CONFORMAL FIELD THEORY

TYPESET BY WALKER H. STERN

The following notes were taken from a course given at Universitdt Bonn during the
summer semester 2016 by Dr. Hans Jockers
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Introduction
AIM: to understand CFT’s in 2d.

WHY?

(A) Second order phase transitions in 2d systems (so-called critical
phenomena). For example, the 2d Ising model. Take a 2d lattice of
critical sites (in principal, this is assumed to be infinite):

P

o spin %

These spins are equipped with a nearest neighbor interaction. The
energy for the system is given by

E({o})=—c Y o0

adjacent
lattice sites

where o; € i%. There are ground states for the system: all states
having the same spin (ie either all | 1) or all | |)). The partition

function is

Z =Y exp(-E({o})B)
o}

where 8 = % is the inverse temperature.
We can then compute the correlation functions:

(o1,0) %exp E({c}))oio; ~ exp (_CZ(;)]>

where |i — j| is the distance from the site i to the site j.
If T — oo, then ((T) — 0, so that (o;,0;) — 0. If T — T,
¢(T) — oo, and the system reaches criticality.
At criticality, T = T, we have that
1
{oi,05) ~ ——
i —jl*

This theory is scale-invariant (for scales > a), and can be solved by

use of a 2-dimensional CFTI ! Onsager won the '68 Nobel prize in
Chemistry for his solution of the 2d
Ising model at criticality.



(B) String theory provides other examples where CFT’s can be given
meaning. It concerns itself with the time evolution of 1d objects

(" strings“):

2d world sheet

closed string

This time evolution is described by the Polyakov action, which is
reparametrization invariant and Weyl invariant. Together these give
us conformal invariance, which leads to a 2d CFT description of 2d

worldsheets.

1 Conformal Field Theories in d dimensions

1.1 Conformal group in dimension d (d > 2)

Definition (Local Conformal Transformations). Let M, N be smooth

d-dimensional manifolds with metrics g and h respectivelyQ. A local 2 Very generally, we can take (M, g)
diffeomorphism of open sets and (N, h) to be semi-Riemannian.
That is, the ‘metrics’ can be taken
to give symmetric, nondegenerate,
p:UCM— ¢(U) CN bilinear pairings on the tangent spaces

(not necessarily positive definite).

is called a local conformal transformation if
¢*h=A-g
for a smooth scale function
A:U — Ry

Remark. (local) conformal transformations preserve angles. Given
two vectors X,Y € T,M, for p € U, we then have

h(¢. X, ¢.Y)
‘¢*X‘h‘¢*y|h
q[)*h(X, Y)
| X g+ m Y o=
Ag(X,Y)
VAIX|VAY],
= cosZ(X,)Y)

cos L(p X, 0,.Y) =



Remark. e Conformal transformations define 'new* metrics on a
space for M = N

g=9¢g=A-yg
for ¢ : M — M. This implies, with a little computation, that the

Weyl Tensor remains invariant under conformal transformations,
but the Riemann tensor does not.

We will, for now, work with conformally flat space M = N = RY,
with the metric
n=diag(-1,...,—-1,1,...,1)
—_———— ——

where n +m = d. So we can write a conformal transformation
¢ : R — RT XH s ¢*(XH), by requiring the relation

06 0¢P
b xn gxv Y

e The 2d/3d Weyl tensor always vanishes on any 2d/3d manifold that
is locally conformally flat.

e In 2d, we can see from cartography that we can map a globe minus
a point to a sheet of paper by preserving angles.

We will now consider an infinitesmal transformationX# — X* +
e’ (X). Which gives us

ds® — ds* + (Ouey + Op€,)dXHd XY

as the transformation of line elements® 3 The line element is, as usual, defined

This transformation is conformal if by R .
ds* = nu,dX*dX

Oper + 0vey = N C

By taking the trace of this relation, we can find that

Opey + 0vey = %div(e)nﬂy (*)

Furthermore

%) 2
0,0, (dive) = 8,0°(Dye, + ey — Dper) = 20,0, (dive) — O,e,

Since this expression is symmetric under the interchange of p and v,

=

we can simplify to

2 1
Eau&,(dive) - 55(%@ + Open)
and, applying () again, we get

(w0 + (d —2)8,0,)(dive) = 0



Taking the trace, we then get
O(dive) =0
ANsATZ: For the infinitesmal transformations:
0,0, (dive) =0 = dive= A+ B, X"

Which implies
€p =y + by, XV 4+ Cppp X' X?

where Cp = Cpp
From this, we can classify infinitesmal conformal transformations:

(i) €u = ay, called translations

(i) €, =0 XY, In (x), we get:

2
buz/ + bp,l/ = Enuu (7770570)

a) €, = wy, XY, where w,,, = —w,,, which we call rotations.

b) €, = A-nuwX” = AX, which we call dilations.
(iii) €, = Chup XV X", In (x), we get?: 4 Where by, = £Cpounf?
Cuvp = Nupbu + Muwbp — M pby

so that
en =2(b- X)X, —bu| X[

which we call special conformal transformations (SCTs).

By integrating these infinitesmal versions, we can obtain expressions
for finite conformal transformations:

(i) Translations:
Xt = X¥ 4
(ii) Rotations: Poincaré Subgroup
Xt =MIX"
for Mt € SO(n,m).
(iii) Dilations:
Xt =AXH
(iv) SCTs:
- XK — b/‘|X|2

©w

T 1 2b, XK PX?



As it happens, the conformal group acting on X* is precisely
SO(n+1,m+1)
INTERLUDE: Projective space RP*™! = R%2\ {0} /R*.
Consider the map

t:RT - Rp4!
1 1
Xt 5(1+|X|2):X1:~~:Xd:§(17|X|2) =: Xp
Properties:

(i) ¢(R) is on the projective light cone:
{0 = np(Xp, Xp)} C RP4H!

where
-1,1

s Ly e

1)
m—4+1

np = diag(—1,...,
n+1
(ii) SO(n+1,m + 1) acts on RP*™ in the canonical way
Xi' = Mg 5 X7
where
Mg 5 € SO(n+1,m+1)

(iii)

Transformations in SO(n + 1, m + 1) induce the following confor-

mal transformations on R?

a) Rotations:

1 0 0
M# =10 M 0
0 0 1

with M# € SO(n,m) C SO(n+ 1,m + 1).

Poincaré Subgroup
b) Translations (X# — X* + at)

1+ ila] —a* —1|a|
Mj = ay 1 —at
—slal  a*  1-3ldl
c¢) Dilations (X* — rX*)
1472 1—r?
A ;r 0 2r
Mg = 0 1 0
1—r? 1412
2r 2r
) XH—bH|X|?
d) SCT’s (X* — W)
L+ 4 -t L
Mj=| —b, 1 by
LAl b 14



CONFORMAL INVARIANTS
For points z; € R?

e If we require translational and rotational invariance, we can take as
our invariant

|21 — 23]

e If we additionally require scale invariance, it suffices to add another
point:
|21 — 22
|21 — a3

e Applying an SCT, we get
1 1
‘(1317!172| — (1 — 2b.’E1 + |b|2‘$1|2) 2 (1 — 2bl’2 + |b|2|l‘2|2) 2 |$17$2
Therefore, conformal invariants are anharmonic ratios®:

|21 — 22|73 — 24

|=’E1 - 5173||$2 - $4|

Remark. There are a total of %(N — 3) distinct anharmonic invari-
ants for a set of N points®.

1.2 Correlation function of Quantum Fields (d > 2)

We take the Fuclidean signature in d dimensions, so that our confor-
mal group is SO(1,d + 1). We then get the commutation relations

[Jag,Jcp) =i(mapJec +MBcJas — NacJBp — NBDJ AC)
And Jap = —JBa,
n = diag(-1,1,1,...,1)
—_———
d+1

and A, B,C, D range through —1,0,1,2,..., D. For the Conformal
Generators”:

L,, = J.. Rotations

} Poincaré Algebra
P, = J_1,, Translations

o D= ‘]—170 Dilations

. KM = _J*LH + ‘]07M SCTs

5 Also called cross ratios

6 WARNING: There can be compli-
cated algebraic relations among such
invariants.

", v are assumed to be strictly
positive in the definitions below.



The Conformal algebra is then the Poincaré algebra plus the com-
mutation relations

[D,P,] =iP,

[D,K,| = —iK +p
[D,L,.,] =0

(K., P =2i(nu,D — L)

From these algebraic definitions, we can then get conformal trans-
formations, eg:
o exp(—ibtK,) € SO(1,d+1) SCT
e exp(—ia"P,) € SO(1,d + 1) Translations
e exp (—iAD) € SO(1,d + 1) Dilation
(-

LwhvL,,) € SO(1,d + 1) Rotation

e exp(—sw

QUANTUM FIELDS AS ‘co-DIMENSIONAL REPRESENTATIONS’ OF
CONFORMAL GROUP

Example. We can think of functions {g} as representations of
SO(1,d + 1) via the map

pg i SO(1,d+ 1) x Maps(R? — R) — Maps(R? — R)
(A,g) = go fa
where
faaxt = foA(zh)
fa-1 izt — foAfl(sc’*)

We then have the infinitesmal generators of the conformal group in
the representation p,

fa izt = at 4 e (x)
fa—1 i at — at — e (x)

Example. As an example, we can look at the infinitesmal dilation

lambda A
fa, rxt =t + Azt

So we then have

pg(An)(g)(z") = g(a” — e"(z)) = g(a") = Aa¥' - = e=*Pg(ah)

which implies D, = —iz*d,



In a similar fashion, we can find that

P, =—id,
Ly = i(2,0u — 2,0,)
K, = —i(2x,2"0, — |2|%0,)

A Quantum Field 1 is then given by ¢4 such that, for a finite
dimensional vector space V,
py : SO(1,d 4 1) x Maps(R? — V) — Maps(R? — V)
(A, %) = py (M) B o far

Quasi-PrRIMARY FI1ELDS We consider a field ¢)(x) at 2 = 0 8. We
then have

L},Ll/’l/)(o) = Sll«yl’w<0)
Dip(0) = —iA(0)
Kup(0) = —K,(0)

We make the further assumption that we have an irreducible repre-
sentation of the Lorentz group, to get

A, S,]=0

Which, by Schur’s lemma, implies A ~ 1, ie a number, which we will
call the scaling dimension. We also get

[Aa K,u] = 7Kﬂ

so that K, =0
We can also compute the ‘scaling dimension at other locations’

Dijp(a') = De™"*" Fra)(0)
- ([D,e—””’u} n e—if“PuD) »(0)
DR (P (gt ) — e P ) (0)
= (X*P, —iA)Yp(z*)
If we assume our field is spinless, ie Sy, = 0, then the field is

characterized entirely by the scaling dimension D. We can then derive
the finite transformation behavior of a spinless field ¢(z).

