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7. Lineare Ophimiervng

7.1 Problemste Nung

EAn Problewm. der fiuearem Op\iwgrm%_ —
aundh Uineares Brogramm genomnt — beaeidmat
die Pm%%o&m ) e hneare 'Z\'WHM

z = 4 = c X : %elR”
usmkec Lineascen %Q«c,@\m%- / UM%QMM%O=
V\C)QIV«'Q.‘QAAV\W

07X = b, oder 0% £ b,
Zu nmamawmweren .

Tn Nomalform (komtwsder Tom) fowkek
die (on\o\e)msmum% %

Roblem (7.4) (Normaﬂ?mm>
Bestimme x e R" wit z= %(ﬁ) = C'X
wminimal Wnber den N&wbzdm%m%u‘

AX = b ) ( AeIR(W"“), M<h))
% .2 Q.
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Zuoakz vovous seklzungen (72)

Rong (A) = m (manimal )
® Die Menge der zwldssigon Pamddke

M=={xe@”‘] Ax=b A sz}
it WA fuer,

Grayhisdte :Darsl-elluug :
A Gleiduwngen

(n=2/3, m=1)



15%

@) Cine Wngfleichumg

Ay X + G% £ b (imRY)  fayw.
WX <b («MR)M&WM RANE

Holbebone Aw. evem Halbraumw .
Dot bildek die ondiz.(ev(—e. ; Zv\io"\m\%
Mu\q;e,

Moj={%eR | AZ<b, X20}
wn Konvexes PO'QA}(eder.

QM D\Q Hohewliwier. dec Zxd{,(mlchm«,

2 = C'X = Zo = CLonst,

Hlden eine SJ\DUF Paro,lle,\er Hm)@r&wm
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Beispiel (33) ' Sdwldabrike’

Modell 1 | ModellZ | waximal.
Hers¥dﬂww%s%d{: (%] 20 10 3000

Maschiven 4] It 5 2.000
Leder | dwm*| 6 15 | %500
%ewivw& [ E ] 16 32 (4

X“ﬂ- v Anzoahl der Modelfe 1/2

Maxiwiere dew Gewinn 46 %, + 32 %,
Wter den N%wbe.diw%«m%m:

20 %, + 10x, = %000

Gul PR S TR SR
b X, + 19 % < 4500
X’H X?_ 7 O
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Zur Hers’reﬂwv\% der NOVW\Q.QM Werdim
Sc&m?%\/ax(odo\e Xz,) X% As UV\WM :
Domuit Lowet die Anfgabe

Minimiere
= -Aox,-32 % 3 C:=(-16-32,0, 0,0)
ZoAgd 0 o\ ™ 2000
4t 5 0 1 O * | = [ 2000 |

o' 4% 0 0. 1 $500

X5
Wi BB B e 0

Y

D ha=8000-20%,~10%,
= 0
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Maw ot Ouwdhomd deo BdsP\‘eﬁp

b Tst M midtaer und Brodhedicddt, mo beak
dos ineor Prograumm (Wenigotens) eine
l.c")sm% X*, Me wm eaver Ecke vouw Monj
fxeox’c.

» Man vhalt die Ecken (A,.., E), ndem
mom, zwes der Vaviablorw X, ..., %s Null
sdat umd dic amdim amo AX =b
hrecedmok .

A x=%=0, B:x=%X=0,
C! X3=%,=0,

Peadde, dom michk ofle 'Yno%&cﬁuw Ecken
Z.\Alam%,SW\o\, Z. . %»Ew{: X3—-X5 O
Ow.Y, vve i Mapm%x, "Ecke" £ (615, 350).

