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Multiple Eisenstein series

Building blocks of the algebra of modular forms for Sly(Z) are the Eisenstein series, for
k > 4 even we have
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Here > is an order on Z7 + 7Z defined by my7 + ny = ma7 + np, iff my > my or
my = my and n; > ny. This allows also to give a multiple version of these objects.

Definition
For k1 > 3, ko,..., k. > 2, the multiple Eisenstein series (MES) is defined by
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Multiple Eisenstein series

Itis G,k (T) = Gy, k(T + 1), so MES possess a Fourier expansion

Theorem (Gangl-Kaneko-Zagier, Bachmann)
For all k1 >3, ko,.... k> 2, itis

r—1

le,...,k,(T) - C(klv R kl‘) + Zg*(k17 O] kj)C(kJ-Jrla FER) kr) + g*(kla ) kl‘)7
j=1

for some explicitly defined g*(kq, ..., k;) € Q[xi][[q]].

The constant term is a multiple version of the Riemann zeta values.

Question

Is there an extension of the Gy, . x toall k,..., k, > 1 satisfying relations, which can
be viewed as a lift of the relations between the ((k1,..., k)?

To study the question we will introduce combinatorial bi-multiple Eisenstein series,
which consider only the 'rational part’ and capture the appearing derivatives.
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Stuffle product

o Let Z={zk| k>1, d >0} be an alphabet,

e Q(Z) denotes the free non- commutative algebra over Z,
e Words are monic monomials in Q(Z),

@ The empty word is denoted by 1.

We define the stuffle product x on Q(Z) recursively by 1« w = w1 = w and
k koo _k k ka(_k ky+k
zgvrzgw =z (v x z2w) + zg2 (24t v+ w) + 2 T2 (v w).

E.g.,itis
zl2z§1 xz0 = zl2(z§ * 256) + 2562122§ + 2682§1

= zl2z§'z56 + 21225?2;)1 + zfzéo + 256212231,l + 2224.

Theorem (Hoffman)
The pair (Q(Z), *) is a commutative, associative Q-Hopf algebra with unit.
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Combinatorial (bi)-multiple Eisenstein series

Theorem (Bachmann-B., 2022)

There is a family of g-series G (51’ o "Z’) € Q[[q]], r > 1, satisfying the following
1y.-.,0Uyr
properties

@ There is an algebra homomorphism

@ For k > 2 even, the element G <g

) is exactly the classical Eisenstein series with
rational coefficients.
ki, ... ke

@ For each r > 1, the generating series of the G <d d
1.5 dr

> is swap invariant.

We call these g-series combinatorial bi-multiple Eisenstein series (CbMES). If the
lower row equals zero, we denote

(ki ke
G(kl,...,k,)_G<07m’0>

and call these elements combinatorial multiple Eisenstein series (CMES).

4/12



Combinatorial (bi-)multiple Eisenstein series: Examples

For r = 1, we have the explicit expression

k By Bay1 d k=1 gmn.
G<d) 5"’°2k| O3 2d+1) Z m

m,n>1

@ For k > d > 0 and k — d even, this is essentially the d-th derivative of the
classical Eisenstein series G(k — d),

() -t () o

@ The combinatorial Eisenstein series of odd weight k > 3 are of the form

1
G (k) k_1l Z k-1 mn:(k_l)!;ak_l(n)q

m,n>1
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Swap invariance in general

Let A be a Q-algebra.

A formal power series B € A[[X1,..., X}, Y1,..., Y]] is called swap invariant if

P X150y Xr —p Yi+-+ Y, Y1+ 4+ Y, Y1+ Y2, 1
Yl?"'ayr B Xth—l_Xl’v"')X2_X37X1_X2 ’

This substitution of variables is closely related to conjugation of partitions.
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Swap invariance in general

Let A be a Q-algebra.

A formal power series B € A[[X1,..., X}, Y1,..., Y]] is called swap invariant if

P X150y Xr —p Yi+-+ Y, Y1+ 4+ Y, Y1+ Y2, 1
Y. Y,) = X Xoog — Xoo o Xo — Xa. Xy — Xo

Swap invariance of a power series
Xy Xe\ Koo ke ) -1 k—le Yrd’
slg<Y1,...,Y,)_ Z P(dl,...,d)xl X di! " d!
Kiyoooke>1
dryerydy >0

gives linear relations among its coefficients. E.g., we obtain for r = 1,2

ki di! d+1
p(f)=_2" p
(dl) e (kl—l ,

ki, ko 211921 1b (d2 + a)! p d+1+a,d+1—a
di, d> p— alb! k1 )!(kz—l—b)! ky—1—bkg—1+b)"
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Combinatorial (bi-)multiple Eisenstein series: Algebraic structure
Define the Q-vector spaces spanned by all combinatorial (bi-)multiple Eisenstein series

; ki,.... k
bi 1, )
g :Q+<G(d1"”’d:> |r21,k1,...,k,21,d1,...,d,20>Q,

g:Q+<G(k1,...,k,)|r21,k1,...,k,21>(@.

