 13 and d,,(x,) = f(x,) > 0, we obtain
a non-empty f-stable f-factor. This contradicts the requirement of the lemma.

Case 2: vy # xy.

Then dy(x,) = f(x,) + 1 because otherwise (H, v,) would be an f-obstruction,
too. Choose e = {y, xo} € H and define J := H\{e}. J is an f-factor. By interated
apphcation of the fact that G is f-unobstructed and of Lemma 5, we obtain an
f-factor K which is better than J and saturates v, and y. K is an f*-factor and x,
s fo-unsaturated. There is no f*-K-trail 2 = (x,).,.,, since otherwise K & E(P)
1s an f*o-factor better than A which saturates v, and Lemma 6 yields an f*o-H -trail
starting at v,, contrary to the assumption that (H, v,) is an f*-obstruction. Hence
(K, x;) 1s an f*-obstruction. This is impossible by case 1.

Lemma 15. Let x,e V. If G is f-unobstructed, then there exists an f-factor F
saturating x, such that G\F is (f — dg)-unobstructed.

Proof. The lemma is proved by induction on f(x,). If f(x,) =0, let F:=@. Now
let f(xg)>0. By Lemma 9, 10, and 11, we can assume without loss of generality
that G contains no non-empty stable f-factor. By the induction hypothesis and
Lemma 14(a), we obtain an f, -factor H such that G\ H is (f., — d)-unobstructed
and dg(xg) = f, (x0) =f(xy) — 1. Again we can assume without loss of generality
that G\H contains no non-empty stable (f, —d,)-factor. Since x, is f-H-
unsaturated and ' is f-unobstructed, there exists an f-H-trail 2 = (x,)g<; . If
there is some { << &k such that x; is f, -H-unsaturated, let

ro=min{i: dy(x;) <f, (x;)} + 1.
Otherwise let 7 := w. Note that r >1 and x,# x,_,. Let

2,:=(X;)o=i<, and F:=H®E(2)).
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F i1s an f-factor which saturates x,. We will show that G\F is (f — d)-
unobstructed. For this let K be an (f —dg)-factor of G\F and let v, be an
(f — dr)-K-unsaturated vertex. We must find an (f — dy)-K-trail in G\ F starting
at v,. SInce

de(x)=0 foralli<r—1,

it follows that K N £(2,) =9. Hence K is a factor of G\ H.

Case 1: r = w.

Then f —dp=f —dyy=f,—dy. Thus K is an (f,, — dy)-factor of G\H and v,
s (f,, — dy)-K-unsaturated. Since G\H is (f, — dy)-unobstructed, there exists an
(fe, — dy)-K-trail 2= (v;)o<;<x In G\H. Since dg(x;))=0 for all i<w, we
conclude that E(?)N E(2)=9. Thus ? is an (f — dz)-K-trail in G\F.

Case 2: r<<w and {x,_,,x,_,} € H.

Then f—de=f —dy,, , =(f,—dy)"". Thus K is an (f, —dy)"'-factor of
G\H and vq is (f,, — dy)" '-K-unsaturated. Since f, (x,_,) —dy(x,_,) >0, G\H is
(fe, — du)"'-unobstructed by Lemma 14(b). Consequently there exists an (f,, —
dy)'-K-tratl P = (v;)p<i<x 1IN G\H. Since dg(x;) =0 for all i <r —1, we have
again E(?)NE(2,)=0 and so 2 is an (f — dr)-K-trail in G\F.

Case 3: r<<w and {x,_,, x,_,} € H".

Similarly to case 2 we find with the help of Lemma 14(a) an (f,, — dy),,_-K-trail
in G\ H starting at v, which i1s an (f — dg)-K-trail in G\ F,

Now we are able to prove the converse of Theorem 2 for countable graphs.

Theorem 3. If G is countable, G possesses a perfect f-factor iff G is f-
unobstructed.

Proof. Let V ={v;:i<w}. By Lemma 15 we are able to construct recursively
f-factors F,cFic kK c--- such that, for i <w, the vertices v,,..., v, are
saturated by F, and G\F; is (f — dg)-unobstructed. Then F:={_J,.,, F is a perfect
f-tactor.

