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Problem 1

We say v € C(Ur) is a subsolution of the heat equation if
vy —Av <0 in Uy

(a) Prove for a subsolution v that

: //
vz, t) < iy, s
(50 = gy E(a,tir) s

for all E(z,t;r) C Up.

|z — |
dyd
(t—s2""

(b) Prove that therefore maxg v = maxr, v .

Problem 2

(a) Show the general solution of the PDE uy, = 0 is
u(z,y) = F(x) + G(y)

for arbitrary functions F|,G.

(b) Using the change of variables £ = = + ¢, v =  — t, show uy — uy, = 0 if and only if
Ugy = 0.

(c) Use (a) and (b) to rederive d’Alembert’s formula.

Problem 3

1
Tychonov’s counterezample: Consider the holomorphic function g(z) = exp™ 2% for z € C\0
and denoting by ¢(*) its k-th derivative, define the function

u(z,t) = ;289((;)@()?37% ift>0,zeR
u(z,t) =0 ift=0,z€eR

Rigorously justify that this is a solution of the heat equation with 0 Cauchy data by showing
uniform convergence of the series (and of the series of its time and space derivatives involved
in the equation) on any semi-strip of the type

(z,t) € [—a,a] x [, +00)

with a,d > 0.



Hint: apply Cauchy’s formula for the derivatives of holomorphic functions in this form

) = R 9z
o0 = 5 | a

21 B(t,%) (Z — t)k"’_l

to estimate g(¥)(t). Obviously, if you find a method not using complex analysis, it is also
valid!

Problem 4

Derive a representation formula for a solution of the initial/boundary-value problem
U — Uge = 0 in Ry x (0, 00),
u=g,uy =h onR; x {t =0},
u=0 on {x =0} x (0, 00).

where g, h are given, with g(0) = h(0) = 0.

(Hint: construct a new function by odd reflection)
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