(—chxiw\h ow (%)

zﬂ.) Fur Xe M M(&‘c IRV “-‘{j‘ ! Xj?O}
i dre Mevx%g der tmneren Indizes .
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M xeM hopt zine Bao Moswng zur

B Tndexmenge Jp %o&ﬂo Ylhem *
Jgc{h-om}, #¥Jdzg=m
Gy = (Oi)j 3, Rasis des R"

(Dokei: A= (a,.,d") , ale " men )

Die Indizes 3 - 35 fw(ﬁ% Basnandi zes
oder Basisvariabte , die jeJp:=41,,n} Jg
baipon Niddbooi, variabte .

Eive 'Bao{o%sum% haipt entartet , alls
I < Js.

Salz (7.5) (Fuwdamutaleoks)

Tot v Uneowes o qramm (F4) Loskoc ,
Ao vpished awdh give LE)S\AM% X' die
2uguich, vive (zuldssige) Basiaddswug it
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Beweis :

Sei xeR" wne Lgsmg ven (1),

1. Tl © Sind die (@) (€T Liear
Ma}re\,&w%n% , Ao lossen sie sich Wegem.
'Rm%(A) =M ZW Uver Dasts (o(’)je:,B)
LK) c Jg er%c';m zen (= fineare A\gebra)
Damt it x BQSLSESS\LV\% zur Indox =
menge 3]5 :

2. Foll (Qj)je'[(_x) Yinear a\opx&/w%{% !
E)ir erseheom X dunth eime andece Lésw«%
X vow(E4) mt T(X) ¢ TK).

Nach endlich vielu Solcher Evseffz\,w\qp =
sdwite it dawn Tl 1 errveicdht |

Nadh Voraum. ox. %eﬁln\{o\ Wit
Ty < T® wd Ay = 0.
Beshimme 1€ T(X) mmt

M= W\/WL{‘% : ’l‘,et(‘ﬁ)"\ag*()} :‘\%!?O
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Wl sehe X := X £ By
Doamut fegt : |
+ AY = Ax t'\AA'\a=AX=b,
e X 20 (nad D wow r&),
e Do beide Pundde X* n&&m{% sind.
wnd GE) = Cx £ ()
{rtob (xophmd ) ¢y = O
=2 Beide Purkde X* sind. ophmal l:
o WAkl man dao Vorieidhen —sgn (32),
mjﬂ&% | Fio Kig —
% = wospe(w) el e = 0.
Domat it X tiue werte LOSumg. wat
IK) & IM .

’\P)Q/mu%mgr (F.0)
Ist in Qoigem Batas X Ro.di%b'izu=
Ké{mi% (Ax=b, Xz 0) , Ao kamt A
eine Dasisloswmg X konstruierem mat
TE) eI
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Salz (13) (Dorstellumgooakz)
Es hereidme { v | Lell die (enddiche
wnd widk o) Menge dec Baotadisungon
Trdoc zulassioe Dbk xe M Abeoilh ddue
@mw\m%

% = ?:\:‘X}LVZ, +d

wt %20 Zo=4, 420, Ad=0.

Boweis ((vollst. Tndadekion uber p==ﬂf]1x))

P=0: = X=b=0. Damt wt x st
Basis %SV\M%, die :Dars‘reﬂm% als 0
tival edollt.
04,.,p1 = P Sd x 0.E.dA Ken Ecke .
Do Sind. die (Qs)je]:(x) binear abhangig
= 3yeR ol THP<TEW A Ay=0
Fall 1 Y hak positive U.hegative Vomponeujcen
Qekze: i %

}L,!iz wun % ié[OKL"g;?OE 7 O,
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1= min |-+ {eT600 < 0} > 0,
K= =My,
X?-..:: X-\",Az’\a.

We w (1.5) Mo{t :

" eM, I, TKC) < p.