The tollowing theorem and its two corollaries are generalizations of Aharoni’s
Theorems 4, 3, and 1 in [1].

Theorem 4. Let E be the disjoint union of E, and E,, and let f,, f,:V — w be
functions satisfying fi+f=f such that G,:=(V, E,|) is fi-unobstructed and
G,:=(V, E,) is f,-unobstructed. Then G is f-unobstructed.

Proof. Let F c E be an f-factor and v, be an f-F-unsaturated vertex. We have to
find an f-F-trail starting at v,. Let us define recursively a sequence V,c V,c V, <

- of finite subsets of V and, for j =1, 2, sequences F{)c F'c FY' <= - . of
f-factors of G; such that, for all i < w, each x €V, is f,-F"-saturated and G,\ F/)
1S (f; — d»)-unobstructed.
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Let Vo:={vo} and choose F§’, F{’ in agreement with Lemma 15. Now
suppose that V;, F{P, and F® have been defined. Let

Viaar={xeV:3yeV:{x,y} e FUFVUFP U V.

By induction hypothesis and since F, F{", and F{* are factors, V,,, is finite. By
iterated application of Lemma 15 and induction hypothesis, we obtain an
(f; — dm)-factor H; saturating in G\ F}” all vertices of V,, such that G\ (F¥’ U
H,) is (f; — dgo — dy )-unobstructed (j =1, 2). Let F®,:=FY UH,.

For j=1, 2, define F:=Up<i<oF{ and H:=F UFE,. H is an f-factor of G
which saturates each vertex x € (_Uy<;<,, Vi. Now let @ = (v;)g<;<x be an H-F-trail.
[t is easy to see that, for every i <k, v, € V; and therefore dy(v;) = f(v,). If either
k=w or k<<w, {Up_y, vy} € H\F and dy(v,_,)>d¥®wv,_,), then P is an
f-F-trail and the lemma is proved. The case k< w, {vi_,, vi_,} € F\H, and
dp(U 1) < dp(vi_,) cannot occur since dp(vi_y) <f, (Vi_y) = i (Vi 1)

Corollary 3. If G is f-unobstructed and if G*=(V, E*) is a graph such that
E* o E, then G* is f-unobstructed.

Proof. Let £E,:=FE E,:=E*\E, fi:=f, f,:=0.

Corollary 4. If G is f-unobstructed and if x is a vertex satisfying f(x) >0, then
there exists a vertex y adjacent to x such that f(y)>0 and G\{{x, y}} is
fo-tnobstructed.

Proof. By LLemma 15, there exists an f-factor F such that d(x) = f(x) and G\ F
18 (f — dr)-unobstructed. Choose y € V such that {x, y} € F. Now let E,:= E\F,

EE = F\{{I, y}}? fl :=f o dF? fE L= dF,ry*

4. Optimal f-factors

We will prove that G possesses an optimal f-factor if G is countable. For that
we must prove the following lemma.

Lemma 16. Let J be an c-maximal stable f-factor. Further let
W:i={veV:d,(v)<f(v) A3weV(d,(w)<f(w) A {v, w} e E\])},

e~ [fv)y—d,(v) ifveWw,
f (U)'_{o if ve V\W.

Then G\J is f*-unobstructed.

Proof. Let f{ be an f*-factor of G\J and let x,e V be a vertex satisfying
dp(xg) <f*(xo). We have to find an f*-H-trail in G\/J starting at x,. Consider the
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set B and the factor F from Lemma 13, referring to the graph G \J and the
function f —d;. Since x,e€ W, there exists w e W -such that {x,, w} e EN\J. If
{x0, w} € H" and d,(w) <f(w)—d,(w), then (x,, w) is an f*-H-trail starting at
Xy, and the lemma is proved. If on the other hand {x,, w}e H or dy(w)=
f(w) —d;(w), then it follows from the definition of F that F is not empty. Hence
F cannot be (f — d;)-stable by Lemma 11. Therefore we conclude from Lemma
13 that 9 contains a trail % which has infinite length or terminates with an
H¢-edge at an (f —d,), -H-unsaturated vertex. So 2 is an (f — d,)-H-trail in
G \J starting at x,. Clearly & cannot meet a vertex in VAW. Thus @ is an
f*-H-trail.

