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content of this talk

@ We are interested in a family of ¢-series which arises in a theory which combines
multiple zeta values, partitions and modular forms.

@ We will see that the space spanned by these g-series form an algebra where the
product can be written in two different ways which then yields linear relations.

@ For example:
qnanqng B 1 n2qn 1 nqn nqn
Z (1_qn1)(1_qn2)7221_qn+221_qn Z(l_qn)2'

n1>ng2 >0 n>0 n>0 n>0

@ Linear relations between these series induce linear relations (conjecturally all) between
multiple zeta values.
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bi-brackets

Forry,...,r; >0,81,...,8 >0andc:= (r{!(sy — D)!...rl(s; — 1))~ we
define the following g-series

S1,..-,51 r1,.81—1 T, 81—1 _wujvy+-+ugvg
L - = E utort Tty g )
Lyl wy > >up>0
V4.0, >0

which we call bi-brackets of weight 51 + - - - + s; + 71 + - - - + 77, upper weight
81+ - - + 51, lower weight 71 + - - - + 77 and length [.

By BD we denote the Q-vector space spanned by all bi-brackets and 1.

2
[O] => o1(n)q" = q+3¢> +4¢° + 7¢* + 6¢° + 12¢° + ...,
n>0

1,1,1 1
[1’ 2’ 3] =5 (12¢° + 28¢" + 96¢° + 481¢° + 747¢"" + 2042¢"" +...) .
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The bi-brackets can also be written as

|:817"'78l:| Z ’I”L?Rgl_l(qnl)...n;lel_l(qnl)
=cC-

T1yee., Ty > >0 (T—gm)sr... (1 —qm)s )

where the Py_1(t) are the Eulerian polynomials defined by

Pea(t) . _ -1
W_Lu_k(t)_;)dk .

Examples:

Py(t) = Pi(t) =t, Py(t)=t*+t, P3(t)=1>+4t>+t,
L1 g ngg™
[O, 1} -2 (I—=gm)(1—qn2)’

ni>n2>0
4,2,1) _ 1 Z n? (g3 +4¢°™ + ¢™) - ¢"2 - n3q™
2,0,5 ~31.90.5! (1—gm)t-(1—gm)2. (1 —qm)l :

ni>ngz>nz>0
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bi-brackets - filtrations

Filtrations

On BD we have the increasing filtrations FilYV given by the upper weight,Fil].D given by
the lower weight and Filr: given by the length, i.e., we have for A C BD

P (4) = (|70 € A|0< I <k, 514451 < k),

171,571
Fill,g(A)::<-81""’Sl- €A|0<I<k,m+ - +n<k)
171,571 - = - /Q
. (s1,...,5]
Fill(4) := T e Alr <) .
ll( ) <7”1,.. , T }Ir_ >Q

If we consider the length and weight filtration at the same time we use the short notation
FilZVI’L = Filzv Fil{“ and similar for the other filtrations.
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multiple divisor sums modular forms

Forry = --- = r; = 0 we also write

S1s---581 . 1 "
[0,...,0} = lsu sl = T G T T;)asl‘l""’sl‘l(n)q '

and denote the space spanned by all [s1, . .., s;] and 1 by MD = Fil(? (BD).

We call the coefficients o5, —1.._ s,—1(n) multiple divisor sums and their generating
series [$1, . . . , 5;] will be called brackets.

These brackets have a direct connection to multiple zeta values and to the Fourier
expansion of multiple Eisenstein series.
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multiple divisor sums and modular forms

Inthe case [ = 1 we get the classical divisor sums 0—1(n) = >, d*=1 and

1
[k] = o1 > okoa(n)g".

These function appear in the Fourier expansion of classical Eisenstein series which are
modular forms for S Lo (7Z), for example

1 1 1
Gzi*ﬂﬁL[Q]’ G4:@+[4]7 GG:—er[G].

We will see that we have an inclusion of algebras
Mq(SLy(Z)) € Mo(SLy(Z)) C MD C BD,

where MQ(SLQ (Z)) = Q[G4, Gﬁ} and MQ(SLQ(Z)) = Q[GQ, Gy, Gﬁ} are
the algebras of modular forms and quasi-modular forms.
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bi-brackets - differential

It is a well-known fact that the space of quasi-modular forms is closed under the
operatord = qdiq. This is also true for the space BD.