AJd

o(z")

lokiad
ox?

2 > T = fo(a)

p(ar) 25 G(at) =

we call such fields Quasi-Primary Scalar Fields.

10

82 = 0 can be thought of as the
invariant locus with respect to the

action of the lorentz group, dilations,
and SCTs. See, eg, [1].



CORRELATION FUNCTIONS OF QUASI-PRIMARY FIELDS
From a CFT, we get the path integral measure

[dD] 51?]
Where ® is the fields in our theory, and S is the action? functional. 9 Which must be conformally invari-
The correlation function is then ant.
1 _
1\Z1) PN (IN)) = — € 1\Z1) - PN(TN
@) o(on)) = 5 [1aBle 5P (0) - (o)

where

Z = /[d@]e—s[q’]

Applying a conformal transformation,

(01(Z1) - on(TN)) = %/[d‘i’]e_s[é]ih(fl) By (En)
which implies
| —A1/d |~ An/d
ontan) o =[G [T et axton)

2-POINT CORRELATION FUNCTIONS
Take two fields ¢ and ¢5. From the requisite symmetries, we can
deduce some of the form of the correlation function

o Rotation+Translation invariance implies
(P1(z1)d2(22)) = f(|z1 — 22|)

e Dilation ¥ +— Ax* invariance implies

(¢1(z1)P2(22))

Together, these computations show us that

C
<¢1($1>¢2($2)> = m

Now applying invariance under SCTs we notice that

03| 1 B
et = T = e = )
and then compute
- N 1
(1(21)p2(Z2)) = Sy (b5 S, () B (p1(z1)P2(22))
012

B SlA152A2|ZE1 — 1‘2|A1+A2

11



12

but, on the other hand

~ . Ci2
(D1(T1)P2(22)) = m
_ Cia
- S§A1+A2)/2SSA1+A2)/2|$1 — g|A1—A2
Hence C12 # 0 only if
1
§(A1 + AQ) =A; =Ay
or, more precisely
<q§1(:171)¢2(5172)> — |1 —x2|22 1 2

0 else

One can perform similar simplifications for 3 and 4 point correla-

tion functions. It is left as an exercise to see

(@1(x1)Pa(22)3(23)) =

C1a3
|$1 _ x2|A1+A2—A3|x1 _ x3|A1+A3—A2‘$2 _ $3‘A2+A3_A1

and
(B1(w1) P2 (w2)P3(23)Pa(4)) =

f(anh. ratios) H |z ,I€|A/37Akae
1<k<t<4

where A =3 A,;.

2 Conformal Field Theories in 2 Dimensions

2.1 Conformal Algebra in 2 Dimensions

Local conformal transformations in R? with metric dap = Napg are
given by differentiable maps

p:UCR? =V CR?

where
e'n=An, A:URso

This implies
O™ 0P
b G g — v

where we assume the transformation is orientation preserving, ie

dp(z',z?)
o(zt, 22)




We then obtain from 771 and 792
A= (19")? + (019°)° = (B29")? + (D29”)?
and from 712 and 791
0= (D19")(2p") + (219%)(02%)
We can combine these two equations into a single complex equation
to get
, 2 . 2
((019") = i(920"))" = ((2¢®) +1i(D19?))
or, equivalently

(91(,01 — i82<p1 = :|:(62<,01 + i81(p2)

We then get solutions

ORIENTATION PRESERVING

ORIENTATION REVERSING

(+)

)

81901 — 82(,02 81801 — _82302
32901 — 731902 (91@2 — 82501
dp(z! z?) dp(x' )

‘ agp(xlix2) O ’ 690(7;171;2) ’ < O

METRIC IN HOMOLORPHIC COORDINATES

The (+) solution gives precisely the Cauchy-Riemann Differential
Equation, so that local conformal transformations in complex coordi-
nates z = x! + iz? are local biholomorphic functions ¢(z).

In terms of the holomorphic and antiholomorphic coordinates z,Z,
we can rewrite the metric

ds* = (dz')? + (dz?)? = dzdz

where dz = dz + idy and dz =
mappings, we get

dx — idy. Under biholomorphic

9y Ip

We then have that the metric transforms as
do?
ds? = dzdz % “p‘ dzdz
0z

so that
2

d¢
0z

We thereby see that local conformal transformations are local holo-

A(z,Z) =

morphic coordinate changes.

Remark. e Often we regard z and Z as independent coordinates, and

enhance (z!,2%) € R? to complex coordinates (x!,z?) € C2.

e ‘Physical Condition’. We impose Z = z*, the complex conjugate.



CONFORMAL ALGEBRA
If we take an infinitesmal conformal transformation z — 2 =
z + €(z), and take a Laurent expansion

oo
e(z) = Z Cn2™
n=—oo
where the ¢, are assumed to be infinitesmal, we can compute the
action on functions ¢(z,z) € Map(C — R).

eentotenlng(z,2) = o(z — e(2), 7 — €(2))

which is equivalent to

(14 cnln +Culn)p(2,2) = (1 — €(2)9, — €(2)92)p(2, %)
So the generators of the conformal algebra (in ‘function representa-
tion’) are
b, =—2""9,, 0, =-z""0
The commutation relations these generators satisfy ( Witt Algebra
relations)

£n7 ém] = (?’L - m)€n+m

[Ena ém] = (TL - m)én—&-m

Remark. e Treating z and Z as independent variables yields two
copies of the Witt Algebra A @ A.

e Imposing the ‘physical condition’ leaves us with the subalgebra of
A @ A generated by £, + ¢,, and i({,, — £, for all n

e For a Quantum Theory, we need a central extension of the Witt
Algebra, which is the so-called Virasoro Algebra.

GLOBAL CONFORMAL TRANSFORMATIONS

On S? = CU{oo}, global holomorphic transformations are generated

by global vector fields.
We take as an Ansatz

v(z) = — Z anly

n=—1
(o]
= E a,2"tto,
n=—1
oo
zow=1 —n+1
— — g apw Ow
0., — w20, -

With a global vector field
’U(Z) = —(Cl_1€_1 + aply + a1€1)

We then have generators (applying the physical condition)

14



¢y + /0y and i(f_y —{_;) translations

Ly + £y dilation

o ily — ily rotation

El — 21 and ’L(€1 — Zzl) SCT

FINITE GLOBAL CONFORMAL TRANSFORMATIONS
For $? = CU {0}, a,b,¢,d € C, ad — bc = 1 we have

t 2] € SL(2,C)/Z5 = SO, (1,3)

which is the conformal group in d = 2 dimensions. From this, we have
the group of Mobius transformations of the sphere

az+b
cz+d

Here, our generators are

e Translations
1 a
1
e Dilations
/\1/2
)\—1/2
e Rotations
—i8
e ‘2
e SCT
1 0
b1
Remark. e For four points 21, ..., 24, we can define invariant 4-point

cross ratios
(21— 22)(23 — 24)

(21— 23)(22 — 24)

There are relations among these cross ratios. In fact, for four

points, there is only one independent cross ratio. This can be seen
by noting that there is always a transformation in SL(2,C)/Zs
which maps

Z1 o0

Z9 1
|_>

Z3 n

Z4 0

15
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Physical States are characterized by the eigenvalues of the dilation

operator £y + {o and the rotation operator ify — ify. These can be
hi0 10 Sometimes known as the conformal
weights of the state [¢).

written in terms of the quantities h,

boly) = hly)
Lolp)y = hly)

The scaling dimension is the A = h + h (the dilation operator eigen-

value) and the spin'! is s = h — & (the ‘rotation operator eigenvalue’). 1 As one might expect, for bosonic
states, we have s € Z. For Fermionic
states, s € Z + % ‘We could also take,

2.2 Correlation functions of (quasi-)primary fields more generally, a parafermionic state
_ se€Q.
Definition. A field ¢(z,%) of conformal weight (h,h) is a primary
field if it transforms under local conformal transformations
2 @(z) =2
locally as
_ — —h
N A _
semacn=(5) (5) e ()
Remark. e A Field is called a quasi-primary field if (x) holds for
global conformal transformations!2 12 Sometimes also called SL(2,C)-
primaries

o A field wtih a different transformation behavior is called a sec-
ondary field.