Theorem 5. Let F be an f-factor of G such that there is no f-factor better than F.
Then F is already an optimal factor.

Proof. Suppose there is some factor H better than F. Let vye V such that
Op(vo) <dp(vy). Then we have dp(vy) <dy(vy). Let P = (v,)g<;<x be an H-F-
trail. F @ E(%) is better than F by Corollary 1(b). Thus F & E(%) is not an
f-factor and therefore we get X < w and

dre e (Vi—1) = dp Hve—1) > f(veo).

Since dF(Uk—l) H{-af(Uk_l) and 6F€BE(:’?}(UJ:-I) = 6;:(1/';,:_1), it follows that Un=—=Vr_1,
dF(UU) :f(Uﬂ) — 1, and dFEBE(FF’)(UD) =f(vu) + 1. HE:I]CE: 6F$E(9ﬂ} - bp, and F @
E(%) is not better than F. This is a contradiction.

Theorem 6. If G is countable, then G possesses an f-optimal factor. Moreover,
each c-maximal stable f-factor is optimal.

Proof. Let J be an <-maximal stable f-factor. Let W and f* be defined as in
Lemma 16. By Theorem 3 and Lemma 16, there exists a perfect f*-factor H of
G \J. Assume that there is some f-(J U H)-trail ? = (v;)y<,<x in G. By Lemma 7,
P is an (f —d,)-H-trail in G\J. Therefore we have d,;(v,) <f(v,) and of course
d;(vo) <f(vy) and {w,, v,} €J°. Thus vye W. Since d,(vo)<f(vy) —d,(vy) =
f*(vy), we have a contradiction to the fact that H is a perfect f *-factor.
Consequently, J U H is stable. By the maximality of J, it follows that H =§.
And therefore, no f-J-trail exists in G. By Lemma 6, there is no f-factor better
than J. By Theorem 35, J 1s optimal.

Corollary 5. If G is countable, then G possesses a perfect f-factor iff for every
nonperfect factor F there exists a factor better than F.

For countable graphs it 1s not true that, for every factor F, there exists an
f-optimal factor better than F. This 1s demonstrated by the following coun-
terexample: Let G =(V, E), where V=wx{0,1,2} and E:=
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Hx,0), (x, D}:ixewp U{{(x,1),(y,2)}:x,y € w}. Further let f=1 and F :=
H(x, 1), (x, 2)}: x € @}. Then there is no optimal factor better than &. But the
following holds.

Lemma 17. Let F be a factor of G. Further let g:V — w be a function such that
g(v)=f(v) foralmost all veV (i.e. {veV:g(v)#f(v)} is finite), and let K be a
g-optimal factor such that di(v) = dp(v) for almost all v € V. Then there exists an
f-optimal factor H satisfying Oy ;< O .

Proof. To get a contradiction we assume that there is a sequence (J))y-,..,, Of
factors such that 0y, >0, >0, > ---. If J is a factor satistying &, <0, ,, it
holds

(v eV:iog,(v)<o,,.(v)}
={veV:0,,(v)<8,,(v) and f(v) = g(v) and dp(v) = di(v))}
U{v e V:0k, (v) <9, ,(v)and (f(v) #g(v) or dp(v) # dg(v)))
cOU{veV:f(v)#g(v) or de(v) # di(v)}.

Hence the set V|(J) of Lemma 4, referring to g and K in place of f and F, is finite.
Thus, by Lemma 4, tniangle inequality, and o (v) =09, ,(v) for all veV, we
conclude that

0= D, dphv) — 8, Av) = D, |de(v) — f(v)| — |d)(v) — f(v)]

= ZV |dp(v) — di(v)] + |di(v) — g (V)] + Ig(v) — f(v)]

—|d,(v) — g(v)| + |g(v) — f(v)
=22, lg(v) —f(W)| + 2 |de(v) — dx(v)| — 2, 8, ,(v) — dx (V)

el eV eV

<2 D, g(v) —f()| + 2 |dp(v) — dy(v)]| <=

ve vel

Therefore (2,cv0rAv) — 06, AV))o<i<e 18 a strictly increasing and bounded
sequence of natural numbers. This is impossible.

