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12.3 Tree-decompositions

Trees are graphs with some very distinctive and fundamental properties;
consider Theorem 1.5.1 and Proposition 1.5.2, or the more sophisticated
example of Kruskal’s theorem. It is therefore legitimate to ask to what
degree those properties can be transferred to more general graphs, graphs
that are not themselves trees but tree-like in some sense.0 In this section,
we study a concept of tree-likeness that permits generalizations of all
the tree properties referred to above (including Kruskal’s theorem), and
which plays a crucial role in the proof of the graph minor theorem.

Let G be a graph, T a tree, and let V = (Vt)t2T be a family of
bags Vt ✓ V (G) indexed by the nodes t of T . The pair (T,V) is called a bags

tree-decomposition of G if it satisfies the following three conditions: tree-
decomposition

(T1) V (G) =
S

t2T Vt;

(T2) for every edge e 2 G there exists a t 2 T such that both ends of e
lie in Vt;

(T3) Vt1 \Vt3 ✓ Vt2 whenever t1, t2, t3 2 T satisfy t2 2 t1Tt3.

Conditions (T1) and (T2) together say that G is the union of the sub-
graphs G[Vt]. We call these subgraphs the parts of (T,V), and say that parts

(T,V) is a tree-decomposition of G into the bags Vt or the parts G[Vt].
Condition (T3) implies that the bags of (T,V) are organized roughly like
a tree (Fig. 12.3.1).
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Fig. 12.3.1. Edges and bags ruled out by (T2) and (T3)

Before we discuss the role that tree-decompositions play in the proof
of the minor theorem, let us note some of their basic properties. Consider
a fixed tree-decomposition (T,V) of G, with V = (Vt)t2T as above. (T,V), Vt

Perhaps the most important feature of a tree-decomposition is that
it transfers the separation properties of its tree to the graph decomposed:

0 What exactly this ‘sense’ should be will depend both on the property considered
and on its intended application.
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Lemma 12.3.1. Let t1t2 be any edge of T and let T1, T2 be the com- [12.4.3]
[12.6.5]

ponents of T � t1t2, with t1 2 T1 and t2 2 T2. Then Vt1 \ Vt2 separates
U1 :=

S
t2T1

Vt from U2 :=
S

t2T2
Vt in G (Fig. 12.3.2).
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Fig. 12.3.2. Vt1 \Vt2 separates U1 from U2 in G

Proof. Both t1 and t2 lie on every t–t0 path in T with t 2 T1 and t0 2 T2.
Therefore U1 \U2 ✓ Vt1 \Vt2 by (T3), so all we have to show is that G
has no edge u1u2 with u1 2 U1 r U2 and u2 2 U2 r U1. If u1u2 is such
an edge, then by (T2) there is a t 2 T with u1, u2 2 Vt. By the choice of
u1 and u2 we have neither t 2 T2 nor t 2 T1, a contradiction. ⇤

We shall say that the separation {U1, U2} of G in Lemma 12.3.1 isinduced
separation

induced by the edge t1t2 of T , or more generally by (T,V). Its separator
U1 \U2 = Vt1 \Vt2 is the adhesion set of Vt1 and Vt2 .

The adhesion of a tree-decomposition is the maximum size of itsadhesion

adhesion sets. (If T is trivial, we let it be zero.) The torsos of a tree-torsos

decomposition are the supergraphs of its parts G[Vt] obtained by making
their adhesion sets complete: by adding to G[Vt] any edges not in G
whose ends lie in a common adhesion set Vt \Vt0 with tt0 2 E(T ).
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12.4 Tree-width
As indicated by Figure 12.3.1, the bags of (T,V) reflect the structure of
the tree T , so in this sense the graph G decomposed resembles a tree.
However, this is valuable only inasmuch as the structure of G within
each part is negligible: the smaller the bags, the closer the resemblance.

This observation motivates the following definition. The width of width

(T,V) is the number

max
�
|Vt|� 1 : t 2 T

 
,

and the tree-width tw(G) of G is the least width of any tree-decomposi- tree-width
tw(G)

tion of G. As one easily checks,1 trees themselves have tree-width 1.
A tree-decomposition (T,V) of G with V = (Vt)t2T is linked , or linked/lean

lean, if it satisfies the following condition:

(T4) Given t1, t2 2 T and vertex sets Z1 ✓ Vt1 and Z2 ✓ Vt2 such that
|Z1| = |Z2| =: k, either G contains k disjoint Z1–Z2 paths or there
exists an edge tt0 2 t1Tt2 with |Vt \Vt0 | < k.

The ‘branches’ in a lean tree-decomposition are thus stripped of any bulk
not necessary to maintain their connecting qualities. Indeed, if a branch
is thick (i.e. the adhesion sets Vt \ Vt0 along a path in T are all large),
then G is highly connected along this branch, and the bags themselves
are no larger than their ‘external connectivity’ in G requires: for t1 = t2,
(T4) says that two k-sets of vertices will only lie in a common bag if
they cannot be separated (in G) by fewer than k vertices.

In our quest for tree-decompositions into ‘small’ bags, we now have
two criteria to choose between: the global ‘worst case’ criterion of width,
and the more subtle local criterion of leanness. Surprisingly, it is always
possible to find a tree-decomposition that is optimal with respect to both
criteria at once:

Theorem 12.4.5. (Thomas 1990)
Every graph G has a lean tree-decomposition of width tw(G).

1 Indeed the ‘�1’ in the definition of width serves no other purpose than to make
this statement true.


