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Multiple divisor functions

As a generalization of the classical divisor sums we define for 1, ..., r; > 0 the
multiple divisor sum by

Ory,.ry (n) = Z ’U;l .. .vznl .

uivi+-tuvi=n
uy>--->up>0

With this we define for s1, ..., s; > 0 the multiple divisor function of weight
S$1+ - -+ + s; and length [ by

1 n
[$1y...,81]:= OS] T;)Uslq,...,s,q(n)q € Q[lq]]-
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Multiple divisor functions

As a generalization of the classical divisor sums we define for 1, ..., 7; > Othe
multiple divisor sum by

Ory,.m (n) = Z UII .- 'Ul” :

w11+ U v =n
wuy > >up >0

With this we define for s1, ..., s; > 0 the multiple divisor function of weight
$1 + -+ - + s; and length [ by

1 n
[513 ceey Sl] = (31 — 1)' - (Sl — 1)' Z 051—1,...,sl—1(n)q € Q[[QH .

n>0

Example |

For [ = 1 these are the classical divisor functions

2] =) o1(n)g" = q+3¢° +4¢° + 7q* + 6¢° + 12¢° + 8¢" + 15¢° + ...
n>0
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Multiple divisor functions

As a generalization of the classical divisor sums we define for 1, ..., 7; > O the
multiple divisor sum by

Orora()i= S Wl

ULVt Fuv=n
uy > >up >0

With this we define for s1, ..., s; > 0 the multiple divisor function of weight
S$1+ - -+ + s; and length [ by

1 n
[sla ey sl] = (51 — 1)' - (Sl — 1)' Z 05171,...,&—1(”)(] € Q[[Q]] .

n>0

Example II

1 1
[4,2] = G Z o31(n)g" = 5 <q3 +3¢* +15¢° +27¢° + 78¢" + .. )
n>0

o31(5) =131 +2%. 11 +13 .11 +13. 2" + 1. 3" = 15, because
5=4-1+1-1=2-2+41-1=3-1+2-1=3-141-2=2-141-3
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Multiple divisor functions

As a generalization of the classical divisor sums we define for 1, ..., 7; > O the
multiple divisor sum by

Ory,m () 1= Z vty

urv1+-tuv=n
ur>-->u >0

With this we define for s1, ..., s; > 0 the multiple divisor function of weight
81+ -+ s; and length [ by

1 n
[513 ceey Sl] = (51 — 1)' - (Sl — 1>' Z 031—1,...,sl—1(n)q € Q[[QH .

n>0

Example IlI

1
[4,4,4] = 316 (¢° + 99" + 45¢® +190¢° + 642¢'° + 1899¢"" + ... ) |

1
[3,1,3,1] = 1 (¢"° 4+ 2¢"" + 8¢ + 164" + 43¢™ + 704" +...)
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Multiple divisor functions - Filtration

Weight and length filtration

We define the vector space M D to be the @ vector space generated by
[0] =1 € Q[g]] and all mutiple divisor sums [s1, - . . , Si].

On MDD we have the increasing filtration Filyv given by the weight and the increasing
filtration Fﬂ]: given by the length, i.e., we have for A C MD

FIIXV(A) = <[81,...,Sl]€A|0§l§k,51+"'+5l§k>Q
Fili'(4) == ([s1,...,8,] € A|r < 1)

If we consider the length and weight filtration at the same time we use the short
notation Fil,}";" := Fil}Y Fil}"

As usual gr}¥ (A) = FilXV(A)/ FilZ\il(A) will denote the graded part (similar grF-

L
and grzvl’ )-
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Multiple divisor functions - Algebra structure

Theorem

The Q-vector space MD has the structure of a bifiltered Q-Algebra

(MD, -, FilYV, Fill:), where the multiplication is the natural multiplication of formal
power series and the filtrations Fil}" and Fil% are induced by the weight and
length, in particular

A W,L JW,L G W,L
Fllkl,ll(MD) . Fllk%l2 (MD) C F11k1+k2,l1+l2 (MD)
It is a (homomorphic image of a) quasi-shuffle algebra in the sense of Hoffman.
The first products of multiple divisor functions are given by
[1]- (1] =2[1,1] + [2] - [1],
1
[A)-[2] = [1,2] + [2,1] + 3] = 5[2].