If we take an infinitesmal variation of a primary field

IS8
Il
I\

ISY|
Il
|

We can compute

56,2(15(2;2) = ¢(Z7§) - ¢(sz)
= p(% — €(2), €

S|
|
—
w
SN~—
N—
|
©-
—

n
N
=

Taylor expanding to first order we get

= ¢Z(2,§) - G(Z)azi) - E(E)ang - (ZS(ZvE)
= (14 0 (e(2)) (1 + 052(2)) " — €(2)0. — &(2)= — 1] 6(2,2)

which then becomes




2-POINT CORRELATION FUNCTION OF QUASI-PRIMARY FIELDS
We consider a quasi-primary field as above!?. We can then compute

0 = dce(01(21,21)02(22, Z2))
= <5E,E¢1(21ﬂ§1)¢2(22’22)> + <¢1(21721)5e,€¢2(22722)>

We can write our infinitesmal conformal transformations as
_ 2
€=cC_1+cCoz+ 12
€E=C_1+CZ+c7°

for these € and €, (xx) holds for any quasi-primary field. This implies
that

0= [h1(0:,€(21)) + €(21) 0z, + h2(0z,€(22)) + €(22)0z, + ¢] X (P162)
We can then use the coefficients of
€(2) =c_1+coz+ 122
c_1: We have (9,, + 0.,){(¢1¢2) =0 So

(P162) = c(21 — 22)
co: We have
(h1 + ha + 210, + 2202, )($162) = 0

so, substituting our first result, we get
(h1 + ha)e(z1 — 22) + (21 — 22)c/ (21 — 22) = 0

and solving this differential equation:

(21 — >_#
CZl 22 - (21722)h1+h2

c1: We have
(2h121 + 2hozo + Z%@Zl + 2’3822)<¢)1(,252> =0

substituting in

C’12

012 2 2
—(h1+h2)(21—23) (21 — zg)lathatl =0

(Zl — 22)h1+h2

(2h12’1 +2h222)

SO
C’12(h1 - h2)

(21 — z)PaThatl

=0

which means that either Ci2 = 0 or (hy = hs).

17

13 The equation (xx) holds for quasi-

primary fields where € is infinitesmal

and a generator of a global conformal
transformation.



18

If we add in complex conjugation, we see that

<¢1(21751>¢2(22§2)> — { (zi—zp)P1tha(z—Zp)h1the hn = ha, = hy

else

Remark. e We have a single-values correlator for s = h — h € Z or in
Z + % This is owing to the face that

(Zl o 22)7211(21 722)72h _ |21 o 22‘72h(21 722)25

If we let s € Q, we get a multiple-valued correlation function for
parafermions.

e If we let spin equal zero, ie h = h, we recover our previous d-
dimensional result.

More generally, we can apply the same techniques to compute 3-
and 4- point correlation functions, finding, when we do, that
_ _ _ C123
(91(21,Z1)P2(22,Z2)P3(23,23)) = (71 — Z2)h1+h2—h3 (1 — 2g) M Hha—hz (5 — zp)haths—ha
1
(21 —Z9 )ﬁ1 +ha—hs (21 —Z3 )ﬁl +hs—ha (22 —Z3 )ﬁz +hs—hy

X

and
<¢1(21751)¢2(22,§2)¢3(23,23)¢4(z4’24»
= f(naﬁ) H (Zk — ze)h/?’—hk—he (Ek . E@)ﬁ/?’_ﬁ’“_m
1<<e<4
where
_ (21 — 22)(23 — 24)
L
and

>
I
S

N
Il
-

>
|
Sl

N
Il
-

2.8 Radial Quantization

FIRST EXAMPLE
We now return to the context of string theory, with 2-dimensional
Minkowski space. Suppose we have a conformally flat world-sheet



2d world sheet

7z
/
!
time |
T |
t |
\
\
.

closed string

where we have coordinates ¢t € R (‘time’) and z € S* = R/(L-Z) where

L is the length of the string.
In 2d Minkowski space we can take the light cone coordinates ¢ + x,

and apply a Wick Rotation
T:=1t

So that we can define complex coordinates
(=T1+1x
C=7—ix

with the identification ¢ ~ { +iL
We then have a conformal map to the punctured conformal plane

(C*

In Quantization we have

e A Hilbert state space at each fixed spatial slice (ie, fixed time 7)

e Dynamics given by a propagator amounst such slices in time.

19



On the conformal plane, we have
e Hilbert state space defined on circles about the origin
e Propagation of states in the radial direction
i) Dilation operator is the Hamiltonian for the string
ii) Rotation operator is a spatial translation along the string.

For such strings, a radial quantization scheme is very natural.

SECOND EXAMPLE
We again consider the Euclidean space of statistical mechanics. The
standard quantization is comprised of:

e Hilbert Spaces of states along 1d slices (for example in a 2d lattice).

bbb
v

e Transfer matrices describing a correlation orthogonal to the quan-
tized slices.

In the limit where the lattice spacing goes to zero, and at criticality,
we have a conformal symmetry. So taking radial slices of the plane
and a radial propagator gives the same result'*. Radial quantization is
a convenient choice because of the use of the radial operator product
expansion.

IN AND OUT STATES
We make the assumptions:

i) There is a vacuum state |0) from which we can construct the
Hilbert space of states in terms of creation operators (positive
frequency modes)

ii) As 7 — 400, that is, as (z,Z) — 00,0, the Hilbert space of states
looks like the Hilbert space of states for a theory of free fields.

We can define an in-state

|¢in> = Z}%EO ¢(Z, E)|O>

This equality is known as the state-field correspondence

20

4 We could also use something
stranger, like, for example

but in practice, the radial and eu-
clidean schemes prove easiest to work
with.



HERMITIAN PRODUCT
In string theory, Hermition conjugation has no effect on the 2d

Minkowski space

e Hermitian conjugation on Euclidean time:

T=4t:T+— —T

e Hermitian conjugation on radial coordinates

1
Z = —
ok

On quasi primary fields, the Hermitian conjugation is given by:

li)

9z 2)! =77 ( -,

We can then define an out-state by
<¢Out‘ = |¢in>

that is
(Goutl = lim (0]6(z,7)"
This defines a good Hermitian product for quasi-primary fields.
As a first example, we can compute:

<¢out|¢in> - 711@

z,z,w,w—0

(0l¢(w, )¢ (2,7)[0)
1

m 1

:1 ——2h —2h O .
mw 2w 0)(0(, —
L
w

= lim - 2h 2h
vt (5 -2)" (5 -2)

So that
<¢out|¢in> =C

More generally, if we consider multiple fields, we find

C'12 hi = h2; El :EZ

0 else

<¢1,out ‘¢2,in> =

In our computation above, one step went unexplained: The radial

ordering (%). We now delve into its meaning
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Recall that in QFT, the N-point correlator of quantum fields is
given by a time-ordering prescription.

(p1(z1,t1) - on(wN,tN)) = (OT (d1(z1,t1) - dn (2N, EN)) |0)

where

T (f1(z1,t1) - On (2N, EN)) = £Oo1) (To1)s to)) - Po(N) (Zo(N)) to(n))

The sign is due to Bose/Fermi statistics, and the permutation o is
such that

lo(r)y > to2) > -+ > lov)
We can perform a similar ordering for radial quantization: the
radial ordering.

¢1(2,2)¢2(w, @) 2] > |w|

R (¢1(2,2)p2(w,w)) = o (w, W) 1 (2,2)  |2| < |w)|

The positive sign comes in the case where at least one of the fields in
question is bosonic, and the minus sign in the case where both fields
are fermionic.

With the radial ordering, we have the operator-state correspondence

(91(21,21) - ¢ (28, 2n)) = (OR (¢1(21,%1) - - ¢n (2, ZN)) [0)

Similarly to a Fourier expansion, we have the Mode expansion for
quasi-primary fields of dimension (h, k).

9z2)= D =T

m,ne”

where the ¢,, , are operators.
Using the calculus of residues, we can compute the ¢, ,,

b = gt § (s 2)

21 211

which then gives us the operator product expansion for the Hermitian
conjugate
=\T ——2h _—2h 11 ——m—h_—n—h
¢(Z7Z) =z z ¢(77:) :ZZ z Cb—m,—n

z Zz
n,m

Looking at _
#(z,2) = Z}‘m_hz_”_hqﬁin,n

we see

¢jn,n = ¢7m,7n




A well-defined in-state implies that

lim 6(2,7)|0)

Z,Z—>

must be finite. This, in turn, requires that we have

dmnl0) =0 for m > —h, n>—h

Remark. The mode expansion gives rise to string Fourier modes on
the cylinder

e (T) e o (% )

giving the expansion
#(2,2) = Z G €X —@(A—&—m—i—n)t ex —@(S—I—m—l—n)m
y %) = e m,n €XP 7 p I

where s = h — h is the spin, A + m + n is the energy eigenstate of
the mode, and s + m — n is the wave propagation along the spatial
direction of the string.

2.4  Operator product expansions

Correlators of 2 or more fields typically exhibit singularities as their

insertion points coincide. For example, for quasi-primaries

(r(21,22) (22, 22)) = (O|R(dr(21,%1) e (22, %2)]0)
dex
(21 _ Z2)2hk (31 _ 52)2%

the last expression is called the canonical norm for quasi-primaries.

The operator product expansion (OPE): describes the behavior
of radially ordered quantum fields as the coincide. For example, for
A(z,z) and B(z,%)

N M i
RUGABwD) = 3 Y APl

w)™

n=—0o0 m=—0oQ

with N, M > 0. In this case, we get a finite number of singular terms.
These singular terms play a special role:

N M _
R(A(2)B(w.m) ~ 3 3 ({z“f ﬁ:g(j“j;; —U(=2)Blw,m)

The degree zero term, known as the normal order product, is writ-

ten

. A(w, ) B(w, @) :{A,B}w(w,@):% di% dz R(A(z,2)B(w,m))

2mi J 27w (w— 2)(W — %)



Thus

singular terms
£ normal order product

R(A(z,Z)B(w,W)) = A(2,2) B(w,w) +: A(w,w)B(w,w): +O(z—w,z—

Remark. e Fields ¢(z) that depend only on z are called chiral fields.
Fields ¢(%z) that depend only on Z are called anti-chiral fields

e OPEs of chiral fields will play an important role.

e Notation: In OPEs the radial order symbol R is often dropped
R(A(Za f)B(”UJ, @)) - A(z,Z)B(w, @)

OPES AND COMMUTATORS

Let A(z) and B(z) be bosonic chiral fields. We can deform the
contour of a small circle about w as seen below

Jm(z)

Jm(z)

Re(z)

So we can rearrange the contour integral of the radially ordered prod-
uct:

dz dz dz
?{J 37 R(A(2), B(w)) = wa—e 3 A B(w) = ]{w|—e 5 Bw)A(z)

=QaB(w) — B(w)Qa
= [Qa, B(w)]



where Q4 = ¢ 42 A(2).

