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Optimization of Complex Systems — 6th Exercise Sheet.
Discussion of the solutions in the exercise on December 9, 2019.

Problem 1 (projection formula): Let ug,, up, p € R and A > 0. Solve the optimization problem

. n Ao
min v+ —v
VE[Ua,up] P 2
by deriving a projection formula.

Problem 2 (discontinuous trace operator): Assume that 2 C R¥ is a bounded Lipschitz domain
with boundary I'. Show that there exists no constant ¢ > 0 that only depends on 2 such that

[ull 2ry < cllull 2o
for each u € C(Q).

Problem 3 (adjoint equation and necessary optimality conditions): Let @ C RY be a bounded
Lipschitz domain with boundary T'. Let functions aq, u € L*(Q), ar € L?(T'), B € L=(Q), a € L>®(T)
with a > 0 almost everywhere be given. Let y and p be the weak solutions of the elliptic boundary
value problems

—Ay = pu in Q,
dy
—+ay=0 onl,
on
and
—Ap=agn in ),
Ip
— 4+ap=ar onl,
on
respectively.

a) Show that

/agydx—{—/apyds:/ﬁpudx.
Q r Q

b) Assume now further that A, Aq, Ar > 0 and yo € L*(Q), yr € L?(I'). Consider the optimal control
problem

. AQ AT A
min J(y, u) := - lly - voll 72 + 5 Iy = yrll7a ) + 5”“”%2(9)
subject to
—Ay = pu in Q,
Jy
—+ay=0 onl,

on
Ug(z) < u(x) <up(z) a.e. in Q.



Show that with Unq := {u € L*(Q) : uq(z) < u(x) <up(z) a.e. in Q} and for an optimal triple
(u,y,p), the optimality conditions are given by

/(6p+ M) (u—a)dz >0 Yu € Uyg,
Q
where the adjoint state p is given by the weak solution of

—Ap = Ao(J —ya) in €,
o

o, TOP= Ar(y —yr) onT.



