
7 The structure of graphs excluding a

topological minor

Grohe and Marx [39] proved the following structure theorem for graphs excluding a

topological minor:

Theorem 7.1 ([39]). For every positive integer r there exists an integer p such that

every graph which does not contain Kr as a topological minor has a tree-decomposition

in which every torso either

(i) has at most p vertices of degree greater than p, or

(ii) does not contain Kp as a minor.

In fact, Grohe and Marx [39] give an algorithm which computes such a tree-decomposi-

tion in time f(r)|V (G)|c for some computable function f and constant c.

We give an independent, non-algorithmic and conceptually simpler proof of Theo-

rem 7.1. We are going to show the following:

Theorem 7.2. For every positive integer r, every graph which does not contain Kr as

a topological minor has a tree-decomposition in which every torso either

(i) does not contain an r4-block, or

(ii) does not contain K2r2 as a minor.

Using Theorem 5.1, our structure theorem for graphs without k-blocks, we can refine

this tree-decomposition by decomposing every torso which does not contain an r2-block.

This yields the following:

Corollary 7.3. For every positive integer r, every graph which does not contain Kr as

a topological minor has a tree-decomposition in which every torso either

(i) has at most r4 vertices of degree greater than 2r8, or

(ii) does not contain K2r2 as a minor.
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The idea of our proof is as follows. Both large minors and large blocks point towards

a ‘big side’ of every separation of low order. A subdivision of a clique simultaneously

gives rise to both a complete minor and a block and, what’s more, the two are hard to

separate in the sense that they choose the same ‘big side’ for every low-order separation.

A qualitative converse to this observation is already implicit in previous work on graph

minors and linkage problems: if a graph contains a large complete minor and a large

block which cannot be separated from that minor, then the graph contains a subdivision

of a complete graph.

Therefore, if we that assume our graph does not contain a subdivision of Kr, then we

can separate any large minor from every large block. It then follows from the tangle tree

theorem of Robertson and Seymour [58] (or rather its extension to profiles [21, 10]) that

there exists a tree-decomposition which separates every block from every minor. Hence

each part is either free of large minors or free of large blocks.

However, the aim is to control the torsos, and not every tree-decomposition will provide

this control. We therefore contract some parts of our tree-decomposition and use the

minimality of the remaining set of separations to exclude blocks and minors in the torsos.

In Section 7.3, we give a slightly different proof of Theorem 7.1 using k-atomic tree-

decompositions to strengthen the bounds on the degrees.

7.1 Profiles of a graph

Throughout the following, k denotes a positive integer and G a graph. We endow the

set of all separations of G with the partial order ≤ given by

(A,B) ≤ (C,D) :⇔ A ⊆ C, B ⊇ D.

This turns the set of separations into a lattice with meet ∧ and join ∨ given by

(A,B) ∧ (C,D) = (A ∩ C,B ∪D), (A,B) ∨ (C,D) = (A ∪ C,B ∩D).

Note that (A,B) 7→ (B,A) is an order-reversing involution on this lattice. The subset

of all separations of G of order <k is denoted by Sk(G). It carries the induced partial

order, but is not necessarily a lattice.

Intuitively, an orientation of Sk(G) points towards one side of each separation. We

achieve this formally by defining an orientation of Sk(G) as a subset of Sk(G) which

contains exactly one element from each pair {(A,B), (B,A)} ⊆ Sk(G). The intended

meaning is that an orientation containing (A,B) ‘points towards’ B.
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As a sort of minimum requirement for an orientation to ‘point somewhere’ in the

graph, rather than orienting each separation arbitrarily, we demand that it does not

contain two separations which clearly point away from each other. Therefore, we call

an orientation O consistent if for any two distinct (A,B), (C,D) ∈ O we do not have

(D,C) ≤ (A,B). The restriction that (A,B) 6= (C,D) allows O to include a cosmall

separation (A,B) satisfying (B,A) ≤ (A,B). Note that, in this case, A = A∪B = V (G).

Declaring B as the large side then seems rather counterintuitive, so we call orientations

not containing any cosmall separations regular. Regular, consistent orientations are

down-closed with respect to the ordering.

Carmesin, Diestel, Hamann and Hundertmark [10] introduced profiles as both an

abstraction of k-blocks and a generalization of the tangles of Robertson and Seymour [58].

