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Problem 1

Consider Laplace’s equation with potential function c:

−∆u+ cu = 0 (1)

and the divergence structure equation:

−div(aDv) = 0, (2)

where the function a is postive.

(a) Show that if u solves (1) and w > 0 also solves (1), then v := u
w solves (2) for a := w2.

(b) Conversely, show that if v solves (2), then u := va
1
2 solves (1) for some potential c.

Problem 2

Show that any function u : R× Rn → R of the form

u(t, x) := v(x− b · t)

where b is a vector in Rn and where v : Rn → R is locally integrable, is a weak solution of
the transport equation

ut + b · Du = 0

(Hint: Consider the new coordinate system y = x−b · t, s = t, write the transport equation
in this new coordinate system and solve the exercise in this system of coordinates).

Problem 3

Show that any function u : R× R→ R of the form

u(t, x) := G(t− x) + F (t+ x)

where G,F : R→ R are locally integrable, is a weak solution of the wave equation

utt −∆u = 0

(Hint: consider the new coordinate system w = t−x, v = t+x, and write the wave equation
in this new coordinate system - see Problem 2 of Worksheet 6)



Problem 4

Let U = [0, L] ⊂ R.

(a) Find the eigenvalues and the eigenfunctions of the negative of the (1-dimensional)
Laplacian, i.e. find all couples λ ∈ R, u ∈ H1

0 (U) such that

−uxx = λu

holds (Actually, any weak solution of this problem is a strong solution, i.e. u ∈ C2(U)
and the equation holds in the usual sense).

(b) Let f ∈ L2(U). Give a criterion on f that ensures that the following PDE in U = [0, L]
has a weak solution: {

−u′′ + λu = f on U

u(0) = 0 on ∂U
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