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Partial Differential Equations
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Problem 1

Let u be a smooth function defined on an open subset U such that

u:UCR" —R
r = u(x)

or

uw:UCR"xR —R
(z,t) = u(z,t)

Classify each of the following partial differential equations as follows:
a) Is the PDE linear, semilinear, quasilinear or fully nonlinear?

b) What is the order of the PDE?

g +Au = 0

n n
Upp — E ajuxixj—i—g b'uy,, = 0
i=1

ij=1
|Dul = 1
div(Ll) =0
(14 [Duf?)2
det(D*u) = f
uy — div(a(Dyu)) = 0, where a(z) is a n x n matrix

Problem 2
Prove the Multinomial Thoerem

(@14 otz = > <’Z’>azo‘

|a|=k

|
where (Igl) = |%|', o = atlas!..ap!, and z®

multiindices o = (o, ..., ) with |a| = k.

= z7'...2%". The sum is taken over all



Problem 3

Prove Leibniz’ formula

D (uw)= Y (;) DBuD* By

1B|<a

where u,v : R™ — R are smooth, (g) = Wlﬁ)” B <ameans 3; < q; foralli=1,...,n.

Problem 4
Assume that f : R™ — R is smooth. Prove that

f(z) = Z %Do‘f(O)xa +O0(|lz[*)  as =0

o <k

for each k = 1,2, .... This is Taylor’s formula in multiindex notation. (Hint: fix x € R™ and
consider the function of one variable g(t) := f(tx).)
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