A profile of Sk(G), or k-profile for short, is a consistent orientation O1 of Sk(G) which

satisfies the following:

if (A,B), (C,D) ∈ O, then (B ∩D,A ∪ C) /∈ O. (P)

Note that (A ∪ C,B ∩D) is the supremum of (A,B) and (C,D) in the lattice of sepa-

rations of G – but, in general, (A ∪ C,B ∩D) need not be contained in Sk(G). More

explicitly, the property (P) asserts that if the supremum (A∪C,B∩D) of two separations

(A,B), (C,D) ∈ O has order <k, then it must also be contained in O.

By definition, two orientations O,O′ of Sk(G) are distinct if and only if there is some

(A,B) ∈ O \ O′. Informally, O and O′ disagree on which of A and B is the ‘large

side’ of the separation. We then say that (A,B) distinguishes O and O′. Observe that

(B,A) ∈ O′\O also distinguishes them. We say that (A,B) distinguishes them efficiently

if it has minimum order among all separations distinguishing them.

As a natural extension, we say that a set S of separations (efficiently) distinguishes

a set O of orientations if for any two orientations in O there is a separation in S which

(efficiently) distinguishes them.

7.1.1 Profiles induced by blocks and models

Let B ⊆ V (G) be (<k)-inseparable. Then for every separation (U,W ) ∈ Sk(G) either

B ⊆ U or B ⊆ W , but not both. Hence B induces an orientation O(B) of Sk(G) given

by

O(B) := {(U,W ) ∈ Sk(G) : B ⊆W}.

1In [10], a slightly more restrictive notion of ‘consistency’ is used. As a consequence, only regular
profiles are considered in [10]

73



Note that every k-block containing B induces the same orientation of Sk(G).

As the vertices of a complete graph are indistinguishable (formally: the complete graph

is vertex-transitive), we ease the notation for models slightly when dealing with models

of complete graphs. Given an integer m, a model of Km is a family X of m pairwise

disjoint connected sets of vertices of G, the branchsets of X , such that G contains an

edge between any two of them. If m ≥ k, then for every separation (U,W ) ∈ Sk(G)

precisely one of W \ U and U \W contains a branchset of X . That way, X induces an

orientation O(X ) of Sk(G) via

O(X ) := {(U,W ) ∈ Sk(G) : X ∩W is non-empty for every X ∈ X}.

Note that both O(B) and O(X ) depend implicitly on the integer k and not on the set B

or the model X alone.

Lemma 7.4. Let m be a positive integer with 2(m+1) ≥ 3k and let O be an orientation

of Sk(G). If

(i) O = O(B) for a (<k)-inseparable set B, or

(ii) O = O(X ) for a model X of Km,

then O is a regular k-profile.

Proof. (i) Suppose O = O(B) for a (<k)-inseparable set B ⊆ V (G). To verify consis-

tency, let (U1,W1), (U2,W2) ∈ Sk(G) and suppose that (W2, U2) ≤ (U1,W1) ∈ O. Then

B ⊆W1 ⊆ U2, so (W2, U2) ∈ O and (U2,W2) /∈ O. Regularity and (P) are trivial.

(ii) Suppose O = O(X ) for a model X of Km. We first check that O is consistent.

Let (U1,W1), (U2,W2) ∈ Sk(G) and suppose that (W2, U2) ≤ (U1,W1) ∈ O. Let X ∈ X
arbitrary. Then X ∩ U2 ⊇ X ∩ W1, which is non-empty. Thus (W2, U2) ∈ O and

(U2,W2) /∈ O. Again, regularity of O is trivial.

To show (P), let (R1, S1), (R2, S2) ∈ O and suppose that (R,S) := (R1 ∪R2, S1 ∩ S2)
has order <k. Consider the set Y of all X ∈ X which are contained in S1 \ R1. Note

that |Y| ≥ m−|R1∩S1|. If some Y ∈ Y is contained in S2 \R2, then (R,S) ∈ O(X ) and

(S,R) /∈ O(X ). Otherwise, since (R2, S2) ∈ O(X ), every Y ∈ Y meets (R2 ∩ S2) \ R1.

As the branchsets are disjoint, it follows that

|(R2 ∩ S2) \R1| ≥ m− |R1 ∩ S1|.

Symmetrically, we find that |(R1 ∩ S1) \R2| ≥ m− |R2, S2|. But then

|R,S| ≥ |(R2 ∩ S2) \R1|+ |(R1 ∩ S1) \R2| ≥ 2(m− (k − 1)) ≥ k,
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which contradicts our initial assumption on the order of (R,S).

