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Problem 1 (Gateaux and Fréchet differentiability):

a) Consider the function f : R? — R with

1, ify=2?and 2 #0,
f(:v,y)Z{

0, otherwise.

Check whether this function is Gateaux and Fréchet differentiable in (z,y) = (0,0) and if so, state
the derivatives.

b) Consider the mappting ¢ : C([0, 1]) — C([0,1]) with

g(u)(t) = /Ot cos (u(r)?)dr, te€0,1].

Show that ¢ is Fréchet differentiable for all u € C([0,1]) and compute the Fréchet derivative for
each u € C([0,1]).

c) Prove the chain rule for Fréchet differentiable functions: Let U, V, Z be Banach spaces and F' :
U — V and G : V — Z be Fréchet differentiable in v € U and F(u) € V, respectively. Then
E :U — Z with E(u) = (G o F)(u) is Fréchet differentiable in u with

E'(u) = G'(F(u)) o F'(u).

Problem 2 (adjoint operators): Let A : L?(0,1) — L?(0,1) be given as

t
(Au)(t) = / ¢!~ Su(s)ds.
0
Determine the adjoint operator of A.

Problem 3 (Cones and optimality conditions): Let U,q C R™ be the set of admissable controls which
is assumed to be convex. Further, let f : U,q — R be continuously differentiable.

a) The “smallest” conic superset of U,q at the point @ € U,gq, called conic hull, is defined by
K(Uag, ) :={a(u—1a) : u€ Uy, a>0}.

Show that K(U,g, @) is convex. (Further, K(Uaq, ) is a cone, that is, v € K(Upq,u) = av €
K(Uaq,u) for a > 0.)

b) For every convex cone K, there exists the dual cone
K*:={veR" : (v,uprn <0 VueKk}.
Show that
f@)(u—u)>0 YuelUy <& —Vf(a)eK(Uun,n)"



c¢) Determine the dual cone K(Uyq, u)* for the set
Ud ={ueR" : uy <u<up}

with ug < up (be careful, if 4 € OU,q). Use this representation to derive the KKT optimality system
(in particular, the complementarity conditions).