[1]-[2,1] = [1,2,1] 4 22,1, 1] + [2,2] + [3,1] — 2[2, 1.
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Multiple divisor functions - Algebra structure

To prove this theorem we need to rewrite the multiple divisor functions. For this we
define a normalized polylogarithm by

Tiy(z) = Lilr(zgz),

where for s, z € C, |z] < 1 the polylogarithm Li () of weight s is given by

on
n>0 e

Proposition

For g € Cwith |g| < 1 andforall sq,...,s; € IN we can write the multiple divisor
functions as

[s1,....s]= > Lig (¢™)...Li, (¢™) .

ny>--->n; >0
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Multiple divisor functions - Algebra

The product of [s1] and [s2] can thus be written as

[s1] - [s2] = Z et Z R Z Lis, (¢"™) Lis, (¢™)

ni>nz >0 na>n1>0 ni=ns >0
= [s1, 82] + [s2,81] + E Lis, (¢") Lis, (¢") .
n>0

In order to prove that this product is an element of F1151+52 (MD) we will show that

the product Lis, (¢") Lis, (¢™) is a rational linear combination of LNij (g™) with
1< <81+ s0.
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Multiple divisor functions - Algebra structure

Lemma

For a,b € IN we have
Lio(2) - Lis(2 Z X L (2) + Z X Ti;(2) + Ligys(2),

where the coefficient )\i p € Qfor1 < j < ais given by

) B +b—3j7—1\ Baip_;
Moo= (—eL (@ +b—j
av = (1) < a—3j (a+b—7)"

with the Seki-Bernoulli numbers B,,.
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Proof: For the proof we use the generating function

L(X) =) Lig(z) X" ZZ '“’I:Ze"xz":%,

k>0 k>0 'n>0 n>0
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Proof: For the proof we use the generating function

X
L - k—1 __ k*l _ nX _n __ €z
k>0 k>0 'n>0 n>0
By direct calculation one can show that
1 1
L(X) L(Y):PXfolL(X)_’_PYfX,lL(Y)‘
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Proof: For the proof we use the generating function

L k—1 __ k*l _ nX _n __ €z
k>0 k>0 'n>0 n>0
By direct calculation one can show that
1 1
L(X) L(Y):PXfolL(X)_’_PYfX,lL(Y)‘

X By o,
g Dl
n>0
we find
B n—1 BTL n—1
LX) L(y)=> = X = Y)"TIL(X) + > —HY = X)"L(Y)
n>0 n>0
n LX) - LY)
X-v

Considering the coefficient of X*~ 1Y~ we get the result.
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Multiple divisor functions - Algebr

The structure of being a quasi-shuffle algebra is as follows:

Let Q(A) be the noncommutative polynomial algebra over ) generated by words with
letters in A = {21, 22, ... } Let © be a commutative and associative product on
QA. Define on Q(A) recursively a product by 1 % w = w * 1 = w and

ZqW * 2p0 1= Zg (W * 2p0) + 2p (24w * V) + (24 © 2p) (W * V) .

The commutative Q-algebra (Q(A), *) is called a quasi-shuffle algebra.

@ The harmonic algebra (Hoffman) is an example of a quasi-shuffle algebra with
Zq © Zp = Zg+b Which is closely related to MZV.
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Multiple divisor functions - Algebra structure

In our case we consider the quasi-shuffle algebra with

a b
_ J J
2q © Zb = Za4b + g )\a7sz + g >\b7azj ,
Jj=1 Jj=1

where

; yfa+b—j—1\ Bayprj
)\j :711)1 a +b—j .
os = (71 ( a—j J(a+b—j)

Proposition

The map [.] : (Q(A),*x) —> (MD, -) defined on the generators by

Zsy - Zsy 7> [S1,- -5 81
is @ homomorphism of algebras, i.e. it fulfils

[w* v] = [w] - [v].
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Multiple divisor functions - Modular forms

Proposition

The ring of modular forms Mq (S L2(7Z)) and the ring of quasi-modular forms
Mq(SL2(Z)) are subalgebras of MD.