27
The result is that contour integrals encode (anti-)commutators at

equal timel®

2mi

dz
¢ S RIAR)B(w) = Q. Blw)s
X
More generally, we can take

dw dz
27 211

R(A(2), B(w)) = [Qa, QB+

with Q4 and Q) p as above.

2.5 Energy-momentum tensor and conformal Ward identities

INTERLUDE: Conserved charges and infinitesmal transformations of
fields.

If we have a (d + 1) dimensional QFT with a conserved Noether
current j*, (ie, d,7" = 0) then we get a conserved charge (the Noether
Charge)

Q= [ d' i)

For infinitesmal symmetry transformations acting on a quantum
field ¢(x),

8ed(x) = §(x) — $lz) = —€[Q, $()]
where the last term is the equal time commutator.
In the context of a 2d CFT with radial quantization, the conserved

charge @ of the radial component of a conserved chiral current yields

dz
211

56925(11),@) = 76[Qa¢(wa@) = 76\% R(A7¢)

ENERGY-MOMENTUM TENSOR
The energy-momentum tensor 1), , generates local coordinate trans-

formations!®. For Lorentz-invariant theories it is conserved
oM, =0
so we get a conserved charge
Pu= / s

which are the momentum operators, and are translationally symmetric.
By rotational invariance, T}, can also be chosen to be symmetric

pr = Lvp
In conformal theories, we call the conserved current

D
Ji = 2Ty,

25

15 Whether we get a commutator or
an anti-commutator is dependent on
the Bose/Fermi statistics. If at least
one of the operators is bosonic, we
have

[_7 _}Jr = [_1 _]

If both are Fermionic, we have

- -l-={--}

16 In Lagrangian theories, it is the
response of the Lagrangian to the
variation of space-time.



the dilation current because the associated charge D is the dilation
operator.

Scale invariance (generated by the dilation operator) leads to
_ ou:D _ mp
0=0"j y =T

so that the energy-momentum tensor is traceless in CFTs.
Back in the 2d setting, we can take holomorphic coordinates

z =l +iz? z=a! —ix?
1 , 1 ,
0, = 5(31 —182) O = 5(61 +’L(92)
We can then compute the energy-momentum tensor

Cortor odos, oot
’ 0z 0z M 0z 0z 2?7 9z 02 P
1 .
= Z(Tl,l —2iT1 5 —To2)

w3
|

1 .
Tzz=—(Th1+ 2112 —To2)

4
Ozt Ozt Ozt 0z%  0x? 9zt 0x? 92
T,z=13,=———7=T ———+ ——— | T — =T
SIS A P 1’1+(8z 0z " oz az) 2t aE 12

1
= Z(Tl’l +Ts0)

From the metric

we can compute conservation laws:

i) Translation invariance gives

aETZ,Z + 8ZTE,Z =0
01+ 0, 15=0

ii) Because of scale invariance

TZ,E = TE,Z =0
so that
&sz,z =0
azTg,g = O

Implying that T’ , and 7%z are chiral and anti-chiral currents!”
respectively.

)

17 Notation: the chiral energy-
momentum current is

T(z) := —27T; . (2)
and the anti-chiral is

T(E) = 727’I’Tg,3(2)

26



CONFORMAL TRANSFORMATIONS OF PRIMARY FIELDS
Let ¢(w,w) be a chiral field of conformal weight (h, h). Taking a
local infinitesmal coordinate transformation

zrr Z=2z+€(2)

we get

= — (W(Owe(w))p(w, W) + €(w)dwd(w,W)) (%)
We notice that

dz e(z)p(w,w) " o
ﬁﬁm = Ou(e(w))¢(w, )

§ g ot

2wt (z —w)

= e(w)0wé(w, W)

so that, with (x) we find that a primary field ¢(w,w) is characterized
by its OPE with T'(z) and T(%).

R0, ) ~ szl ) + - 0w, )
R(T()0(. ) ~ szl @) + =0, )

Z —

Remark. Theres OPEs of ¢(z,%) with T(z) and T(%) are often used
as the definition of a primary field.

CONFORMAL WARD IDENTITIES
Let ¢y (wy,Wy) be any primary fields located at |wg| < R, k =
1,...,N. For z — z + ¢(z), we can use the contour

Jm(z)

27



to compute

<jg ﬁG(Z)T(z)qSl (wy, @) - ¢N<wN’wN)>

2mi
- i_vj (ot (f FEe@r ot m) ) oxtwy.mn))
which implies

(TE)1 (1, ) - G, W)

N
~Z< o 1 a><¢1<w1,w1>~--¢N<wN,wN)>

— (z —wg)?  z—wg Owy

which is known as the conformal Ward identity for primary fields.
The conformal Ward identities imply

d
5l - dw) = —éﬁe(z)(T(zm(wml) - o (wn, )
Noordz hi 1 0
kz_:lé%riﬁ(z) <(z—wk)2 + z — wg 6wk> (1 On)
in particular
de(pr---on) =0

for an infinitesmal global conformal transformation
€(2) = c_1 4 coz + 122

allows us to recover differential equations for correlators as discussed
before.

There are some technical assumptions that were needed to derive
the Ward identities:

e T(z) must be regular in the conformal plane!®. 18 It is worth recalling that T'(z)
should not be thought of as a func-
e Poles must only arise when the fields coincide. tion, but rather as a holomorphic
section of a bundle specified by the
° T(Z) is an energy density, that is scaling dimension. As a result, we
can require more strongly that 7'(z)
9 be regular on P! without necessarily
Ty ~ (length) imposing the condition that T'(z) be

constant.

From which we can calculate the scaling dimension

= _9
2

which implies T'(z) has conformal weight h = 2, and T'(%) has
conformal weight h = 2.

28



If we take the coordinate transformation

1
2w = ——
z

we see that

T(2) v T(w) = (‘Z) - T(z) = 2*T(2)

which tells us that 7'(z) must decay as z~* if regularity is to hold at
z = 00.

2.6 Ezamples of CFTs (Free CFTs)

Recall from QFT:

(A) NOETHER’S THEOREM (See, eg, di Francesco et al): For a QFT
with an action

Slo") = [ ol
and an infinitesmal symmetry transformations

ozt

dwg

Tt =" +

A
L OFAo
dw,

o (@)

there is a conserved current

a

otjn =0
given by

D

W [ or N SFA
In = (8(6#¢A)8"¢ ’7“”£> swa T 9(0ren)

A(O1pA) dw,

(B) WicK’S THEOREM: A time-ordered product!® of fields equals
the sum of normal ordered products with all possible contrac-
tions, eg

T(¢1, P2, P3, Pa) =: PrP2p304: +: I¢1_¢2I¢3¢41 +- ¢1¢2I¢3_¢4I1

1

i | o—|
+ P12 P3Pa: + -4 D1 P23 Py

where the contractions are given by2Y

1 A A
:¢1"'¢k1"'¢k2"'¢n: :(i)¢1¢k1¢k2¢N X<¢k1¢k2>

9 For CFT, we replace the time-
ordered product with the radially
ordered product, ie, 7(---) with

20 Here I use the notational conven-
tion that ¢; means omit the entry

i
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EXAMPLE I: THE FREE BOSON
Take the free, real field ¢ : R? — R with

Slgl =2 / P, 0(2)0" S(y)

2
e [ A
=5 [ & [ Eyd@) Al y)é(y)
as the action?! where 21 Notice that this is a scalar field
whose action is obviously invariant
A(Z‘, y) = —gé(:c" — y“)@,ﬁ“ with respect to translations, rota-
. . ) . tions, and scale trasformations. A
The two point correlation function is based upon little work shows that it is also SCT
invariant.

R(o(x)o(y)) = Gr(z,y)
the Feynman propagator, which is defined to be

Gf(l‘,y) = A_1($7y>

in the sense that?2 22 That is, in a very loose sense,
5 inverse under the inner product on
/d yA(x, y)GF (y, Z) = 5(.%” - Z“) distributions of R2.
This implies that
g 0
O(at —2H) = —g— Gz, z *
(@ =) = 05 5o Gsl.2) ()

As we saw previously, rotational and translational invariance means
Gr(z,y) = Gr(lz —yl) = Gr(r)

and, expressing the equation (*) in polar coordinates and integrating,

1= 27r/d7‘ [r (-gia,.r&»GF(r))]

which, when solved, yields

we get

1
Gr(r) = —
r(r) 2mgr
so that
1
Gr(z,y) = ——log |z — y| + const
2mg
In complex coordinates??, we can rewrite the action as 23 Where

2, 1 _ 2
S16) =29 [ 20.0(:.2)0:6(2.7) 'y = etz = do

so that

R(p(z,2)p(w,w)) = —% (log(z — w) + log(z — W) + const)

g
For a chiral (holomorphic) field, we have dz4(z,%) = 0, so** 24 Note that, for free fields there is
only a single singular term in the
1 1 OPE.

R(@qﬁ(z,?)@wd)(w,@)) ~ _% (Z _ 'lU)2




ENERGY-MOMENTUM TENSOR
We take an infinitesmal symmetry transformation

ot =M +

acting on S[¢].

p(z") = o(z")
Then we get

oL
T = Wazﬂs - 77;w£

= ga;t¢au¢ - %nuvap¢ap¢

so the tensor is symmetric and traceless (as expected from a scale
invariant theory).
In complex coordinates, we can compute (cf section 2.5)

1 .
T(Z) = _27TZ(T1’1 — 2ZT1’2 — TQ’Q)
= —2190,¢(2,2)0,¢(2,Z)
From quantum theory, we have
(0]T(z)0)=0

so that

‘T(z) = —27g: 0,¢9(2,%2)0,p(z,Z: ‘

OPEs
(A) We compute the radial ordering

R(T(Z)anS(wv@)) = _2779: az¢az¢ 8w¢
~ ~2rg (: 0. 60.0: D -2 0,00 6 aw'¢)

0:0(27)
(z —w)?