Sinced ), . ang" =, <o Nang" one obtains:

Proposition
The operator d on [jiji] is given by
d |:317"'7Sl:| _ Z (sj(rj +1)[817-~ 185—1,85 1,841, .. ,Sl]> .
1,57 — 7“1,...,Tj_l,Tj—|—1,7“j+1,...,7"l
Example:
k+1 81+182 81$2+1
d[k]k[ 1 ], d[51752]81[ 170’ S2 ’0’1 .

Remark: It is more difficult to show that MD is also closed under d.
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bi-brackets - generating series

Many statements on bi-brackets are obtained by using their generating function.

For the generating function of the bi-brackets we write

XX
Yi,....%
S1 ... ,9] s1—1 s;—1 T1—1 r—1
3 [T_l SN O L S 7
81,...,81>0 ! AR
71l goooyp =20

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series.



bi-brackets - partition relation

Theorem (partition relation)

For alll > 1 we have

X1, X
Wilgoooq ¥

n+"'+ma"')YI+Y2aY1
Xl7Xl—1_Xl7~"7X1_X2

This theorem gives linear relations between bi-brackts in a fixed length, for example

] 1
{5 _ {T+J forallr,s € N,

r S —

3,3] b 5[t N 1,1
0,0  [0,4 1,3 2,2’

2.2] 2,2 2,2 3,1 3,1
) — _2 b ) _4 b 2 b .
[1,1_ {0,2] i [LJ [0,2] i {1,1]

Idea of proof: Interpret the sum as a sum over partitions and then use the conjugation
of partitions. For this we will now introduce some notation.
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bi-brackets - partition relation - idea of proof

By a partititon of a natural number n with [ different parts we denote a representation of
n as a sum of [ different numbers, which are allowed to appear with some multiplicities.

For example

15=4+4+3+2+1+1
=4-24+3-14+2-14+1-2

is a partition of 15 with the 4 different parts 4, 3, 2, 1 and multiplicities 2, 1, 1, 2.

We identify a partition of 7 with [ different parts with a tupel (Z) with u, v € INE.

@ The u; are the [ different summands.

@ The v; count their appearence in the sum.

The above partition is therefore given by (:f) = (gi’f%)
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bi-brackets - partition relation - idea of proof

We denote the set of all partition of n with [ different parts by Pl(n) i.e. we set

[

Py(n) {( > e N x N | n=wv1 + - +woy, u1>-~>ul>0} .
v

With this the bi-brackets can be written as

S1,--+,51 r1, s1—1 T, S1—1 _uivi4-Fug g
[ =c- g uitort Tt g

T1yee.,T
L 1 wuyp > >up>0
V1,..,01 >0

— r1,851—1 ry, s1—1 n
—C~E E utvyt Lty q".

n>0 (q;)EPz (n)
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bi-brackets - partition relation - idea of proof

On the set P (n) we have an involution p given by the conjugation of partitions.

To see this one represents an element in P;(n) by a Young tableau.
In P4(15) we have for example

4,3,2,1 _
2,1,1,2)
The conjugation p of this partition is given by

4,3,2,1\ _ 4 0 o (6.4.3,2
2,1,1,2)  H H o \1,1,1,1
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bi-brackets - partition relation - idea of proof

We now can apply the conjugation p to the set P (n) in the summation as in the
following example

S ISR P oY I SR

n>0 (3)€P2(n) n>0 (”;):p((zf))ePz(n)

v

Z ug - (ug —ug) | ¢"
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bi-brackets - partition relation - idea of proof

In general the conjugation p on the partitions P;(n) is explicitly given by
(ul,...,ul) (vl+~'~+vl,...,v1+vz,v1)
P — )
Vi,...,0 Up, Up—1 — ULy oo, UL — U2

The partition relation of bi-brackets follows by applying the conjugation p to the P, (n)
in the summation of the generating function.

Now we have seen the main idea used in the proof of the partition relation

X1, X
Yi,....Y

Y71++}/l7ayl+}/27}/1
X, X1 — Xy, X1 — Xo
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bi-brackets - algebra structure

Lemma

X n
Set L, (X) = 1=#_= then we have the following two statements

@ The generating function of the bi-brackets can be written as

l
_ Z H Y9 L, (X;).

up>--->u >0 j=1

X1, X
Wigoooy

@ The product of the function L, is given by
L,(X)-L,(Y) =

> %(X — V) (La(X) + (1) La(Y)) +
k>0

L,(X)— L,(Y)
X-Y
Proof: For the second statement one shows by direct calculation that
1 1
La(X) - La(Y) = 57 La(X) + =7 Ln(Y)

and then uses the gen. series % = ano %X” of the Bernoulli numbers. [

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series.