Awd X', x" Aot sidh abro die Jndmlhsws =
Voraumooekeumg am wemdin \

S eplad. it
X = @"?\) X4 + ) Xz ' x:: —&_610'4[
. | ot
wnd wit *= ot v +dT i=A2 ), wvd
lel
=z (AN +A¢2) v, + (wnyd'ea )
=1 Oy ::g
Dheo zu‘cxir dhe faxm'hvxsdk Dafslrdlw«% !
—'FO&M. 2 \a P O
Sekae. »

M+ = in {_.: eT®) , Yiv o} » 0,
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K= - MY
Wieder $etk - xeM, T(K) < p, alno nad

Indulek owo Voo ¢
= T o v, +d

el
=7 s Zo(ql“z*'(dq*r*ﬂa')
fel R R
=:d
foll 3 %¥<0, %M,GM/DO‘. |

Sah (7'8)_ (Existenzsalz )

T wn bineares 'on%mmm (F41), dox o3
Vovauss . (£.2) edilli, otk oteks

Entweder :  dnd { {1y xeM‘S = -0
oder = 3 ophmals iBas(sfbsuM% |

Bewes
Toll 1: Es qibt vin de R" mat -
d20, Ad =0, dd<0.




A6Y

Ist %oe™ , 40 detgt {ir £ 2 O:
kottd e M |
% = Tt + £ (Td) — -~ (=00),

Tl 2
VdeR™ t(‘dzO ~Ad=0 = d20)

Nadh (+7) giek $ir jedun xeM dlie Dasshellung
X = ZO(KVQ = d.(
el

Wo V& . BQSISQ(BSMM% ) OQ?)O) Z(X;Q = 4 )/ d7/OI
Ad=0 (aho (_Td7,0>.
iy
% = 2 o (CVvy) + (Cd)
Lell

7 min{cy, o Lel]
Domnt Aot ntec dorn Vy e OPH wmads
me%sm% ‘. L]
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Geovge Dawntzig (134% — 2005 )

19%% - Simg\zx-Ver{ahven Zwr
Livearen Ophimierung



DUHITIPICA 'YICU VU

o 2 Wocedal, WV;Sl\":z
Nuwedcal Op)iw\i%w\-;@u ) 41999

Dantzig's development of the simplex method in the late 1940s marks the start of the modern
era in optimization. This method made it possible for economists to formulate large models
and analyze them in a systematic and efficient way. Dantzig’s discovery coincided with the
development of the first digital computers, and the simplex method became one of the
earliest important applications of this new and revolutionary technology. From those days
to the present, computer implementations of the simplex method have been continually
improved and refined. They have benefited particularly from interactions with numerical
analysis, a branch of mathematics that also came into its own with the appearance of digital
computers, and have now reached a high level of sophistication.

Today, linear programming and the simplex method continue to hold sway as the most
widely used of all optimization tools. Since 1950, generations of workers in management,
economics, finance, and engineering have been trained in the business of formulating linear
models and solving them with simplex-based software. Often, the situations they model are
actually nonlinear, but linear programming is appealing because of the advanced state of the
software, guaranteed convergence to a global minimum, and the fact that uncertainty in the
data can make complicated nonlinear models look like overkill. Nonlinear programming
may make inroads as software develops, and a new class of methods known as interior-point



Yo
+.2. Simg\e.x verfahren ?
(vadh George B. Davdzig ~ 1950)
GvundeLnZLP : S\@'Omaks&u Absuchem
der Ecken des zulamiger Bereidho.
Dobei woeds Awotansdvoduike duahgfiht,
ke dumem tine Baoioldswmg dud eine
"Bemodbate enchet wivd, wobti der Wedk doc
X @ Baoilosumg wit Induxmmae Jg
J=(Gasyfn) Permwhahow vow (4,--,0) wat
UB"HM L Ju= {%mm ,3%%
Agi= A alm) A= (4™ )
Lo (XM iw) = Oy = o) =

For Ui Ryeﬂ/xdﬂw Vekbor X e R giek
A.i = ABYB + A S_CN = b
N Xp= A; (b-Avky) = Ao A; Au Xy



A68
Mam sehee m,

D= (d™d) = Ag A € R G3)
D fuipt Tobleaumahix . Nack Obigem
det X = Xg = D%y , abo
{(x) o = CBXB+CNXN