5. Optimal factors of rayless graphs

We have seen that if (& is countable, then G contains an optimal factor, but not
necessarilly an optimal factor better than a given factor. In ‘rayless’ graphs the
situation 1s more pleasant. G is said to be rayless if no path in G has infinite
length. We will show that if G is rayless and F a non-optimal factor of GG, then
there exists an optimal factor better than F. The corresponding result for 1-factors
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has been proved by Schmidt [6] by transfinite induction on the ‘order’ of ;. The
order o(() of a rayless graph will be defined by transfinite recursion as follows.

It G 1s fimte, then G is said to have order 0. Let a > () be an ordinal. G is said
to have order « if there is a finite set W < V such that each component of
G\W =(V\W, {ee E: e N W =@)}) has order less than «. If G has order « for
some «, then let o(() be the least ordinal «a such that G has order a.

Lemma 18 (Schmidt [6]). G is rayless iff o(G) is defined.

Proof. Let o((G) be undefined. We construct recursively a sequence
Uy, Uy, Ua, ... Of vertices and a sequence C,, C, C,, ... of subgraphs of G such
that for all #» € w the following holds: C, is connected, o(C,) 1s undefined, v, is a
vertex ot C,,, C,., is a component of C,\{v,}, {v,, v, .,} € E. Then (U)o 1S A

path in & and hence G is not rayless. n = 0: Since o(G) is undefined, there exists
a component C of G\ = G such that ¢(C,) is undefined. Choose a vertex v, of
Cy. Now assume that v, and C, are already defined. Since o(C,) is undefined by
induction hypothesis, there exists a component C,., of C,\{v,} such that
o(C,+ ) is undefined. Since C, is connected by induction hypothesis, there exists
a vertex v, of C, ., such that {v,, v,,,} € E.

The other implication will be proved by transfinite induction on o(G). If
o(G) =0, then G is finite and therefore rayless. If ¢(G) >0, there exists a finite
set W<V such that o(C)<o(G) for each component of G\W. Since by
induction hypothesis each component of G\W is rayless, G is rayless, too.

Theorem 7. If G is rayless and if F is a non-optimal factor of G, then there exists
an optimal factor better than F.

Proof. We will prove the theorem by transfinite induction on o(G). If ¢(G) =0,
then G 1s finite and the assertion holds trivially. For the induction step let
0(G) > 0. There exists a finite W < V such that, for each component C of G\ W,
a(C) < a(G). Let {C,=(V,, E,): i € I} be the set of components of G\ W. Define

fo:=FN{eeE:enNW#B} and E:=FNE, foriel

F 1s the disjoint union of the F’'s and F,, and, for each i € ], F; 18 a factor of C,.
Further let us define

f(v) —dg,(v) ifveW and d, (v)<f(v),
0 otherwise.

g(v) :={

It i € 1, let g; be the restriction of g to V,. By induction hypothesis there exists, for
each i € /, a g;-optimal factor K; of C; satisfying &5 , <&, .. Let

K=K, and J.:=KUF,.

iel
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An easy computation shows 0, ,<0r, Since g(v)=0 for all veW, K is a
g-optimal factor of . Since W and F, are finite, we conclude that g(v) = f(v)
and d,(v) = dg(v) for almost all v e V. By Lemma 17, there exists an f-optimal
factor H such that 0, <9, . It follows that 0y =< Of s

6. The Lovasz-decomposition

For an arbitrary function g:V — @ we define subsets A(g), B(g), C(g), D(g)
of V as follows:

C(g):={veV:dr(v)=g(v) for every g-optimal factor F of G},
A(g):={veV\C:dpr(v)=g(v) for every g-optimal factor F of G},
B(g):={veV\C:dpg(v)=g(v) for every g-optimal factor F of G},
D(g):=V\N(AUBUC(C).

Let A:=A(f), B:=B(f), C:=C(f), D:=D(f). We call (A, B, C, D) the
Lovasz-decomposition of G. Note that V = C iff G possesses a perfect factor or G
contains no optimal factor. In Lovasz and Plummer {4, pp. 388-404] this
decomposition is considered for finite graphs.' It is a generalization of the
‘Gallai-Edmonds-decomposition’ for 1-factors. (See e.g. [4, pp. 93-102].) We
will show that the properties of the Lovasz-decomposition proved in [4] remain
true for arbitrary graphs.