We will show that if a (< k)-inseparable set and a model of Km, with m ≥ 2k − 1,

induce the same profile of Sk(G), then G contains the complete graph on r ∼
√
k vertices

as a topological minor. To prove this, we will make use of a lemma of Robertson and

Seymour [59] that allows us to ‘pull’ the branchsets of a model of Km onto a specified

(somewhat smaller) set of vertices.

The completion of G at a set Z ⊆ V (G) is the graph GZ obtained from G by making

the vertices of Z pairwise adjacent. Note that Z is (< |Z|)-inseparable in GZ . A Z-based

model is a model of K|Z| in which every branchset contains one vertex of Z.

Lemma 7.5 ([59]). Let G be a graph, Z ⊆ V (G) and p := |Z|. Let q ≥ 2p− 1 and let X
be a model of Kq in GZ . If X and Z induce the same orientation of Sp(G

Z), then G

has a Z-based model.

Lemma 7.6. Let r, k ≥ r(r − 1) and m ≥ 2r(r − 1) be positive integers. Let B be a

k-block and X a model of Km in G. If B and X induce the same orientation of Sr(r−1),

then G contains a subdivision of Kr with arbitrarily prescribed branchvertices in B.

Lemma 7.6 is similar to [39, Lemma 6.16], and the proof is basically the same.

Proof. Let q := r(r − 1). Suppose B and X induce the same orientation of Sq and let

B0 ⊆ B of order r arbitrary. Let H be the graph obtained from G by replacing every

b ∈ B0 by an independent set Jb of order (r − 1), where every vertex of Jb is adjacent

to every neighbor of b in G and to every vertex of Jc if b, c are adjacent. Let J :=
⋃
b Jb

and note that |J | = q. We regard G as a subgraph of H by identifying each b ∈ B with

one arbitrary vertex in Jb. This makes X a model of Km in H.

Assume for a contradiction that there was a separation (U,W ) of H of order < q

such that J ⊆ U and X ⊆ W \ U for some X ∈ X . We may assume without loss of

generality that for every b ∈ B0, either Jb ⊆ U ∩W or Jb ∩ (U ∩W ) = ∅: If there is

a z ∈ Jb \ (U ∩W ), then z ∈ U \W , and we can delete any z′ ∈ Jb ∩W from W and

maintain a separation (because z and z′ have the same set of neighbours in H) with the

desired properties. In particular, for every b ∈ B0 we find b ∈W if and only if Jb ⊆W .

Since |U ∩W | < |J |, it follows that there is at least one b0 ∈ B0 with Jb0 ⊆ (U \W ). Let

(U ′,W ′) := (U ∩ V (G),W ∩ V (G)) be the induced separation of G. Then X ⊆ W ′ \ U ′

and b0 ∈ U ′\W ′. Since |U ′∩W ′| ≤ |U∩W | < q and B is a k-block, we have B ⊆ U ′. But

then (U ′,W ′) distinguishes B and X , which is a contradiction to our initial assumption.

We can now apply Lemma 7.5 to H and find a J-based model Y = (Yj)j∈J in H.

For each b ∈ B0, label the vertices of Jb as (vbc)c∈B0\{b}. For b 6= c, H contains a vbc-

vcb-path P ′b,c ⊆ Yvbc ∪ Yvcb . These paths are pairwise disjoint, because the Yj are, and
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P ′b,c ∩ J = {vbc, vcb}. For each such path P ′b,c, obtain Pb,c ⊆ G by replacing vbc by b

and vcb by c. The collection of these paths (Pb,c)b,c∈B0 gives a subdivision of Kr with

branchvertices in B0.

We now study the separations which efficiently distinguish blocks and minors. Recall

that a separation (A,B) is tight if G[A \ B] has a component K in which every vertex

of A ∩B has a neighbor. The separation is generic if G[A] has an A ∩B-based model.

Lemma 7.7. Let O1, O2 be consistent regular orientations of Sk(G) and let (A,B) ∈
O2 \O1 efficiently distinguish them. Then:

(i) If O1 is a profile, then (A,B) is tight.

(ii) If O1 = O(X ) for a model X of Km, m ≥ 2k − 1, then (A,B) is generic.