Theorem

The pairs (G?, q%) and (G, qdiq) are differential algebras both containing the algebra

of quasi modular forms.

Forall ky,.... k. > 1, di,...,d, >0, it is

d (ki ...k) < ki, ... ki+1,... k
qqu<d1,... d,>_z;k’G<d1,...,d,-+1,...,d, :

)
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Combinatorial bi-multiple Eisenstein series: Weight grading

For a word in Q(Z), define the weight by

wt(z .z =k + -t ke di+ o+ d

Then (Q(Z),*) is a weight-graded algebra.

Definition

For a combinatorial bi-multiple Eisenstein series G (kl’ Y k,), we define its weight

di,....d,
to be the number ky +---+ k, +diy +--- + d,.

Conjecture

The map
(Q<Z>,*)—>(gbi,'), 25:--.Z§:l—>G(k1""’kr>
is a morphism of graded algebras.
@ The conjecture holds for the subalgebra of quasi-modular forms.

@ The swap invariance gives linear relations among CbMES of the same weight.
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Interlude: Multiple zeta values

o For integers k1 > 2, ko, ..., k. > 1, we define the multiple zeta value (MZV)
1
g(kl,...,kr): Z ﬁ
my>e>m,>0 M1 =" Mr

We call the number ky + - - - + k, its weight.

o Let
Z:Q+<C(k17"'akr)‘r217klZ2ak2a"'7kr21>(@

be the Q-vector space spanned by the MZVs.

Multiple zeta values possess an expression via iterated integrals, e.g., it is

dtl dty t3 dt3 ts dt4 dts
C(2’3):/ / 1—f2/ / / 1—ts
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Interlude: Multiple zeta values

Proposition
The space Z is an algebra.

The two different expressions of MZVs give two different product formulas, e.g. we
have for r =2

C(k1, k2) + C(ko, k1) + C(ki + k2) (stuffle product)

C(k1)C(k2) = 4 tho-1 , . .
2 ((;{1__11) + (,12:11)) C(j, k1 + k2 — j) (shuffle product).
j=2

By comparing both formulas, we get the double shuffle relations. E.g., it is

C(2)¢(3) = ¢(2,3) +<(3,2) +¢(5)

=((2,3) +3¢(3,2) + 6¢(4,1) } ¢(5) =2¢(3,2) + 6¢(4,1).
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Interlude: Multiple zeta values

There are more relations between MZVs, which can be not obtained from the double
shuffle relations. E.g. it was already known to Euler that

¢(3) =<(2,1).

To capture these relations, one introduces stuffle- and shuffle-regularized multiple zeta
values

Cke, . ke), (k... k) € Z

for all ki,...,k > 1. By comparing both regularizations (Ihara-Kaneko-Zagier), we
obtain the extended double shuffle relations (EDS) between MZVs. E.g., it is

¢(2)¢" (1) = ¢"(2,1) + ¢*(1,2) +¢°(3)

Cu.l(2)<‘-u(]_) — 2Cu-l(27 1) + CLU(1,2) } ¢(3) =<¢(2,1).

Conjecture

All algebraic relations among MZVs are a consequence of the extended double shuffle
relations. In particular, the algebra Z is graded by weight.
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Combinatorial (bi-)multiple Eisenstein series: limits

For any ki,..., k. > 1 we have
lim (1 — q)R T T G(ky, ... k) = C* (k... k).
qg—1

In particular, the combinatorial multiple Eisenstein series are g-analogs of multiple
zeta values.

There are two product expressions for the CbMES, which reduce under the
(regularized) limit g — 1 exactly to the extended double shuffle relations of MZVs.

Eg itis
G(3) = G(2,1) + gL 6(1) a2l

Tdq ((3) =<(2,1)

By construction of the CMES, we also have the following

Proposition

The elements limg_0 G(k1, ..., k) € Q are rational solutions to the extended double

shuffle equations.
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Bonus slide: Dimorphy of combinatorial bi-multiple Eisenstein series

We have two product expressions, the second one is obtained by using the swap
invariance. E.g., we get for r =2

k1 ko k1, ko ko, k1 ki + ko
G G =G ’ G ’ G
<d1> (dz) <d1, d2> + (dz, d1> + <d1 + d2>

iz k1+k2 dit = d) _pyag (bt koK
N dy d,di+dr—d

k=1d=0
k2

ki+k — k-1 di+dr—d di—d ki + ko — k, k
+;dz%< ko — k )( o )(_1) “\d,ch+cr—d

ki + ko —2 ki + ko —1
G .
+< k-1 ) <d1+d2+1
These equations can be seen as a generalization/lift of the extended double shuffle
relations of multiple zeta values.
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