For example we have

1 1 1

The proposition follows from the fact that Mg (SL2(Z)) = Q[G4, Gg] and
Mq(SL2(Z)) = Q[G2, G4, Gl.

Remark

Due to an old result of Zagier we have Mq(SLy(Z)) C FilZYZ’L (MD).
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Multiple divisor functions - Derivation

Theorem

The operator d = qdiq is a derivation on MD and it maps FiIZVI’L(MD) to
AW,L

F11k+2’l+1(MD).

Examples:

2] —2[2,2] —2[3,1],

A1) = 3,104+ o210+ 41,2+ 1,3 202,11 - [1,2,1].

The second and third equation lead to the first linear relation between multiple divisor
functions in weight 4:

[4] = 2[2,2] — 2[3,1] + [3] — =[2].
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Multiple divisor functions - Derivation

To proof this theorem we need to consider the generating function of multiple divisor
functions which is given by

T(X1,..., X)) = Z [51,.. s X5t X!

ooy >0
n1+- +ny
= Z H l_qn1+ By
ni,...,n >0 75=1
Example:
T(X) Z Xk) 1 ZenX q

k>0 n>0

T(X,Y)= ) [s1,s)X" 7yt = Z ”1X+”2Y1ﬁqml_qm+n2

qn1+n2

s1,52>0 ni,n2>0
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Multiple divisor functions - Derivation

For these functions one can prove the following identity

T(X)-T(Y1,....Y)) =T(X+Y1,..., X + Y, X)

l
j=1
l
=Y T(X 4V, X +Y, Y, )
j=1

+RZ(X7Y17"'7Y2)7
where R;(X,Y7,...,Y)) satisfies
D(R/(X,Y1,...,Y)))=dT(Yy,...,Y)),

with D(f) = (%f) |X:0. Therefore applying D to the above equation one
obtains the theorem.
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Multiple divisor functions - Derivation

In the lowest length we get several expressions for the derivative:

Proposition

Let k € IN, then for any s1, so > 1 with K = s1 + so — 2 we have the following
expression for d[k]:

ko) dk] k 3
(81—1>k_ <81—1>[k+1]_
[s1) - [s2) — <(;__11) + (;:i)) [a,b].
a+b=k+2

Observe that the right hand side is the formal shuffle product. The possible choices for
$1.and s2 give | £ | linear relations in FilZVéL (MD), which are conjecturally all
relations in length two.
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Multiple divisor functions - M Z

We define the space of all admissible multiple divisor functions M Z as

qMZ ::<[51,...,sl] € MD ’81 > 1>Q'

@ The vector space g M Z is a subalgebra of MD.

e We have MD = gMZ[[1]].

@ The algebra MD is a polynomial ring over M Z with indeterminate [1] i.e.
MD is isomorphic to M Z[ T ] by sending [1] to T'.
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Multiple divisor functions - M Z

We define the space of all admissible multiple divisor functions M Z as

qMZ ::<[31,...,sl] € MD ’81 > 1>Q'

@ The vector space g M Z is a subalgebra of MD.

e We have MD = gMZ[[1]].
@ The algebra MD is a polynomial ring over M Z with indeterminate [1] i.e.
MD is isomorphic to M Z[ T ] by sending [1] to T'.
Sketch of proof:

@ The first two statements can be proven by induction using the quasi-shuffle
product.

@ The algebraic independency of [1] for the third statements follows from the fact
. —log(1— -~ 1
that near ¢ = 1 one has [1] ~ O{%qq) but [s1,...,8)] ~ o=
for [s1,...,5] € MZ.
L
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Multiple divisor functions - Connections to MZV

For the natural map Z : M Z — M Z of vector spaces given by
Z([s1,.--,81]) =C(s1,...,51)
we have a factorization

qMZ —— @ gl (aMZ)

P \L@kzk

|§/

REINETS

If we endow g M Z = &, gr)’ (@M Z) with the induced multiplication given on
equivalence classes, then the products in M Z satisfy the stuffle relations. Moreover
the right hand arrow is a homomorphism of algebras.