Lemma 19. Let F be an optimal factor of G and let x € D.

(a) If dr(x)>f(x), then there exists an F-alternating trail which starts and
terminates at x with an F-edge and meets vertices of D only.

(b) If dp(x)<f(x), then there exists an F-alternating trail which starts and
terminates at x with an F“-edge and meets vertices of D only.

Proof. (a) Since x € D, there exists an optimal factor H satisfying d,{(x) < f(x).
Let vy:=x and let 2 = (v;)o«,<x be an F-H-trail. Lemma 3 implies & < w and

Vi -1

6FEBE(£§") = Opp, 6H$E(f§“) — UHku_,: (1)

Hence v, = v,_, = x because otherwise, by Lemma 2(c), (d),

61:@5(5?)(“&—1) =0ve—)—1 or 6H$E{W}(Uk—l) = 0y(Up—y) — 1

contrary to (1). Therefore dg(vi_,) > di(v,_,) and {v,_;, vy_:} € F\H by the
definition of an F-H-trail. Now let 1=<i;<k —2. We must show that v, € D.
Assume that i; is odd. (The case that i, 1s even is handled analogously.) Thus
{v,—1, U, } € F. Let us define #' := (v,)owixi, and P 1= (U4 _;)1<i=<k—i,» By Lemma

3, FOE(?') and F © E(P") are optimal factors. It follows that dg(v,) < f(v, )

' [4] deals with the more general case of the ‘(f, g)-factors’.
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and dr(v; )= f(v,) since otherwise F @ E(P') or F @ E(P") is better than F,
respectively. Hence dp(v;,)=f(v;), and therefore drgrw»y(v,)<f(v,) and
drgry(v;,) > f(v,). This implies v, € D.

(b) can be proved analogously.

Theorem 8. Let F be an optimal factor of G. Then the following holds:
(a) If xeAandye AUC, then {x,y} ¢ F.
(b) IfxeB,yeBUC, and {x,y} € E, then {x,y}eF.
(c) If xeD, thendp(x)e {f(x)—1, f(x), f(x)+1}.
(d) If xeDandyeC, then {x,y} ¢ E.

Proof. (a) Assume for a contradiction that xe A, ye AUC, and {x, y} € F. By
the definition of A and C, it follows that de(x) = f(x) and dx(y) = f(y). We even
have dx(x) = f(x) and d.(y) = f(y) because otherwise, by Lemma 3, F\{{x, y}}
1s an optimal factor which 1s better than F or which contradicts x € A4 or
yeAUC. Since x € A, there exists an optimal factor H satisfying d,(x) > f(x).
Then {x, y} ¢ H since otherwise H\{{x, y}} is an optimal factor which is better
than H or which contradicts ye AU C. Let xg:=y, x,:=x, and let ? = (x,;)g<; <«
be an F-H-trail. Define &' :=(x;),<;,-x. By Lemma 3, H & E(%’) is optimal and
k < w.

Case 1. {x;_», X1y € F\NH and dp(x,_,) > d},(x,_,).

Then x,_, ¢ {x, y}. Since H D E(?’) 1s not better than H, we conclude that
di(xe_1) Z f(xe~y). Therefore dp(x,-;) > f(xc_1). By Lemma 3 (referring to F
and (x;_i)1<i<x), F D E(P) is optimal. Now dyrgr(y)=dr(y)—1 is a con-
tradiction to y e A U C.

Case 2: {x, 5, x, 1} e H\Fand dp(x, ) <di{x._,).

Since H @ E(?’) 1s not better than H, we conclude that d,(x,_;) <" (x._,).
Therefore we get x; ., ¢ {x, y} since otherwise dygrop(x) =dy(x) -2 < f(x) — 1
ofr dpyerwpyy)=dy(y)—1=<f(y)—1 contrary to xe€A and yeAUC.
Consequently we find dg(x; ) <f(x:_,). Now we get a contradiction as in case 1.

(b) Can be proved analogously.

(c) Let x e D. If de(x) > f(x), let P be an F-alternating trail in agreement with
Lemma 19(a). Then drggp) = dge,.. Since F @D E(P) is not better than F, we
conclude that de(x)=f(x)+ 1. If dg(x)<f(x), analogously it follows that
dr(x)=f(x)— 1 from Lemma 19(b).