00w, ) | 0.0(w,m)
(z—w)* = (z—w)

Which tells us that 0,¢(z,%) is a chiral primary field with con-
formal weight h = 1. Similarly, we have that dz¢(z, %) is an
anti-chiral primary with conformal weight h = 1.
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(B) We now work on the energy-momentum tensor
R(T(w)T (w)) ~ 47%g* (: 0.00.¢: : Duwdpdud: )

~ 4mg <2( 0. ¢az ¢aw¢aw d): ) +4:0, ¢az¢au; ¢8w¢5 )

1/2 8,60,
Yo wi T w)

1/2 2(—27mg: OOy : ) 02 008 :
T L v - P

Where the last step comes by Fourier expanding. In conclusion,

we then have

R(T(2)T(2)) ~

where ¢ = 1.

Remark. Note that T'(z) is not primary because of the circled term.
It is ‘almost’ a chiral primary field of conformal weight A = 0

c is called the central charge. For the free boson, as we have seen,
c=1.

EXAMPLE II: THE FREE FERMION CFT We take the Euclidean

25 25 Where the v* are Pauli matrices.

In principle, we could take any, by
here we take

action of a real (Majorana) fermion

Sy = g/dzx\IlT'y2'y“8H\I!

0.
_y / vt ddots v and -
2 _
0, T {1 0}
/d2 (1/16 ¢ N Ea @) so that
= z z z
I {7 =2

where ¥ = (1, 1)).
The equations of motion are then

0z¢ = 0 = 1) is a chiral (holomorphic) field
0.1 = 0 = 1) is an anti-chiral field

We can then calculate the Feynman Propagator26 26 As before, the idea is to write the
action in terms of a kernel which we

/d2 /d2y\IIT )\I/(y) then invert

Az, y) = go(z" — y")v*4*0,



We then obtain the Feynman propagators?”

R (2, 2)0(w, ) ~ e

R(@/}(Z,E)’(/)(w,w)) =0

We can also compute the energy-momentum tensor using Noether’s

theorem

T(z) = —7mg: ¥0.v:
T(Z) = —mg: YO.):

OPEs

(A) We have two possible contractions to worry about in computing
the radial ordering
R(T(2)Y(w, @) ~ wg: YO,v¥: (w, W)
10,9(2,z) 1 _
2 Gow) 2¢(372)3z
—_———

red orange

(Dsten) | vt

(z —w)? (z —w)

which implies that ¥(z,Z) is a chiral primary with conformal
weight h = % Similarly, 1(z,Z) can be shown to be an anti-chiral

1

zZ—w

. . . 1
primary with conformal weight h = 3
(B) We also have, for the energy-momentum tensor

12 2T (w) 9T (w)
z w ~ 2
ROGTW) ~ -2 Gowp  omw)

which tells us that the free Majorana fermion has central charge

_1
0—2.

2.7 The central charge c

Observation:

5 2T (w OwT (w
R(T(2)T(w)) ~ yous G (w;Q G (w))

(z —w)

We call ¢ the central charge. As we have already calculated, the free

boson has ¢ = 1, and the free Majorana fermion has ¢ = %

27 Notice that the fermi statistics is
encoded within the propagator.
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PROPERTIES
e For dilations z — Az, we have
T(z) — 22T ()
which, in turn, implies
R(T(2)T(w)) = A *R(T(2)T(w))

so the central charge is consistent with the expected scaling rela-
tion.

e For a sum of decoupled CFTs CFTy,...,CFTy, the energy-

momentum tensor is

N

Thiotal (Z) = Z Ty (z)

i=1

And, since the theories are decoupled, this means

N
R(Trotar(2), Trotat(w)) = > R(Ti(2)Ti(w))
k=1

In turn, this means that we get
Ctotal = C1 + -+ CN
ie, the central charge is an extensive quantity.

e Transformation behavior under infinitesmal conformal transforma-

tions
at = M =t 4 e(x)
yields
5T(w) = ~[Qu T(w)] = - § SEAIRIET(w))
_ [ dz [ e(®)5 ze(2)T(w) = €(2)0uT (w)
_%ZM' {(zw)‘i—i_ (z —w)? + z—w
= —% (agje(w)) — 2(Ope(w))T(w) — e(w)0y T (w)

A finite local conformal transformation takes the form

z Z=w(z)

7= (%) (76 - £ fuer )

with the Schwarzian derivative8 28 Interestingly, while the invariance
properties proved below related
the Schwarzian derivative to the
complex plane, it also appears to
bear some relation to solutions of the
hypergeometric equation.

so that



{w(z);2} = W) _ % (w”(z)>2

w'(2) w'(2)

For z — wu(z) and u — w(u) we have the following ‘chain rule’ for
the Schwarzian derivative

fwu(z)); 2} = {u(2); 2} + T fwlu); ) (¥

Now, moving on to global conformal transformations in PSL(2,C),

we have
az+b

cz+d

Such transformations are generated by

ZZ=

(i) z+> Az, which has Schwarzian derivative

{Az;2} =0
(ii) z+— z+ ¢, which has Schwarzian derivative
{z+¢z}=0
(iii) 2+ —21, which has Schwarzian derivative
1 —31z 3 [—2:78\7
{;’Z} T2 2 ( —z72 )

=622-62"2=0

As a result, we see that {w(z);z} = 0 for any PSL(2,C) transfor-
mation. This implies that for such transformations

ﬂw—(ﬁ)zﬂ@

and thus, T'(z) is a chiral quasi-primary field with conformal weight
h=2.
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CONFORMAL ANOMALY AND CENTRAL EXTENSIONS

SYMMETRY GROUP

G on some space

lifts to a lifts to action

unitary on phase

space?
rep? P

CLASSICAL MECHANICS
Poisson Algebra act-

QUANTUM MECHANICS
Want to impose G

action is unitary ing on phase space

ANOMALY
Obstruction to lifts

In some cases of anomalies, we can find a group extension G of G

by some group H?? such that a representation can be constructed 29 That is, a G fitting into a short
exact sequence

with respect to g

o . . . 0-H—-G—-G—0
Example. In quantum mechanics in three dimensions, consider the

symmetry group SO(3), and the state space of spin % states

1 :I:l
272
The action of
o2mids l,il — 2mi(E3) l,il
27 2 272
_ 1 :I:l
- 272

does not quite agree with identites.
However, there is an extension of SO(3) by Z/2, ie

SU(2)/(Z/2) = SO(3)

Which implies that, taking G = SU (2), and considereding

C

Moreover, this extension is central. That is, Z/2 is in the center of
SU(2).

€ SU(2)

we get the desired result.



Example (Classical Mechanics). We can find an explicit central
extension of the Galileo group, see [2] for details.

CENTRAL EXTENSIONS OF THE DEWITT ALGEBRA
We consider the OPE of T'(z), the infinitesmal generator for local
conformal transformations.

c/2 2T (w)
G—wp "

Recall that T'(w) has the expansion

= Z 2 "L,

nez

L, = jl{ £2"+1T(Z)

211

8T (w)

(z — w)? z—w

R(T(2),T(w)) ~

which gives us the commutation relations

L Ln) = 5 § G 1R T(0)
w

From these relations, we retrieve the Virasoro Algebra Vir & Vir3?

Claim. Vir is a central extension of the deWitt algebra3! A by C.
That is, there is a short exact sequence of Lie algebra homomorphisms

0sCLvirs A0

where C is generated by ¢, and there includes into the center of Vir,
and f, g respect the Lie bracket of Lie algebras.

Remark. Vir is the unique non-trivial®? central extension of A.

To see why this is the case, we first comment that non-trivial cen-
tral extensions are classified by the cohomology group

o0~ g
Where
(a) © € Z%(g,a) means that
O:gRg—a
O(X,Y) = —O(Y, X)

O(X,[Y,X])+06(Z,[X,Y])+0(Y,[Z,X]) =0

we call such © cocycles

(b) © € B2(®,a), the exact cocycles, are characterized by the prop-
erty that there exists
wig—a
such that

O(X,Y) = u([X,Y])

37

30 This algebra is completely charac-
terized by the commutation relations

c
[Ln, Lm] = (n—m)Lntm + ﬁn(n2 — 1)dn4m,0

- — ¢
[Ln,Lm] = (n—m)Lnym + —n(nQ —1)0n4m,0

12
[Ln,Lm] =0

31 Whose commutation relations are of
the form

U, bm] = (n —m)lnym
32 Non-trivial meaning the sequence
does not split, that is, is not equiva-
lent to the sequence

0—-a—=adg—9g—0



Given a representative of an equivalence class [0] € H?(g,a), we see
that © defines a Lie bracket for h (The direct sum of g and a as vector
spaces) by the formula33

[L © 0, L' @]h = [L7 L/] + @([L7 L/D
Since the © is exact, we have
L=Le®,L

and hence
[Z7I~’/]h = [i,i/}g
Now, returning to the case of the de Witt algebra A, one can com-

pute that
H*(A,C)=C= (o)
where

c
O(L,,L,) = En(n2 —1)0n+tm,0
34

This tells us that Vir is unique as a non-trivial central extension>*.

THE PHYSICAL INTERPRETATION OF ¢

(1) Casimir Energy3®: Previously we mapped the cylindrical world-
sheet of a string to the (punctured) conformal plan. If we now do
the reverse, we get a map

L
z—= (= %log(z)

where L is the circumference of the cylinder. In these new coordi-

nates,
9 9 Schwarz. Deriv.
7 C 7 N
Tcyl(C) =\ 7 Z2 T(Z) Y {log(z)7 Z}
L 12 50
— 1,-2
(4)° 2
So that

nma=<?>%fﬂ@—£)

Assuming that the expectation values satisfy

(T(2)) = (T(2)) =0

then

(To0) = 5= ({Ten(Q)) + (T (D))

_ m(c+7e)
1212

38

33 More generally, the second Lie Al-
gebra Cohomology classifies extensions
of a Lie algebra g by a module over

g. See, for example [3] pp. 234 or [4]
pp- 153 for a purely mathematical
treatment.

34 For a more thorough treatment, see
[5] ch. 4 & 5.

35 The Casimir effect is a phenomenon
whereby a force is observed between
two plates positioned extremely close
together.