Muttiple divisor functions, their algebraic structure and the relation to multiple zeta values
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Multiple divisor functions - Connections to MZV

Extending Z by setting

Z([s1,---,s1)[1]") = C(s1, -y s1)T"

we obtain a homomorphisms of vector spaces

MD = ¢MZ[[1]] — GMZ[1]

such that the image of a multiple divisor function [s1, . . ., s;] with s7 = 1 equals the
stuffle regularised ((817 RN sl) as given by lhara, Kaneko and Zagier (2006).

Remark

Again the right hand arrow is a homomorphism of algebras.
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Multiple divisor functions - Connections to MZV

All relations between stuffle regularised multiple zeta values of weight k correspond to
elements in the kernel of Z,. We approach ker(Zy) C MD by using an analytical
description of Zy,.

Proposition

For [s1,...,5] € Fil}¥ (@M Z) we have the alternative description

Zi([su, 1)) = lim(1 = @)1, ., ]

In particular we have

S1,...,81), S1+---+s =k,
Zk([817-~75l])={<(10 Y 31+...+3§<k.
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Multiple divisor functions - Connections to MZV

Sketch of proof: The multiple divisor functions can be written as

7" Py, 1 (g")
s = ST w1 2 H 1—q”7sﬂ’

ny>->n>0 j=1

where Py (t) is the k-th Eulerian polynomial. These polynomials have the property
that Py, (1) = k! and therefore

o " Picaa”) (L—@)f 1

m = —.

o1 (k= DL (T=q)F

Now doing some careful argumentation to justify the interchange of limit and
summation one obtains

Zsitoots, ([815-- -y 81]) = z}lgi(l Q) TS sy s = C(s14+s)

O
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Multiple divisor functions - Connections to oth

Another example of a q-analogue of multiple zeta values are the modified multiple
g-zeta values. They are defined for s1 > 1,89,...,5; > 1 as

_ nJ(SJ
Cq(sl,...,sl): Z H 1_an SJ'

ni>-->n;>0j=1

Similar to the multiple divisor functions one derives
(}1_%(1 - Q)Sl+...+8l<q(sla RN Sl) = 4(513 R Sl) .

They seem to have a close connection to multiple divisor functions an if all entries
s; > 1 they are indeed elements of MD, e.g.

But if at least one entry is 1 this connection is conjectural.
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Multiple divisor functions - Connections to MZV

For the kernel of Z, € Fil} (MD) we have
o Ifsy+ -+ 8 < kthen Zy([s1,...,8]) =
o Forany f € Fil}¥ 5(MD) we have Z;(d (f))
o If f € Fil}Y (MD) is a cusp form for SLy(Z), then Zk( ) =0.
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Multiple divisor functions - Connections to MZV

Sketch of proof: First we extend the Zj, to a larger space. We define for p € R

Q, = {Z ang" € Rllq] | an = 0<n91>}

n>0
and

Qcp = {Z anq” € R[[q]] | F& > Owitha,, = O(n"ls)} .

n>0
For p > 1 definethemap Z, fora f = > _anq™ € R[[q]] by

Z,() = lim (1= 0) 3 ang”
n>0

Lemma

e Z,is alinear map from Q, to R
o O, CkerZ,.
o dQ.,_1 Cker(Z,), where as before d = qd%.

e Forany $1,...,5 > lwehave [s1,...,8] € Qcsytots+1-
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Multiple divisor functions - Connections to MZV

Example I: We have seen earlier that the derivative of [1] is given by
1
it} = 3]+ 5 [2] - [2.1]

and because of the theorem itis d[1], [2] € ker Z3 from which ((2,1) = {(3)
follows.
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Multiple divisor functions - Connections to MZV

Example II: (Shuffle product) We saw that for s1 + S0 = k + 2
dlk _ _
R L P P R N | S D (K R G DI
a+b=k+2
Applying Z+2 on both sides we obtain the shuffle product for single zeta values

cen-cen= X ((270)+(220)) .

a+b=k+2
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Multiple divisor functions - Connections to MZV

Example lll: For the cusp form A € S5 C ker(Z12) one can derive the
representation

1

- A=1 1 2
5 6ol 68[5, 7] + 150[7, 5] + 28[9, 3]

1 83 187 7 5197

+ 11082~ 12200 Y T 50as @~ 1208~ Gor |

12].