(d) Suppose that {x, y} € E for some x € D and some y € C. By (¢), there exists
an optimal factor F such that dy(x)=f(x) —1. Then {x, y} € F since otherwise
F U {{x, y}} would be an optimal factor such that dp . ,(y)=de(y)+1=
f(y)+ 1, contradicting y € C. Let 2 be an F-alternating trail in agreement with
Lemma 19(b), and let H:=F ® E(?). Then {x,y} e H and dy(x)=f(x)+1.
Hence H\{{x,y}} is an optimal factor, and we have dy (. ,n(¥)=f(y)—1.
This contradicts y € C.
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We are going to examine the structure of optimal factors on the set D 1n detail.
Obviously the following holds: If x € D, then an f-optimal factor F satistying
de(x)=f(x)+1 (dp(x) =f(x) — 1, resp.) is f*-optimal (f,-optimal, resp.). The
following lemma shows that the converse assertion holds as well.

Lemma 20. Let x € D. Then:

(a) x e C(f") and x € C({,)
(b) Every f*-optimal factor and every f.-optimal factor is f-optimal.

Proof. (a) To see that x € C(f"), let F be an f*-optimal factor. We have to show
that dp(x)=f(x) + 1.

(i) Assume dg(x)=f(x). Choose an f-optimal factor H satistying dy(x)=
f(x)+1 and an H-F-tratl # = (v;)g<;< starting at v, =x. By Lemma 3, we have
k < w and

6Hﬂ%£(:’¥'),f: (E’H,f ﬁ:‘fl and 6F$E(f¥’),f‘ — (‘SF.f-*):jﬁ_'- (1)

If vo# v,.,, then Lemma 2(c), (d) implies

6H$E(:—’P),)‘(Uk—l) = 6H,f(vk—l) -1 or 6}?@5{{?},[(”&—1) =0p AUx_1) — 1,

contrary to (1). If vo=wv,_,, then Lemma 2(b) implies Orgr (s s{(x) = Of s(x) --
2. Again this is a contradiction to (1).

(i) Assume dp(x)>f(x)+ 1. By Lemma 17, there exists an f-optimal factor H
satisfying 6, ,<8p,. By Theorem 8(c), we find f(x) —1=<d,(x) <dg(x). Let
P = (U, )g=;=x b€ an F-H-trail starting at v,=x. By Lemma 3 and Lemma 2(a),
(c), we get

6F*¢£B~‘E(i'§'-"},f-‘ — (‘E’F,ff);k_‘ and 6FEBE(.-’F)J(UI(— ) < '5::,1{1/';:4)-

Therefore x = vy, Orar(p) ., = Or s, and dpgp(wy(x) #dp(x). Thus F © E(P) is
an f*-optimal factor satisfying drgr»(x) = f(x). This is impossible by (i).

x € C(f,) can be proved analogously.

(b) Suppose that there is some f*-optimal factor ¥ which is not f-optimal. By
Lemma 17, there exists an f-optimal factor H such that 0y ,<0g,. Again by
Lemma 17, there exists an f*-optimal factor J such that 0, ;. <0y . Since
de(x)=d,(x)=f(x)+1 by (a), it follows that O, <0, and, by the f*-
optimality of F, 0; » = Op . Thus

O Ay)=0udy)fory+x and dy(x)=7[(x).

Now let K be an f-optimal factor satisfying dx(x) = f(x) + 1 and let P = (v;)y<; <«
be a K-H-trail starting at v, = x. Then &k < w by Lemma 3. Since & 1s a K-H-trall,
we have dg(vi_,) #diN(v,_;) and therefore v,_,#*wv,. By Corollary 1(a), it
follows from the f-optimality of K that 6, {v,_,) > 0x Avi_,). By Lemma 2(d),
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we get

6H$E(f—?‘),f‘(vk—1) — aH@E(@),f(Ukﬂ) < aH,f(Uk—l) — 6F,f-*(“k—1)-

Thus 0y g e (») sr < Op s« contrary to the f*-optimality of F.
One can show analogously that every f -optimal factor i1s f-optimal.