This allows us to compute an energy for the cylinder

L —
m(c+7¢)

Ecy = —/ (Too) = ——%7—
Y 0 12L

which is the Casimir energy.

T
~
/
/
I
1
1
\
\
\

’
’
!
1
I
|
\
\
\
\

7
E cyl

Notice that, as expected, if L — oo, we have E.,; — 0

Casimir Energy of the Free Scalar Field (Heuristic deriva-
tion):

We can compute the ground state energy of a sum of harmonic

1
E|0> = Z 50.}1,

pe{Harm. Osc.}

oscillators

which yields36
1 (27
Eg =2 - (22,
=23 ( 7 k)
k=1
To attempt to remove this divergence, we introduce the UV regu-

lator

7L <1
€ =
Auv

and add an exponential damping term
o0
1 /2n ek
0 =235 (L'k)e ‘
k=1

27T d s —6k7>
= —— e
L de <k—0
2 (1 1
-7 <e2_12+0(6))

We then define the regularized energy to be

2m 0
reg __ q: € _
Bloy = <E0> L62> - 6L

And, since for the scalar field c =¢ =1,

ET@g _

s _
[0) —ﬁ(C+C)

39

36 We can think of our harmonic
oscillators as merely being waves on a
7-slice. The factor of 2 appearing in
the equation can then be said to arise
as a result of left- and right-moving
waves (sin and cos respectively).



(2) Trace anomaly on a closed oriented Riemann Surface C,
of genus g¢:

On the classical level, T/ = 0.

On the quantum level, we get
<T[j>cg ~c-R

where R is the Ricci scalar3”.

The proportionality constant can be computed from the free
fermionic CFT. See [6] for more details. This yields

C
1 _
<T M> - 247TR

2.8 The Hilbert Space of States
As before we consider the OPE

with

and the commutation relations

L, Ln] = (= m) Ly + —n(n? —1
9

In this system the vacuum, T'(2)|0) for z — 0 must be well defined,

which implies that3®
L,|0) = L,|0) =0

for n > —2.
In particular, the vacuum |0) invariant under global conformal

transformations, which are generated by L.y, Lo, L+1, and Lg.

RAISING AND LOWERING OPERATORS OF PRIMARIES
We consider a primary of conformal weights (h, h)

o(w, @) = Y w g

k.m

And the commutation relations3?

(Lo o0, 0)] = §
- h(n + 1)wn¢(wvw) + w”“@wgb(w,ﬁ)

(T ()b, m)) 2!

27

Which, in turn, implies*®

40

37 The term on the left hand side

is called the trace anomaly. Notice
that R is a local quantity which
depends locally on the metric and has
scaling dimension 2. This dependence
on the metric is acceptable since a
conformal transformation is also a
metric transformation.

38 This follows from the fact that
T'(z)|0) must not have singular terms.

39 Following from the OPE
hT(w) " OwT (w)
-0 emw

T(2)p(w,w) ~

40 Because ¢:m7_k\0) vanishes for
m < h, k < h.



Lo bmi] = (n(h = 1) = m)dme

We define an asymptotic state
|k, ) == $(0,0)[0) = ¢_,, _5|0)
And get the action of Ly
Lolh, h) = [Lo, $(0,0)]0) = hlh, )
analogously, we see that
Lo|h, h) = h|h, h)
We then see that |h,h) is the energy eigenstate of the Hamiltonian
H =1Ly+ L
The commutation relations

[L07 ¢m,k] = 7m¢m,k
tell us that ¢y, ; are raising operators for m < 0 and lowering opera-

tors for m > 0.

VERMA MODULE
The Virasoro raising operators L_,, (m > 0) acting on |h, h) yield

[Lo, Lfm] =mL_p

By similar arguments, we see that L,, for m > 0 are lowering

operators
Ly|h,h) = Ling_y _710)
=(m(h+1)+h)d_,,. 7l0)
=0
where the last equality holds because ¢_,, _p|0) = 0 for m < h.

Definition. A descendant state is given by acting with a chain of
raising operators L_,,,,...,L_, on the asymptotic state |h, k). Any
descendant state can be written in the form

L_p, ---L_kn|h,ﬁ>
with the ordering convention 1 < k; < ky--- < k,

The Hilbert space of states arising from |h, ) is called a Verma
modules. Tt forms a representation of the Virasoro algebra*!

4l je a module over the Virasoro
algebra.

41
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2.9 Conformal Families and Operator Algebra

Recall that a descendant state*? 42 Rogall:
L7n|h7ﬁ> = [L7n7¢<0,0)]|> T(z) = Zz—n—QLn
dz R(T(2)¢(0,0)
=¢5—— 1 10
0 T z

for n > 1 yields a definition of a descendant field (secondary field):

2 (z —w)"!

for n > 1. Recursively, we have descendant states:

¢{ks,ksfl,...,k1}(w E) :% ﬁR(T(Z)(b{ks*lv---,kl}(w?E)
w

2mi (z — w)ks—1
where k; > 1

Remark.
o We use the short-hand notation

oM (w,m) = gtEotemseob (w, )

e If we include anti-holomorphic descendants®3, we get states 43 Using the operator L_,, instead of
I L_p.
¢{k},{k}(w’@)

We can also compute correlation functions of descendants, for in-

dz 1

stance:
(@4 n)or(an) - onluon)) = § S (TN (o) - v (o)

o
wo 27 (2 — wo)F1

x (i <(1w)aw + (hw)) {go(wo) - -~¢N<wN>>)

n=0
where the second equality follows from the Ward identity (cf section
2.5).
The correllators
(T(z)¢o(wo) -+ dn (wn))
can have poles only at z — wg. This implies that
N

( ék}(w0)¢1(w1)"'¢N(wN)>:—Zf dz 1

we 2mi (z — wo )k

(ot + s ) o -~¢N>>




So that

(@1 (wo) -+ dn (wn)) = L_i(do(wo) - - dn (wn))

where

N
- (k= Dhe 1
Lr=2, <(we —wo)*  (wg —wo)k~! aj’)

=1

In general, any correlator

Ko kA
(@) - o8

can be rewritten in terms of differential operators acting on

(¢o- - on)

with the help of the Ward identity. Therefore,

(¢o- - on)

determines all descendant correlators.

Definition. The set of a primary field ¢ together with all its descen-
dant fields is called the conformal family of ¢, which we denote by

[4]-

Conformal families have the following properties:

e Members of the conformal family [¢] transform under (local) confor-
mal transformations among themselves. That is, OPEs of T'(z) with
any field of [¢] will involve only fields of [¢].

e We have the operator state correspondence

{Conformal families} Y {Verma Modules}

THE OPERATOR ALGEBRA

For a given CFT, the OPEs among all its primaries (including
regular terms) form the so-called operator algebra. The knowledge of
the operator algebra determines all correlators of the CFT (it ‘solves’
the CFT).

Given a CFT (with countably many primaries), we normalize pri-
maries such that

(o (w, W) by(2,7)) = Okt )

(2 — w)2he (z — w)2he

Then?,

( lign W (g (w, W) e (2, Z)) = (hue, e e, he) = e
w, W) —00
(z,2)—0

43

44 See, for instance, the definitions of
in and out states in section 2.3.



The orthogonality of primaries therefore implies the orthogonality of
entire Verma modules. To see this, we can use the Virasora algebra for

descendant states. For example:
L,n|hg,ﬁg and L—nzL—n3|hk7Ek> (ni > 0)
gives us

(P, | LT, LY e ) = (B, | Loy Ly L, [, Tog)

= (hiy he| Ly [ Ly Loy 1 e, g

= (hge, hig| Ly (02 4+ 11) Ly -,

+1—02n§(n§ 1)0ny—ny 0lhe, he)
= (na + n1) (hey hig| Ly Ly —y [t ) "o mnisnine
"2 (ny 4 1y ) (s | [Long s Loy | P Tog)

= (’/Lg + n1)<hkaﬁk|(n3 +ni — nQ)Lng—ng—n1

7,,12

TQ"3( n3 = 1)0ny+ns—na .0l he, he)

= (N2 4+ 11)0ny4ng,n: (N3 + 11— n2)hy
c
+12n3(n3 1)) {hi, hi|he, he)
=0

Scale invariance determines the structure of the operator alge-

bra:
(200,00 =333 {Ca{k}{k} ho—h—ha-+F]

[¢s] (K} {k}
Xzﬁs—ﬁk—ﬁz-i-\é(bi];}{ﬁ} (070):|

where

Bl = kn
and
E: (k1,k27...) ki <ky<lks---

The constants C’Zék}{k} are the structure constants of the operator

algebra.