Proof. (i): Let Q := A ∩ B. By repeatedly applying (P), it follows that there exists a

(unique) component K of G[A \B] such that (C,D) := (V \K,Q∪K) ∈ O1. Note that

(D,C) ≤ (A,B), so (D,C) ∈ O2 by consistency.

Assume for a contradiction that there was some q ∈ Q with no neighbor in K. Then

(C ′, D′) := (C,D\{q}) is also a separation of G. As (C,D) ≤ (C ′, D′), we find (D′, C ′) ∈
O2. Since (A,B) has minimum order in O2 \ O1, it must be that (D′, C ′) ∈ O1 as well.

But then

(C ∪D′, D ∩ C ′) = (V,Q) ∈ O1,

since |Q| < k and O1 is a profile. This contradicts our assumption that O1 is regular.

(ii): Let Q := A∩B and Y := (X∩A)X∈X . Since (B,A) ∈ OX , Y is a model of Km in

G[A]Q. We wish to apply Lemma 7.5 to Q and Y in the graph G[A]. Suppose Q and Y
did not induce the same orientation of S|Q|(G[A]Q). That is, there is a separation (U,W )

of G[A]Q with |U ∩W | < |Q| and Q ⊆ U such that Y ∩ U = ∅ for some Y ∈ Y. There

exists an X ∈ X such that Y = X ∩A. But X cannot meet B, since it is connected and

does not meet Q. Therefore X = Y .

Now (U ′,W ′) := (U ∪ B,W ) is a separation of G. Note that X ⊆ W ′ \ U ′, so

(U ′,W ′) ∈ O1. Since (W ′, U ′) ≤ (A,B), it follows from the consistency of O2 that

(W ′, U ′) ∈ O2. But |U ′ ∩W ′| = |U ∩W | < |Q|, which contradicts the fact that (A,B)

efficiently distinguishes O1 and O2.

Hence Q and Y do induce the same orientation of S|Q|(G[A]Q). By Lemma 7.5, G[A]

has a Q-based model, making (A,B) generic.
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7.1.2 Profiles and tree-decompositions

In Chapter 5, we pointed out that if (T,V) is a tree-decomposition of adhesion <k and B

is a k-block, then there exists a unique t ∈ T with B ⊆ Vt. In fact, profiles also ‘inhabit’

parts of tree-decompositions, in the following sense.

Let (T,V) be a tree-decomposition of adhesion < k and let O be an orientation

of Sk(G). Every pair (s, t) of adjacent vertices of T induces a separation (Ws,Wt) ∈
Sk(G), and the pair (t, s) induces its ‘inverse’ (Wt,Ws). As O contains precisely one of

these two separations, it induces an orientation of the edges of T by directing st from s

towards t if and only if (Ws,Wt) ∈ O. When O is consistent, this orientation will direct

the edges of T towards some node tO ∈ T , which we call the home node of O in T . If

O = O(B) for a k-block B or O = O(X ) for a model X of Km, we abbreviate this to

tB := tO(B) and tX := tO(X ), respectively.

We say that an edge e ∈ E(T ) (efficiently) distinguishes two orientations O,O′ if one

(and then both) of the separations of G induced by e does. When O,O′ are consistent,

this is the case if and only if e ∈ tOTtO′ . This observation often allows us to reduce

problems about separations distinguishing orientations of Sk(G) to much simpler prob-

lems within trees. The tree-decomposition (T,V) (efficiently) distinguishes a set O of

orientations if for any two orientations on O there is an edge of T which (efficiently)

distinguishes them. If every orientation in O is consistent, then (T,V) distinguishes O
if and only if O 7→ tO is an injective map O → V (T ).

Theorem 7.8 ([10, Theorem 4.5]). Every graph has a tree-decomposition (T,V) of ad-

hesion <k which efficiently distinguishes all its k-profiles.

For suitable values of r, k,m, it thus follows from Lemma 7.6 and Theorem 7.8 that ev-

ery graph excluding Kr as a topological minor has a tree-decomposition which efficiently

distinguishes every k-block from every model of Km. Then no node is simultaneously

the home node of a k-block and of a model of Km. Our aim now is to use this to

control the torsos. In order to achieve this, we will need to take a somewhat coarser

tree-decomposition obtained by a suitable contraction.

Let T be a tree with a weight-function µ : E(T ) → R+ and let D be a graph with

V (D) ⊆ V (T ). The idea is that D prescribes which pairs of nodes of T have to be

separated. In our application, V (D) is going to a complete bipartite graph with the set

of home nodes of blocks on one side and the set of home nodes of models on the other.