bi-brackets - algebra structure - stuffle product

Proposition (stuffle product - special case of the algebra structure)

The product of the generating series in length one can be written as:

Xp| | Xo| st | X1, Xo| [ X2, Xy IS 1 X1 | | X2 )
Yi| |Y2 Y1,Ys Y2, Y1 X1 —-Xo \IN + Y, Yi+Y
o0
By, k—1 X1 k—1| X2
— (X1 - X -1 .
D P Rl o

Proof sketch: Do the following calculation and then use the second statement of the lemma to

rewrite L, (X1)Ln(X2):
Xi| | X2| n1Y; nyY:
il | = 2 € (X0 37 € L (Xa)
n1>0 no>0
= Z e Z et Z
ni>ng >0 ng>ni >0 nyj=ng>0
X1, X2 X27X1 n(Y1+Y2)
= Ln(X1)Ln(X
vivs | v | P2 (%)L (X2)
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bi-brackets - algebra structure

Theorem
The space BD is a filtered Q-algebra with a derivation given by d and

.W,D,L .W.,D,L . W.,D,L
Fllklydlyll (BD) ’ Flle,dsz (BD) C F11k1+k2,d1+d2,l1+l2 (BD) ’

As in the case of multiple zeta values we also have two different ways, called - in

t h
analogy to multiple zeta values - stuffle (S:) and shuffle (S:), of writing the product of
two bi-brackets.

Examples:
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bi-brackets - algebra structure - shuffle product

Using the stuffle product and the partition relation we obtain a second
representation for the product of the generating function which we call shuffle product:

Corollary (shuffle product)

The product of the generating series in length one can be written as:

Xp| | Xo| | Xa+Xe, Xa| | | Xy + Xo, Xo

’n Y| | Y2, Y-V Yi,Y2 -V
PR 1 <X1+X2 _ X1+X2>

Y- Ys Y: Y

X1+ X

i

).

By, w1 [ |X0 + Xo
+ Z ﬁ(iﬁ - Ya) Y, +
k=1
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bi-brackets - algebra structure - shuffle product

Sketch of the proof: The partition relation in length one and two (P) and the stuffle

product (st) states:

X1l P | 1A X1, Xo| P | Y1+Y2, 1) Xu| | Xo| st | X1, Xo

Yi| |Xi|T [, Ya| | Xe, X1 —Xa|! |V |Ya| [N, Y a
and therefore we get

Xu| | Xo| p V1| V2| st |Y1,Y2 L E X1+ X2, X4 n

Yi| |Y2 Xi| [ X2 X, X 7 [ i-Ya | T
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bi-brackets - stuffle product

Comparing the coefficients in the stuffle product of the generating function we obtain:

Proposition (explicit stuffle product)

For s1,82 > 0and ry, 79 > 0 we have
e b b (o
r1 ) 1,72 72,71 1 1+ T2
o (7“1 +7“2) i (=1)*2""Bs, 45,5 (81 +s2—j— 1) { j ]
no ) (s1+s2—j)! s1—J r1+ 1o

+ (n +7”2) Z (=1)* "' By, (sl +s2—j - 1) { j ]
T1 (51—|—82—j)! Sg—j T1+T2

Jj=1

Notice: If 11 = ro = 0, i.e. when the two brackets are elements in MD, all elements
on the right hand side are also elements in MD.
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bi-brackets - shuffle product

Proposition (explicit shuffle product)

For s1, 82 > 0andry, 79 > 0 we have

s1| |82 sh Z s1+s2—7—1\[ri+r2—k (_1)7‘2—k s1+82—7,J
71 T 15z s1— 7 r1 ]{J,T1 +7ro—k
0<k<rs
51+82—j—1><7”1+7‘2—k> ri—k|S1+S2—7J,]
-3 a
1< <89 S1 — 1 1T — k k,rl —+ ro — k
0<k<r;
n s1+82—2)[s1+s2—1
s1—1 rr+re+1
n S1+ 82 — 2 Tzl (=1)™Br4rog—jt1 [r1+12—J\ |81 +s2—1
s1—1 = (7’1—|—T2—j+1)! rL—7 7
n S1+ 82— 2 Z (=)™ Bri4rg—jt1 [r1+T2—3F\ |81 +82—1
s1—1 g (7"1—|—’r‘2—j+1)! ro —7J 7
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bi-brackets - stuffle & shuffle product

Using the shuffle and stuffle product we obtain linear relations in 3D which we call
double shuffle relations.