THREE-POINT CORRELATOR
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We can compute the correlator

(Bsln(2,2) o) = Lim  ww*" (s (w, )¢k (2,2)e(0,0))

w,W—00
2h

lim C w
= lm
W, W— 00 skt zhiethe—hsqyhst+he—hy (w _ Z)hs""hk—h(

anti-holomorphic
X ( part )

Cisre
shiAhe—hsghathe—hs

or, alternately
(9slon(zD)loe) = (651 35S L 10)
[$e] {F} (%)
= 3700 (g e heghe T

{3}
0srChy
shrthe—hszhi+he—hs

so that

o =Cp = O

Since all correlators of descendants arise from correlators of pri-
maries, one can show that:

s{k E s s i *S{E}
thg HEY = Ckéﬁk} }5kz

where
]j}'k} = zék}(hsv hka hfa C)
01

Example. Counsider two chiral primaries ¢ (z) and ¢y(z) with h =
hy. = he (for simplicity), then

Or(2)0e(0) = Y CRp2" "X, (2)

where -
s{k
Xo(2) =3 3" NEL 1 6.4(0)
N=0 (i}
|k|=N
Hence -
X(2)]0) = Z 2N|N§ hs)
N=0

where |H; hy) is the level N state descending from

|¢3> = ‘hS>



We can then compute:
Ln¢r(2)$e(0) = [L — n, ¢1(2)]|he)
= (2"119. + (n+ 1)h2") ¢p(2)|he)

so that

Ly (Xs(2)[0)) = Y 2V Lal N3 hy)

o0

L Z ((N + hg —2h)2" " + (n + 1)z 1) [N hy)
N=0

Which gives us that

[ LalN + 03 hs) = (b + (1= D)o, +N)|N: ) (+)

For low N, we can then begin to examine what descendant states
are produced:

Level 1 There is one descendant state

113 he) = BV Ly |hy)

() Ll he) 2 g0 hy) = halhs)
(i) La|1;h) = i Ly, Loy] hs) = 2855 holhy)
N—_——

2L,
Hence,

siy _ 1
kl 2

Level 2 There are 2 descendant states

|2a hb) = ﬁ2§2}L—2|h8> + /BZ}LI}L—lL—1|hS>

(i) We have

* 1
Laf2ihe) @ (s + DI1shy) = 5 (s + DL lhy)

—~

*

Ls|2;hsy = (hs + h)|hs)

s

From (i) and (ii), we find a pair of linearly independent equations
for BZél’l} and Bzf}:

s{1,1} _ Cc— 12h — 4hg + chs + th
ke 7 4(c — 10h, + 2chs + 16h2)
s{2} _ 2h — hs + 4hhg + hg
RE 7 ¢ —10hg + 2chg + 16h2
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Remark.

e All of the coefficients BZEk}(hk, he, hs,¢) can, in principle, be recur-
sively determined. As a result, the operator algebra of a CFT is
determined completely by

a) conformal families [¢g]
b) three-point correlators of the primaries, ie Cge
e (e must be obtained separately (eg, by dynamic input or crossing

symmetries).

2.10 Conformal Blacks € Crossing Symmetries

Having now treated three-point correlation functions, we an in a posi-
tion to revisit four-point and higher correlation functions, ie

(D (21,%1)9e(22,Z2) P (23, Z3) P (24, Z4))
We apply a conformal transformationwhich sends
21 =00, 29—>1, z3—=mn, 24—0
where, 1 is, as usual, the cross ratio

(21 — 22)(23 — 24)
(21 — 23)(22 — 21)

We can then write down a correlation function matrix element?®

Gﬁfn(naﬁ) = lim 2z <¢k(zvz)¢€(1’ 1)¢m("7aﬁ)¢n(07 0)>

2,Z—00 45 Where we use the indexing con-
_ . _ vention that the indices are read
= <hk7 h |¢£(17 1)¢m (777 77) |hm hn> counterclockwise around the symbol,
as in ~
If we then insert the operator product expansion of ¢,,(n,7) and ‘gt
Sy
?n(0,0), we get

Gy (n,m) = <hk’h)k | Ge(1,1) D Y CoiiH kgl =lm=hn =K
[¢0] B %

xeta "M D BT hp,hp>

We can then compute

_ ——=Llk —
(¢5]
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where
Frpa(pln) = e~ m =Ry \klgm{j;} (halég (DL _ gy hy)
(hilé;(1)|hp)
{k}
x L L } {k}\hp,h )
The
Fior(pln)
are called conformal blocks of the conformal family [¢y)].

Remark. e F* (p|n)ninthm=l are regular holomorphic functions at
n=0.

e The coefficients of the expansion of F~

mn

(p|n) depend only on
(& h’pa h’fa hk7 hmv h'n,
that is, there is no dependence on the 3-pt structure constants.

e For explicit expressions for F& (p|n), see, eg, [7]

CROSSING SYMMETRIES

The G » depend on a particular order of primaries, which results
in one partlcular OPE. We could, however, think of reordering the
primaries to get a different expression.

We can diagrammatically represent the conformal blocks in the

46.

following way, permuting the indices each time 46 Only the index circled in orange

must be fixed under this permutation.

1) This is because it determines both the
. . out state and the n*i" regularization
(1) J t (OO) factor in the limit.

p
kz (p lz) =
(n) k ¢ (0)
which, in turn, implies that we can write the s-channel expres-
sion?? 47 From quantum field theory one
i . would also expect a T-channel and a
J 2 J 7 U-channel, which, as we will shortly
N4 N4 see, also exist.
Z Coe P P
VN VN

(n) k¢ (m k¢

Here, we have
(o= Dn-0)
(00 =n)(1-0)
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2)
(1) J i (00)
y p
Fio) = >
(n) k ¢ (0)
giving the t-channel
) p p
Gl =n,1=7) = > Chipy | >—<] | »—<
P n n
Here we have ( 0)( )
o-0m-1) .
T leemmo-n "
3)
(1) J i (00)
Fyi (pla) = /><p\
(n) k ¢ (0)

giving the u-channel

; 1 1 > >

143 = =

ij (Faﬁ) - Zcszcpfj 7 p N\ S p O\
p

here,
_(e—m-1 1

(0=0)(n—-1) n-1

We would expect these different interpretations to agree, that is, we

impose the crossing symmetries

g ) , 1 1
G, m,n :G&' 1_7771_ﬁ —le( s — )
L) = G R C it

s-channel t-channel
u-channel

BoOOTSTRAP APPROACH: Specify the dynamics of a CF'T by consis-
tency using crossing symmetries.

Given a CFT with central charge ¢ and N conformal families we

have
N? + N
N
Crem he
parameters, for k,¢,m € {1,..., N}. The crossing symmetries provide

N* constraints, so naive counting suggests that crossing symmetries
fix all unknown parameters. This is true in some cases, eg for minimal

models.



Remark. Higher point correlators can be calculated analogously to

the 4 point case.

8 Minimal Models

Definition. A minimal model conformal field theory is a conformal
field theory with a finite numbe rof conformal families.

Example. The 2d Ising model at criticality.
Remark. For the purposes of this lecture, we will focus on unitary

minimal models.

3.1  Warm-up: Representations of su(2)

The Lie algebra48 su(2) has generators Js and Ji49, satisfying
[J3, J1] = £J+
[Ty, J ] =2J5

To find representations of su(2), we start with a highest weight
state |7) with
Js|7) = jl7)
Ji|1)y=0

We can then define a decendant state J*, where

J3(JE15) = (5 = k)[JE]H)

T (TN =23 Tl |5)

E

T
> o

-1

I
o

(- f)) JE)

= k(25 +1—k)JE)

~

This implies that, for j € 2Ny, the value k = 25 + 1 yields a highest
weight state, ie
Ji (72705)) =0

The state
Ix2j+1) = J2j+114)

is called a singular vector. |x2;+1) generates a subrepresentation of the

highest weight representation generated by |j).

HILBERT SPACE OF STATES & UNITARY REPRESENTATIONS

50

48 More commonly studied are rep-
resentations of the Lie group SU(2),
but for our purposes, we need the
corresponding Lie algebra.

49Tt also admits a Casimir Operator

1
J? = J3 + S+ -}



Let |¢) be a state with conjugate (1|,

Js = Ji
JL=Js
and take the normalization
(717)

(i)

(i)

For 25 € Ny, if we have
(15 IE ) # 0
then k1 = k9. Additionally

(x2j+1]x2j+1) =0
and
<X2j+1|J£JE|X2j+1> =0

so that the subrepresentation generated by |x2j4+1) yields only
null states.

We can therefore take our Hilber space of states to be the quo-
tient of our representation by the relations

) ~ ) + T x2;41)

That is
H= {030 g, oy = 130/ D)

So we get a finite spin representation of su(2)%°

Let j > 0, 25 ¢ Ny: We then get a non-finite representation of
su(2). Pick k = [2j + 1], then

GITETE) = GITE T ) xk (25 + 1 — k)

>0 <0

We easily see that we get a negative norm state at level [2j + 1],
giving us a non-unitary representation of su(2).

Observation. e Singular vectors give rise to unitary (finite dimen-

sional) representations of su(2).

e Highest weight representations without singular vectors yield (infi-

nite dimensional) non-unitary representations of su(2).

50 Which is, in addition, unitary.
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3.2 Reducible Verma Modules & Singular Vectors

We explore highest weight representations of the Virasora algebra with
central charge c. Let |h) be a highest weight state:

L,lhy=0 forn>0
Lo|h) = hlh)

The space of states will then be
Lf{ﬁ} |h)
with inner product.

Definition. A singular vector is a descendant state |x) with L,|x) =
0 for all n > 0, that this, |x) is a highest weight state.

Observation. A singular vector and its descendants are orthogonal to
any other state.

Proof. Let |x) be a singular vector at level N, so that it has an expan-

sion as
)= D cil_gylh)
|12|E:N
Then the state
(WIL_ 1)

can only be non-vanishing if v is a state at level N + |l7] .
Let
) = L_gmy )
where [7| = N + |€]. Then
([ Lvecey [x) = (AlLgmy L_31x)
= (0l [Lgmys Ly | 1) = 0
because
{L{m}, L_{z}} = ZD§L§
where |3] = |11i| — [f] = N > 0. O

REDUCIBLE VERMA MODULE

Definition. A Verma module V (¢, h) is reducibleif there is a singular
vector at some level N, ie

)= D epL_qzylh)

. k
Rl=N

52
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such that, for all n > 0, L,|x) = 0.
In this case, |x) is a highest weight state generating a Verma sub-
module V,, of V(c, h).

Remark. e |x) is a primary state of conformal weight h + N, and it
is also a descendant state of |h)

e V, is orthogonal to V (¢, h) with respect to the defined inner prod-
uct.

e Let V(c, h) be a Verma Module with singular vectors |x;), then we
can construct irreducible®® Verma module M (¢, h) by quotienting 51 See previous note.

out all Verma submodules
M(e,h) =V(e,h)/ ~
where

|6) ~ 6) + 1)
for all |¢) € V (e, h) and for all [¢) € @, Vy,.

e M(c, h) are the building blocks of minimal models.
SINGULAR VECTORS & NEGATIVE NORM STATES AT Low
LEVELS
Level 0 (h|h) = 1: normalization condition.
Level 1 L_;|h) has norm
(h|L1L_1|h) = 2h{h|h) = 2h
so that the Gram matriz at level 1 is

MW = ((h|LyL_1|h)) = (2h)

That means we get a null state for h = 052, and a necessary condi- 52 That is, L_1|0) is a singular vector.
This null state corresponds to the

tion for unitary representations is that
vacuum.