Letting Z12 act on both sides one obtains the relation

%C(m) = 168((5,7) + 150((7,5) + 28¢(9,3) .
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Multiple divisor functions - Connections to MZV

To summarize we have the following objects in the kernel of Zy, i.e. ways of getting
relations between multiple zeta values using multiple divisor functions.

o Elements of lower weights, i.e. elements in Fil}" ; (MD).
@ Derivatives
@ Modular forms, which are cusp forms

@ Since 0 € ker Zy, any linear relation between multiple divisor functions in
Fil} (MD) gives an element in the kernel.

The number of admissible multiple divisor functions [s1, . . . , 5;] of weight k& and
length [ equals ('lc:lz) Since we have MD = qgMZ [[1]] it follows that knowing
the dimension of ngVZ’L(qMZ) is sufficient to know the number of independent
relations.
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Multiple divisor functions - Dimensions

KN\l|o]| 1] 2 3 4 5 6 7 8 9 10 | 11
0 1]0

1 oo

2 o|1]o0

3 o1 |1 0

4 011 1 0

5 0|1 |2 2 1 0

6 o|1|2] 3 3 1 0

7 0|1 |3 ] 4 5 4 1 0

8 o|1|3]| 6 8 8 1 0

9 0|1 |4 | 7 |11 |14 |12 ]| 6 1 0

10 01 |4 |10 |16 |20 |23 |17 | 7 1 0

11 o |1 |5 |11 |20 |3 |38 |3 | 23| 8 1 0
12 0|1 |5 | 14 |28 | 44 | 60 | ? ? 13 | 9 1
13 o|1 |6 |16 |3 |2 ? ? ? ? | 38 | 10
14 0|1 |6 |2 |43 ] ? ? ? ? ? ? 47
15 01|72t ? ? ? ? ? ? ? ?

dimg ngVZ’L (qM Z): proven, conjectured.
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Multiple divisor functions - Dimensions

We observe that dj, := dimq gr)¥ (@M Z) satisfies: dj, = 1, d} = 0, d5 = 1 and
=2d)_o+2d),_4, for 5<k<11.

We see no reason why this shouldn’t hold for all k& > 11 also, i.e. we ask whether

1-X?4+ X1
di 2)X dj.x kI -T2 T2 1
kzm imq gr) (AMZ) ’;0 XTI 9% (1)
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Multiple divisor functions - Dimensions

We observe that dj, := dimq gr)¥ (@M Z) satisfies: dj, = 1, d} = 0, d5 = 1 and
o =2d)y_o+2dj,_5, for 5<k<11.

We see no reason why this shouldn’t hold for all k& > 11 also, i.e. we ask whether

1-X?4+ X1
di 2)X dj.x kI -T2 T2 1
kzm imq gr) (AMZ) ’;0 XTI 9% (1)

Compare this to the Zagier conjecture for the dimension dy, of M Z,

? 1
ZdlmQ gr)y (M2)X deXk 3
E>0 k>0 =X -X

k 0of(1]2(3]|4]|5 6 7 8 9 10 11 12 13 14
dig | 1]0 |1 1 1] 2 2 3 4 5 7 9 12 16 21
d; 1|01} 2|3|6 |10 |18 | 32 | 5 | 100 | 176 | 312 | 552 | 976
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Multiple divisor functions - Summary

@ Multiple divisor functions are formal power series in ¢ with coefficient in € coming
from the calculation of the Fourier expansion of multiple Eisenstein series.

@ The space spanned by all multiple divisor functions form an differential algebra
which contains the algebra of (quasi-) modular forms.

@ A connection to multiple zeta values is given by the map Zj, whose kernel
contains all relations between multiple zeta values of weight k.

@ Questions:
o What is the kernel of Zj, ?
o Is there an analogue of the Broadhurst-Kreimer conjecture?
o |s there a geometric/motivic interpretation of the multiple divisor functions?
o L-Series?
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