A set F ⊆ E(T ) is a D-barrier if F contains an edge of aTb for any ab ∈ E(D) and

for every f ∈ F there is an ab ∈ E(D) such that f has minimum weight in aTb and no

other edge of F lies in aTb.
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Lemma 7.9. Let T be a tree with a weight-function µ : E(T ) → R+ and let D be a

graph with V (D) ⊆ V (T ). Then there exists a D-barrier.

Proof. Order the edges of T as e1, . . . , en such that µ(e1) ≥ . . . ≥ µ(en). The index of

e ∈ E(T ) is the integer j with ej = e. Call e ∈ E(T ) smooth for ab ∈ E(D) if e is the

edge of maximum index in aTb. Observe that precisely one edge of T is smooth for each

ab ∈ E(D) and this edge has minimum weight in aTb.

We iteratively construct a barrier F . Starting with F0 := ∅, do the following for

j = 1, . . . , n. If there exists ab ∈ E(D) for which ej is smooth and Fj−1 contains no edge

of aTb, let Fj := Fj−1 ∪ {ej}. Else, let Fj := Fj−1. Finally, define F := Fn.

We now verify that F is indeed a barrier. First, let ab ∈ E(D) arbitrary. Let ej ∈ E(T )

be smooth for ab. If Fj−1 contains an edge of aTb, then so does F ⊇ Fj−1. Otherwise,

ej ∈ aTb lies in Fj ⊆ F . Either way, F contains an edge of aTb.

Let now f ∈ F and let j be its index. By construction, there exists ab ∈ E(D) for

which f is smooth such that Fj−1 contains no edge of aTb. Since F ⊆ Fj∪{ej+1, . . . , en}
and no edge ek, k > j, lies in aTb, it follows that f is indeed the only edge of F in aTb.

The following lemmas will help us control the torsos after contracting the components

of T−F for a suitable barrier F . A set τ of separations is called a star if (A,B) ≤ (D,C)

holds for all distinct (A,B), (C,D) ∈ τ . We define J(τ) :=
⋂

(A,B)∈τ B and tor(τ), the

torso of τ , as the graph obtained from G[J(τ)] by taking the completion of each set

A ∩B for (A,B) ∈ τ .

Lemma 7.10. Let m ≥ k and let τ ⊆ Sk(G) be a star of generic separations. If tor(τ)

contains a Km-minor, then there exists a model X of Km in G with τ ⊆ OX .

Proof. Contracting, for each (U,W ) ∈ τ , every branchset of some fixed U ∩W -based

model in G[U ] onto the single vertex of U ∩W it contains, we obtain tor(τ) as a minor

of G. If tor(τ) contains a Km-minor, then this yields a model X of Km in G in which

every branchset meets J(τ). But then τ ⊆ OX , because X∩W ⊇ X∩J(τ) is non-empty

for every X ∈ X and (U,W ) ∈ τ .

The analogous statement for blocks instead of models only comes with a numerical

trade-off. We also need the following elementary observation:

Lemma 7.11. Let B be a (< k)-inseparable set of at least k + 1 vertices. Then G

contains k internally disjoint x-y-paths for any two x, y ∈ B.
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Proof. Let x, y ∈ B. If xy /∈ E(G), then the existence of these paths follows from

Menger’s theorem. Suppose now that xy ∈ E(G) and let H := G− xy.

If H contains a set P of k − 1 internally disjoint x-y-paths, then we can add to P
the path consisting of the single edge xy to obtain our desired set of paths. Otherwise,

by Menger’s Theorem, there exists a set S ⊆ V (H) \ {x, y} of fewer than k − 1 vertices

which separates x and y.

Since |B| ≥ k + 1, there exists a z ∈ B \ (S ∪ {x, y}). Then S must separate z in H

from at least one of x and y, say from y. But then S ∪ {x} separates z from y in G,

contrary to our assumption that B was (<k)-inseparable.

Lemma 7.12. Let τ ⊆ Sk(G) be a star of tight separations. If tor(τ) contains a k2-block,

then G has a k-block B with τ ⊆ OB.

Proof. Suppose that B ⊆ J(τ) is a k2-block of tor(τ). We show that B is (< k)-

inseparable in G. It then follows that there exists a k-block B′ ⊇ B and trivially

τ ⊆ O(B) = O(B′). For k ≤ 2, the torso of τ is a subgraph of G and the assertion is

trivial. We now consider the case k ≥ 3.