Corollary 6. Let x € D. Then:
(a) Ac A(f YU C(fY) and A < A(f.) U C(f).
(b) B < B(f)UC(f*) and B c B(f.)U C(/,).
(c) Cc C(f")and C < C({,).
(d) D D(f)ULC(f")and D c D(f,) U C(f,)-

Proof. (a), (b), and (c) are immediate consequences of Lemma 20(b).

(d) Let y be a vertex of D and let F be an arbitrary f*-optimal factor. If
de(y)<f*(y) (de(y)>f"(y), resp.), then we must find an f*-optimal tactor J
satisfying d,(y) > f*(y) (d,(y) <f*(y), resp.).

(1) de(y) <f*(y). By Lemma 20(a) we conclude that y # x and therefore, by
Lemma 20(b) and Theorem 8(c), dp(y)=f(y)—1. Lemma 19 yields an F-
alternating trail & such that dpg g = d¥. Define J := F & E(P).

(i1) The case dz(y) > f*(y) can be handled similarly.

D < D(f.)U C(f,) can be proved analogously.

If W<V, let us define G[W]:= (W, {{v, w}e E:v, we W}). A subset U of W
is said to be a component of W if G[U] is a component of G[W]. By Corollary
6(d), Lemma 20(a), and Theorem &(d), we have the following.

Lemma 21. If D* is a component of D and if x e D*, then D* c C(f*) and
D* < C(£.)-

Lemma 22. Let D* be a component of D, let x,y € D*, and let I be an optimal
factor such that dg(x)# f(x). Then there exist optimal factors H,, H, such that

du(V)=f¥)+1,dy(y)=f(y)—1, and
H®Fc{{v,whv,weD*} (i=1,2)

Proof. Let D' = D™ be the set of all vertices z € D* such that there i1s some
optimal factor H satisfying d,(z) #f(z) and

HOFc{{v,w}: v,weD*}. (1)

Because of Theorem 8(¢c) and Lemma 19, it remains to prove that D' = D*.
Assuming the contrary, there are ve D’ and w e D*\D’ such that {v, w} e E.
Let H be an optimal factor satisfying d,(v) #f(v) and (1). By Lemma 19, we can
assume without loss of generality that d,(v)=f(v)—1. Since w ¢ D’, we have
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dy(w)=f(w). Further {v, w} e H since otherwise H U {{v, w}} would be an
optimal tactor which shows w € D'. Choose an H-alternating trail ? = (V;)o<icx IN
agreement with Lemma 19(b) (referring to H and v). ? does not meet w since
otherwise H © E(%’') is an optimal factor showing w € D', where ?' = (v,)y<;<,
and v, =w. Therefore H ® E(%P) is an optimal factor satisfying Apnape (V) =
flv)+1, (1), and {v, w} e H ® E(P). Thus (H ® E(P)\{{v, w}} is an optimal
tactor showing w € D’ contrary tow ¢ D',

Theorem 9. Let D™ be a component of D and let F be an f-optimal factor. Then
exactly one of the following four statements holds:
(1) Vxe D*: dpe(x)=f(x), {y, a} € F for exactly one y € D* and exactly one

acA VxeD*NbeB:{x,b}eE=>{x,b}eF

(1) Vxe D*: de(x)=f(x), VxeD*VaeA: {x,a}¢F, {y,b}e E\F for ex-
actly one y € D* and exactly one b € B.

(i) Iy e D*Vx e D*:dp(x)=f"(x), VxeD*VacA:{x,al¢F, VxeD*Vb e
Biix,bjeE=>{x,b}eF

(iv) dye D*VxeD*: dp(x)=f,(x), VxeD*VaecA: {x,a} ¢F, VxeD*Vbe
B:{x,ble E>{x, b} eF.

Proof. Obviously at most one of the four possibilities can occur.

Case 1: dp(y)#f(y) for some y e D*.

Then de(y)=f(y)+ 1 o0orde(y)=f(y) — 1 by Theorem 8(c).

Case 1.1: de(v)=f(y) + 1.