Example:
17 2] « [1,2]  [2,1] 352 3
RN PR R
11 12] an 1,2 1,2 1,2] 1,2 2.1
) s 1 _ _
{3] M 35{0,7%5{1,6] 5{275%[3,4] 5{1,6]

L[ g, 2 L[2], L[], ]2
2,5 3,4 " [4,3] 6048 |2] " 720 (4] " |8
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bi-brackets - conjectures

The partition relation and the two ways of writing the product give a large family of
linear relations in BD and we have the following conjecture:

Conjecture

@ All linear relations between bi-brackets come from the partition relation and the double
shuffle relations.

@ Every bi-bracket can be written as a linear combination of brackets, i.e. the algebra BD
is a subalgebra of MD and in particular it is

Zvd]:l) L(BD) < F11k+d 1+a(MD).

The second part of the conjecture is interesting, because the elements in MD have a
connection to multiple zeta values.
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multiple zeta values

Definition
For natural numbers s1 > 2, sa, ..., s; > 1 the multiple zeta value (MZV) of weight
81 + ... + s; and length [ is defined by

(otyems) = Y e

ny>..>n>0 L l

@ The product of two MZV can be expressed as a linear combination of MZV with the
same weight (stuffle product). e.g:

C(r) - C(s) = C(ry8) +C(s,7) +Cr +5).

@ MZV can be expressed as iterated integrals. This gives another way (shuffle
product) to express the product of two MZV as a linear combination of MZV.

@ These two products give a number of Q-relations (extended double shuffle
relations) between MZV. Conjecturally these are all relations between MZV.
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multiple zeta values - double shuffle relations

Example:
C(2,3) +3¢(3,2) +6¢(4,1) =7 ¢(2) - €(3) "7 ¢(2,3) + ¢(3,2) +{(5).

— 2C(3 2) +6C(4 1) doubleshuﬁle C(5) )

Compare this to the shuffle and stuffle product of bi-brackets:

4

[2,3] + 3[3,2] + 6[4, 1] — 3[4] + 3 [1

| 20 B 22+ B+ - 5l
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bi-brackets - connections to mzv

Denote the space of all admissible brackets by
qMZ = ([s1,...,5] € MD | s > 1>Q'

It has a filtration given by the weight k = s1 4+ - - - + s;.

Proposition

For [s1, . .., ] € Fil} (@M Z) define the map Zj, by

Zk ([317"'75l]) = hm(l _q)k[sla"wsl]'

qg—1

then it is

S1y-.-,81), S1+---+s =4k,
Zu(n, i) ={ Cgo atra b

The map Zj is linear on Fil}" (@M Z), i.e. relations in Fil}" (@M Z) give rise to
relations between MZV.
Example:

4 =22.2 23,10+ - 52 £ () =20(2,2) - 2(3,1).
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bi-brackets - connections to mzv

All relations between MZV are in the kernel of Z}, and therefore we are interested in
the elements of it.

Theorem

For the kernel of Z;, we have

@ Forsy + -+ s < kitis Z([s1,...,81]) =0.

o If f € Fil}¥ o(MD) then Z(d(f)) = 0.

o Every cusp form f € Fil}Y (MD) is in the kernel of Zj,.

Remark: Zj, ([kzl]) =0,since d[k — 2] = (k — 2) [kzl].
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bi-brackets - connections to mzv - example |

To get the first relation (2, 1) = ((3) between MZV by using bi-brackets one
considers the double shuffle relation for [1] - [2]. Itis:

2+ 22—+ 3] 20 R 2 - jp e

and therefore

2.1+ m — 3+ 02

Since [2], m € ker Z3 one obtains this relation by applying Z3.
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bi-brackets - connections to mzv - example I

We also rediscover exotic relations related to cusp forms, e.g. the cusp form
A=q]],so(1— q™)?* can be written as

-1
365 gop 2 = 10805, 7] + 1507, 5] + 28(9, 3]
1 83 187 7 5197

* 1108 [21 - 14400 [4]+ 6048 161 - ﬁm 691

12].

Letting Z12 act on both sides one obtains the relation

5197

o ¢(12) = 168¢(5,7) + 150(7, 5) + 28¢(9,3) .
These type of relations can also be explained via the theory of period polynomials
(Gangl-Kaneko-Zagier; Schneps; Baumard; Pollack) or via multiple modular values
(Brown).
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bi-brackets - connections to mzv

To summarize we have the following objects in the kernel of Zy, i.e. ways of getting
relations between multiple zeta values using brackets.

o Elements of lower weights, i.e. elements in Fil}" ; (MD).
@ Derivatives
@ Modular forms, which are cusp forms

@ Since 0 € ker Zj, any linear relation between brackets in FilXV(M'D) gives an
element in the kernel.