= CBX5+ (et —Ca D)

= 100 + 'R, wob (#10)

-+

el (J['émﬂ""l%'ih\ = "'DTQB e“{m.(jﬂ);

1 JZw&@t \ektor der veduzieden Kostem .
) ?\M am, Um el sich die Zud.l(amﬁzbm

Vergqrodert, wewn amam Xe , ke,
e Biwhat VUWFMM’C

Tolgerumg (3.12)
il.) t720 = X L6$M%dm z()/\'m.pm%ramm

B t70 = x tindewhy Beokwud!
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Auwstomodadim b ¢

W’\MAM{;A,T&'V\ 'T-‘-’XQ(GUN . %’Y<O'

Defiwiee Lir deR: x(@)eR" durch

XB(& i XB-gd:r ) X,‘,(S)'.—-:S )
%(®):=0 (je I i)

war

Ax@=b, x@=4mw+3ty G

D?V:\“\X(&\, = Ay (xg-3d") +8d
= Pg¥p + 80" — SA,d"
= b +d8(d"= Ag A{g‘a*) =b
¢ (x®) = gXg +S(er-cgd)
£ 3
Fir §7 0 {allk amithin die Ziejwkhon
(£+ < 0), Wahrewd. diec NMV\W%
Ax=b ke alle X =x(8) etk mt .

(#43)
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Zur Zulanni %61)«\: -

* It d"< 0, 00 At X®) fir jedeo 370

'Zn&oum% == wf fx) = -0, d),.
xeM

Doo Poblem (74) hot %ﬂm Loswﬁ% ';

o btd" £0 dh d" hat posthve Kewpanien,
Ao 'Mmm mon De{1,.,m)  wit

§i= I ol* = MLV\{ tl" d; 70, i=4,. W\}

(?.15)
Do mt x(8)e M | Lx@®) < J{(x) wnd

X(3) Mt Bap'wﬁﬁlsum% Zie IV\o\Suxw\em%
= (Jp v {1 ) i) (3)
Temer: Jst X wWiddedtodkk | Ao ot & > 0.
Dommt W die Z&WMM wand, ( 7. M)
@) < 4y,

Deom ‘ Ber entartcten Basisveldoen X

ko 3=0 omdheetun . Do Soibh %) Umvecand



1#

Algorithmus _(l‘,l) M

Ae K(\m,n) : J= (S'\)--):\n) Termukobon viw
(4)--)V\) Mt 36=(54>-7th) iBQ/JV)W\d\’t@S .

@ AB = (Q"’A") Ak = Ay ., m
Bevedwme LR- Zer\eq(\wa, i AB

Folle Ap sin %«ﬁ” . Tehlevr, S—topp

@ Lose|Ag¥g = b Teste XB7O (/\W\"SCQW\H:)

B = (Ch) )j»s ) g—‘: C3 XB

) Lose AB N = Cg ! {W (29)

i, » = il Tt k=m0 e M)

Beokmme gre{mn,..,n} e jq’ wat

te = Win {‘;!K k=mion }

Folls +47 0 Lé')sw»\% y b dam , Stepp |
® Lbse|Agd =a"]

FTalle d 2 O * Trobl. hat keine | bsumg ,Stopp!

Beshmme Pe{'\, My S=ip wik

(xy,) {mm i=t,.,m c\\m}
@ VQ&O\MS&L:\P,MWU %ﬂ&w@




1t2
Avnmedumgen - 1
A) In xg sthow wur die Basiovamoktus der
L&M\% X*y  Mam hat alo zu sekzem