Since F is f’-optimal, it follows by Lemma 21 that, for all x e D*\{y},
dp(x) =f(x).
Suppose there is some x € D* and some a € A such that {x, a} € F. By Lemma 21,
Corollary 6(a), and Theorem 8(a), we get a € C(f”). Hence dx(a) = f(a). Choose
an f-optimal factor H satisfying dy,(x) =f(x) + 1 in agreement with Lemma 22.
Then {x,a}eH and dy(a)=dr(a)=f(a). By Lemma 3, H\{{x, a}} is f-
optimal. Since dy\ (. .y(a)=f(a)—1<f(a), this is a contradiction to g € A.
Thus Vx e D*Vae A: {x,a} ¢ F.

One can show similarly that every edge {x, b} with xe D* and beB is
contained in F. Therefore (11i) holds.

Case 1.2: de(y)=f(y) — 1.
Analogously to case 1.1 (iv) can be shown.

Case 2: dp(x) =f(x) for all x e D*.

Case 2.1: There is some y € D* and some a € A such that {y, a} € F.

Since y € D, there exists an f-optimal factor H satistying d,(y) <f(y). By case
1.2, it follows that dy(x) = f,(x) forall x e D* and {y,a} ¢ H. Let vy:=y, v,:=a
and let ? = (v;)p<i<x b€ an F-H-trail. Then, for i >0, v, ¢ D*.

Assuming the contrary, choose j >0 minimal such that v, € D*. If j is even, then
{vj-1, v;} e H\F. By case 1.2, we get v;_; ¢ A. Therefore, by Theorem 8§(d),
v, € B. Define 2" :=(v;)oxi<;, HD E(P') is f-optimal by Lemma 3. Further
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dueoew (V) =f(w,)—1 and {v,_,, v;} ¢ HD E(P’). This is a contradiction to
case 1.2 (ref. to H D E(%’) and v,_,). If j is odd, we get similarly a contradiction
to case 1.1.

In particular we get v, ;#y. Now we want to show that J:=F® E(P) 1s
f-optimal. By Lemma 3, we have k < w.

Case a: {vy_5, Vi € FNH and dp(v;_) > d3fvi_1) = dy(ve 1)

Since H®E(P) i1s not better than H, dg(ve_;)=f(vi-1). Therefore
de(v,_,) > f(ve—,) and J is f-optimal by Lemma 3. (Consider (v, _;)o<i<x!)

Case b: {vVi_y, Us_1} € H\F and dg(v,_,) <d}(v_1) = dy(vi-1).

This case will be treated similarly. Since d,(y)=f(y)—1#f(y) and J 1s
f-optimal, it follows by case 1.2: Vx e D*Vv e A: {x, v} ¢J and Vx e D*Vv € B:
Ix,v}e E=>{x,v}eJ. Since v;¢ D* for i>0, an edge {x, v}#{y, a} with
x € D* is in J iff it is in F. Consequently (1) holds.

Case 2.2: There is some y € D* and some b € B such that {y, b} € E\F.

Analogously to case 2.1 one can show (i1).

Case2.3:VxeD*aecA:{x,a} ¢ FandVxe D*Vbe B: {x,b}e E> {x, b} e F.
We must show that this case cannot occur. Choose an arbitrary vertex y € D™ and an
f-optimal factor H satisfying dy(y)<f(y). By case 1.2, we conclude that
dy(x)=f,(x) for all x e D*. Furthermore, Vx € D*Vae A: {x,a} ¢ H and Vx e
D*VbeB: {x,b}e E>{x, b} € H Let P=(v;)p<i<x be an F-H-trail starting at
vy,=y. By Lemma 3, we have k < w. Since P traverses only edges of FO H, ¥
contains no edge joining D* and A U B. Since there is no edge joining D™ and C by
Theorem 8(d), ? meets vertices of D* only. In particular v, _; € D*. Therefore
de(vi_y) = f(ve-1) = d}{v,_,). Thisis a contradiction since v, _, 18 the endvertex of
an F-H-trail.

G is said to be f-critical if G 1s connected and V=D. For x e CUD let us
define

fe(x):=f(x)—{b € B: {x, b} e E}|.

[t follows easily from Theorem 8(b) and Theorem 9 that f; defines a function on
C U D into w. From Theorem 8 and Theorem 9 we get the following corollary.

Corollary 7. If G contains at least one f-optimal factor, then G|C| possesses a
perfect fg-factor and, for each component D* of D, G| D¥] is fg-critical.
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