But these are not all elements in the kernel of Z,.

There are elements in the kernel of Zj, which can't be "described" by just using
elements of MD in the list above.
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bi-brackets - connections to mzv

In weight 4 one has the following relation of MZV

<(4) = <(27 1, 1) >

ie. itis [4] — [2,1,1] € ker Z4. But this element can't be written as a linear
combination of cusp forms, lower weight brackets or derivatives. But one can show that

4] [2,1,1) = § (a1 +ai2) — 52~ 3] + m

and [?é] € ker Zy.

Conjecture (rough version)

The kernel of Zy, is spanned by the elements of the above list and (essentially) the
bi-brackets with at least one 7°; #0.

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series.



another application: multiple Eisenstein series

Let A, = Z1 + Z be a lattice with 7 € H := {z + iy € C | y > 0}. We define
an order > on A, by setting

AM=X: A — X eP
for A1, Ao € A, and the following set which we call the set of positive lattice points

P={mr4+neclA, |m>0V(m=0An>0)}=UUR

m
e o o o . o o
e o o o o o o o o o
e o o o o . o o U
e o o o o o o o o o
o o o o o o o o o @
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another application: multiple Eisenstein series

For s1 > 3, 82,...,S; > 2 we define the multiple Eisenstein series of weight
k = s1 + -+ -+ s; and length [ by

1
Gsl,...,sl (T) = § )\51 )\Sl .
A= A=0 "1 T
ANiEAL

@ The multiple Eisenstein series fulfill the stuffle product, e.g.
G (T)  Gs(T) = Grs(T) + G (T) + Grys(T) .

@ We have a Fourier expansion of the form

Gsl,...,sl (7') = C(Sh ey Sl) + Z anq"’ (q — 6271'1'7-) )

n>0

@ Inlength [ = 1 and weight k the multiple Eisenstein are the Eisenstein series
Gi(7) = (k) + (2mi)"[K] .
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another application: multiple Eisenstein series

The Fourier expansion of multiple Eisenstein series equals a Q-linear combination of
multiple zeta values and brackets in MD, i.e. there exist as(s’, s”) € Q s.t.

Gs =((s)+ Y a5, 8")((s) - (2mi)™ ][],
Examples:
Gla,a(T) =C(4,4) + 20¢(6)(2mi)*[2] + 3C(4) (2md) *[4] + (270)°[4,4],

51

Gazalr) =63.2.2)+ ( 5¢29) + 3.0 Crirp
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another application: multiple Eisenstein series

Theorem (H.B., K. Tasaka - work in progress)

Forall s1 > 2, S9,...,5 > lthereexistas,, s (s',s”) € Qand
fsl, ’Sl( ) € BD suoh that the holomorphic function on the upper half plane given by

Boyis = C(515008) 4 D oy, (8, 87)C() - (2mi)™ D £, (87

§ §//

satisfies

@ Fors; > 3,52,...,8 > 2itisF,, . 5, =G
stuffle product.

s1,...,51» I-€. in this case they fulfill the

o The E,, ., fulfill the shuffle product, i.e. it is for example
Ey E3=FEy3+3E39+6E,; .

Sketch of proof: To prove this theorem we first identify the a, .. 5, (', 8”) with the
coefficients in the Goncharov coproduct. This observation together with the results

mentioned in this talk on bi-brackets will then be used to define E;, . ,.
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summary

@ bi-brackets are g-series whose coefficients are rational numbers given by sums over
partitions.

@ The space BD spanned by all bi-brackets form a differential Q-algebra and there
are two different ways to express a product of bi-brackets.

@ This give rise to a lot of linear relations between bi-brackets and conjecturally every
element in BD can be written as a linear combination of elements in MD.

@ This setup can also be seen as a combinatorial theory of modular forms. For
example it follows directly by the double shuffle relations that GZ is a multiple of G'g.

@ The elements in MDD have a connection to multiple zeta values and elements in
the kernel of Z}, give rise to relations between them.

@ Conjecturally the elements in the kernel of Zj, can be described by using
bi-brackets.

@ In arecent joint work with K. Tasaka it turns out that bi-brackets are also necessery
to give a definition of "shuffle regularized multiple Eisenstein series".

Henrik Bachmann - University of Hamburg Generating series of multiple divisor sums and other interesting g-series