K, = {("B\a &fr‘»:ﬁ.,...,m
O ’%—W 1= M, N

1

X:r) In Szo‘&/m Auotounchadwidt stnd dorer
TS %(DC&M%A%W o

Hierzu %J\M'}.%‘ 91\5__ LR- ZQW% Vit 'A\B
wnd. Vorwawb = / Rixclosrows ~Sndobdh e ,
<) Dk spezicde Tachmikon kamu vec =
T Miedum Weedu, dan i Tl owharioks
Boow Losumopn. Zagdedsn Ouhreton. , aloo
mod, mdliddy, vk Awotauodvodhmiter
Wieder viwe drivhie Tndoxmenae Quraliik
Whd..
A) Die Mabix Ap® wm de. St Wnnherodhasdk
 ade v A‘(;H) e A Rinec Spadik
Dader Lomem Mde Modikikahiowateem ki
Zium Mo[ah{em dar LR - Zer&M Qe A ue .
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0,1 Qz. 03 a‘f Q‘o‘ b
260 16 41 O . O | 3000
Al v 5 0 1 0 2000
© 13 0 0o 1 | 4500
C 320 0 O
1. Jtevation - (s
Ap=T, o= Agb = LW]
= (0,0,0) { =
y= Ayl = [%J
20
t, = 1o~y _EJ Sl
L +[10] ) f\T'JZ:JS‘
B 2| = 2
s b M0




g @15 300
Cy = (0,0,732) , [ § = -3600
B S - g\
W B CB = (0,0; 50
ty = =16 - ‘aT (ZLE) = -3 2T
0 o (21 a‘*l
_ KR, . = . 0¥
5= 0-19 (2) 0
= ’2.0} _ (16
d = Ay (g o'
((Xﬁy"-) = ('2>12.5‘,250,‘;l50)T b p=2, s=) = L!rl
3.Jterakion:  J = (3,1,2]45)
1 20 10] g [ 1000]
Ag = [0 % 5 ’XB:Aanlf‘mJ
- _0 6 /\5-J 200

| 1g
Cy = (0-1632) , | { = -10%00




115
= Ay cy = (0,716,-16)

= 0y (Z} e 1 LOsum
b= 0y (g) =16 i |

—— X*—_: LZSO)ZQO) 100'0,0,031—
| ’}(x“) = —4Q0%00

Sak (7.18)

Wied. das Simplux vertabhrom (F14) mwt einer
Baohlosumy qotarte mad aind alle erteugfen
Bowobo LSumaen midik ewk aatck ) 1o Y
due Algoatbmms Mok Sickotewo () Pwo=
townchsdmtter vine Losumg oder die Injo,
dos dono Poblewm Keiue L‘()s\m_% fesbzt |

Bulhandlling feser Variablun

bt ¥ b, dhe K2 0 Aot widik vorgeadimidben,
Ao ade mam %= %X wit X, X7 7 0.
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Andlindam einse ziaooica "Baoio%w%
Hw% wt eine Z_UQ&ML%L Bao\oﬁoSmg, |
GK—QMA‘LC/K)HA h ( W A die Kamews S
Eulaubveddrw €. em dhadk ued b2 0
Tt dueo madk dec Foll |, Ao NEge Mam. dul,
W. Mulkplikakew winrcdmer Qoichmngun wmit
1) dofiuc, dam 0% 0 ot wmnd Lise doo
{,v(’.%qmou \—\{U(qpvo blem (Phose T dus
Swwpﬂwvﬂaﬂuma\

Miniwiere L, y) = Z Yi

(AT \’;) L
X270, %420

Offerdar bt (%,Y) = (0,b) vwe Basi=
oswng wk Tnduxmenge Jp = {net, ..., nim |

Da die ZLMU‘A« '%’\—\ x»x O«ML,\&: V\Ost.
M a*w




A+
ik Sadheambt Aot (dudk Q) , hat (F.16)
Gue Ophwmale Losung, die aide mmt dome
Stweplaxverd o, Secechman. Lot |
Ist §(<g") > O, 00 kot doo Auogamsps
problen. keine Ltc')sm% .
T d.awm %“ (X*, (&‘l-) - O’ 20 wt andle ,8“:0
and X* Aot Baoiofbsung Irgl. tinee qrelgmb
Tndoxmmge Ty 2 T(x9).