Let a, b ∈ B and suppose there was a set X ⊆ V (G) \ {a, b} with |X| < k which

separates a and b. For every x ∈ X \ J(τ) there exists a unique (U,W ) ∈ τ with

x ∈ U \W . We say that (U,W ) is blocked by x and let σ be the set of all separations

in τ which are blocked by some vertex in X. Let

Y := (X ∩ J(τ)) ∪
⋃

(U,W )∈σ

U ∩W \ {a, b}.

Note that Y ⊆ J(τ) and |Y | ≤ |X|(k − 1). By Lemma 7.11, tor(τ) contains a set P of

k2 − 1 internally disjoint x-y-paths. Since k ≥ 3 and |Y | ≤ (k − 1)2, there is a path

P ∈ P of length at least 2 which does not meet Y .

For every ‘virtual’ edge e ∈ E(P ) \ E(G), there is some (U,W ) ∈ τ with e ⊆ U ∩W .

Since e 6= ab, it must be that (U,W ) has not been blocked, for otherwise one endvertex

of e would lie in Y . But the separation (U,W ) is tight, so there exists a path Pe ⊆ U

with the same endvertices as e with no internal vertices in J(τ). No vertex of Pe lies

in X, for otherwise that vertex would block (U,W ). Replacing every virtual edge e

by Pe, we obtain an X-avoiding connected subgraph R ⊆ G containing a and b, contrary

to our assumption.
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7.2 A proof of the structure theorem

We now combine everything to give a proof of Theorem 7.2.

Suppose G does not contain Kr as a topological minor. Let k := r(r−1) and m := 2k.

By Theorem 7.8, there exists a tree-decomposition (T,V) which efficiently distinguishes

all k-profiles of G. By Lemma 7.6, O(B) 6= O(X ) for every k-block B and every model X
of Km. Let Tb be the set of all nodes tB for k-blocks B and let Tm be the set of all

nodes tX for models X of Km. Note that Tb ∩ Tm = ∅.
Every edge of T carries a weight µ given by the order of the two separations it induces.

Note that for k-profiles O and O′, every edge of minimum weight in tOTtO′ efficiently

distinguishes O and O′. Let D be the complete bipartite graph with bipartition (Tb, Tm)

and let F ⊆ E(T ) be a D-barrier (Lemma 7.9). Let S be a component of T −F . Since F

is a D-barrier, S does not meet both Tb and Tm.

Let FS be the set of all pairs (t, s) of adjacent vertices with s ∈ S, t /∈ S and let

τ := {(Wt,Ws) : (t, s) ∈ F}

be the star of separations these pairs induce in G. Note that the torso of S is precisely

tor(τ). Let (t, s) ∈ F arbitrary. There exist tB ∈ Tb and tX ∈ Tm for which st has

minimum weight in tBTtX and is the unique edge of F along tBTtX . Hence precisely one

of tB, tX lies in S and (Wt,Ws) efficiently distinguishes O(B) and O(X ). By Lemma 7.7,

(Wt,Ws) is tight and if tB ∈ S, then (Wt,Ws) is generic. Hence we have shown that τ

consists of tight separations and if S∩Tm is empty, then every separation in τ is generic.

We now show that the torso of S either contains no k2-block or no Km-minor. Suppose

that tor(τ) contained a k2-block. By Lemma 7.12, there exists a k-block B of G with

τ ⊆ O(B). Then tB ∈ S and S ∩ Tm must be empty. Therefore τ is a star of generic

separations. If tor(τ) then contained a Km-minor, then by Lemma 7.10 there’d be a

model X of Km in G with τ ⊆ O(X ). But then tX ∈ S, a contradiction.

Now, contract each component of T − F to a single node. The torso of each node

in this new tree-decomposition (T ′,V ′) is the same as the torso in (T,V) of the subtree

it originated from. As we have seen, each of these either contains no k2-block or no

Km-minor.

As indicated at the beginning, Corollary 7.3 follows immediately from Theorem 7.2: if

a torso contains no r4-block, then it can be decomposed further via Theorem 5.1, so that

each new torso has at most r4 vertices of degree greater than 2r8. Doing this for each

part whose torso contains K2r2 as a minor, we obtain the desired tree-decomposition.
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