Level 2 We now have two possible states

l11) = L2, |h)
|h2) — L_»|h)

We can compute the 2 x 2 Gram matrix at level 2,

(Pralv11)  (Yrale)
(Palth11)  (Yalth2)
[an@h+1)  6n

B Gh 4h + 3¢

M@ (¢, h) = [




We compute that the trace of this matrix is
1
trM (¢, h) = 8h(h +1) + 3¢
and the determinant®?

det M@ (¢, h) = 32(h — hy1)(h — h12)(h — ha 1)

Each zero of this determinant will correspond to a singular vector.

the first,
hl,l, == 0
corresponds to the singular vector we have already found. The
other two
1
hy2 = I (5 —c—+/(1—-¢)(25— c))
1
haa = 1 (5 —et /A —0)(25— c))
are new

Exercise. There are two singular vectors at level 2, |x1,2) and |x2,1)
associated to h = hj 2 and h = hg 1 respectively.

A FIRST GLANCE AT UNITARY REPRESENTATIONS
We have singular vectors h = h1; = 0, and

4 2 4
h = h1,27h271 =1 = <3h+ ) <_h_ E + 3)

3 3 6 2
h c=1
|
- |
I
! Unitary repr. still
: possible from anal-
generic E ysis up to level 2,
points non- ! BUT: we expect
h= % unitary : further constraints.
I
I
I
I
I
I

manifest non-unitary rep-
resentation (level 1)

53 Known as the Kac determinant.
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3.8 Kac Determinants

The Kac determinants are the determinants of the Gram Matrices,
and display a number of useful properties:

(i) A singular vector |x) at level K yields null states at level N >

K:
L_{E} |X>
with \/;| = N — K. Each singular vector at level K therefore
yields p(N — K)54 null states at level V. 54 Where p(m) is the number of
partitions of m. More precisely, it is
(ii) The order of the entries of the Gram determinants M) (c, h) at the number of distinct non-decreasing

level N in A is oi b sequences of natural numbers which
eve in h is given by add up to m.

: : T — L« ’
e Since each element in L' = L % commutes to Lg’,

ordy, (<h|LT_ . {,;}\m) — length(k)

e For k' #k

o (1L ) Ly ) < length(B)

Since now not all generators in Li i = L () do not commute
to LQ.

This tells us that the diagonal terms in the Gram matrix at level

N give rise to the leading contribution in h3: 55 The second step of this calculation

is a purely number theoretic identity,

ordy, (det M(N)(C, h)) — Z length(E) not a physical principle.
E

|E=N

= > p(N-r-s)

r,SEZ
1<r,s
r-s<N

(iii) At level N we have
#((r,s)|1<r,sand r-s=N)
new singular vectors, labelled by h,. s

We can compute a formula for the Kac determinants

det MM (c,h) =an [ (b= hes(e)? ")

r,s>1
r-s<N

where « is some numerical (non-vanishing) constant independent of

h and c.



Conjecture (Kac). 56 The values of hrs and c for minimal models
are given by
((m+1)r—ms)?—1
dm(m + 1)
6
m(m+ 1)

hr,s -

ce(m)=1-

Note. There are two possible solutions for the second equation
1 25 —c
=——=
B T g

hnS(ml (c) = hsm(m2(c))

We take the Convention that, for m real, we choose m € Rxg

However,

UNITARY REPRESENTATIONS OF Vir
We begin with a few observations

(i) For level 1, if
det M@ (¢, h) >0

then h > 0

(i) (h|LL,L_n|h) =2nh + Sn(n® —1) >0
This must hold for all n, which implies that ¢ > 0

(iii) If we consider the Kac determinants 1 < ¢ < 25, we get that

my/o ¢ R, which implies that h, , ¢ R for r # s. If r = s, then
hy . < 0 for r >. Similarly, for ¢ > 25, h, s < 0, so there are no

positive solutions for h.

Taken all together, this implies that det M (%) is non-vanishing
and positive definite for ¢ > 1 and h > 0 (see exercises).

(iv) In the region 0 < ¢ < 1, h > 0 we have the Kac determinant

96hy,s +4(1 =) = (VI clr +5) £ VI —clr = 5))" 2.0

a) near ¢ = 1, take ¢ = 1 — 6e. For r # s

hos(€) = %(r _ o4 i(rQ _ ) e+ 0(e)

)

For r = s

Y

Diagrammatically, we can represent what we know so far about uni-

tary representations and minimal models in a somewhat finer version

of the graph from last section:

56 Later proved by Feign and Fuchs.
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h
114,2
hs 1
35
24
4.3
hig
1 1
UED
non-unitary unitary
representations representations
5 ha
8
h 1,3
1
’ hs 3
1
1
hoa
% ha o
134
his hag
0 >
hia % % 1 ¢
non-unitary
representations

Returning to the region 0 < c <1, h >0,

e A generic point in this region gives rise to non-unitary representa-
tions only.

e Frienan, Qiu, Shenkar, in [8] found unitary representations on ‘first
intersections’. The idea is that the resulting singular vectors at
‘first intersections’ are sufficient to make the associated Verma
module Unitary. These ‘first intersections’ are given by precisely
the formulae from Kac’s conjecture above, where 1 < r < m and
1<s<r

Note. o h, s(m) = hp—rmy1—s(m) for m € Z>o

e We denote the associated conformal families

[gbr,s} = [¢mfr,m+1fs]
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We can codify the distinct conformal families with the use of
conformal diagrams. For example, when m = 2, we have ¢ = 0

hio="hi o= 057 or, diagrammatically

r
$1,1
$1,2
S
In a more complicated case, we can take m = 3, so that ¢ = %
Looking at the diagram
r
$21 P22 P23
P11 P12 P13
S

we see that

[¢1,1] = [¢2,3], hip=0
[‘15271] = [‘151,3]7 ha1 = %
[¢272] = [(251,2]7 hao = 1176

The conformal diagrams list unitary represenations for a given
central charge ¢ = c¢(m).

GoaL: Construct, for a given ¢(m), unitary CFTs constructed frm
the conformal families associated to unitary representations of the

Virasora algebra for the given ¢(m). The resulting CFT’s are unitary
minimal models.

3.4  Fusion Rules

Singular vectors give rise to selection rules for non-vanishing three
point correlators.

57 That is, this minimal model gives
the vacuum CFT.
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Example. We work at level 2 (cf Exercise 8.3). We have a singular

vector

3
L_ o 7L2 h =
( ? 2(2hy1 + 1) —1> lh2,1) = |x2,1)

with the null field

_ 2} 3 {1,1}
X2,1(2) 2,1 (2) 2(2ha1 + 1) 2,1

whered8

$31(2) = 0262.1(2)

Since |x2,1) is singular, we have

0 = (x2,1(2)¢1(21)P2(22))

C(z,21,22)

3
= (E_Q - 2(2h2)1-‘r1)a§> <¢2,1(Z)¢1(Zl)¢2(22)>

where

C(Z, 21, 22) — C(Z _ Zl)hz—hl—h2,1(zl _ Zg)h2’1_h1_h2 (22 _ Z)hl—th—hz

(cf section 2.9). We then have the differential equation for C(z, 21, 22),

given by
h 9 hs 9. 3 2)
0= — LR — z _ - 0
((21 —2)2 21—z (22—2)%2 (:2—2) 2(2he1+1) %

X C(Z7 21, Z?)

This gives us a constraint for C' # 0:

2(haq + 1)(h21 + 2he — h1) = 3(ha1 — h1 + ha)(h21 — h1 + ho + 1)

Inserting ho 1 = ha1(m), h1 = hy.s(m) and hy = hyr (M) yields the

solution
rr=r+1 §=s

So the selection rule is

<¢2,1¢r,s¢r’,s/> ?é 0 = 7'/ =r+ ]., S/ =S5
<¢1,2¢T,S¢T’7s’> # 0 = ’["l =, S/ =s+1

Fusion rules, on the other hand, summarize the conformal families
appearing in the OPE. For a CFT with states [¢,], we can define the
fusion product:

(6] X [85] = D Nisled
where N ,fj € Z>p. For minimal models in particular, we can go fur-

ther, and say
¢
N;; €{0,1}

59

58 This holds because

o) = § SEREE 01 (w)

= Ow¢2,1(w)



The three point selection rules at level 2 then tell us

N((QT:S:()M) =0 for (r',s') # (r+1,s)

and

NG =0for (7, 8) # (rs £ 1)

A dynamical analysis of minimal models yields®® for a unitary 59 See, for example, [6] or [9].

minimal model ¢ = ¢(m)

k=r+r'—1 l=s+s"—1
[D(r,5)] X [Br,51)] = > > [Dk,0)]
k=1+|r—r'| L=1+]|s—s'|

k+r4+r'=1mod 2 ¢+s+s'=1mod 2

3.5 The Chritical Ising Model

Recall the Ising model from the first lecture:

We have N x N lattice of critical sites:

P

o spin %

These spins are equipped with a nearest neighbor interaction. The
energy for the system is given by

E({o}) = —¢ Z 0i0;

adjacent
lattice sites
where o; € i%. There are ground states for the system: all states
having the same spin (ie either all | 1) or all | |}). The partition funf-
tion is
7= exp(~E({o})A)
{o}

where § = % is the inverse temperature. The energy at a site is

€
€ = — g 0i0k

.~ [nearest neigh.
S




We can take a continuum limit, @ — 0, where Na = const. In this
case, we get

o(z,Zz) spin field
€(z,Z) energy density field

The correlation functions for these fields will be given by

(0(2,2))0(0,0)) = lim Z’lzakgoe*ﬂE({”})
a—

Na:cc?nst {c}
(€(52)e(0,0)) = Tim 2713 epege BN
a—r
Na=const {o}

The Ising model has a critical temperature T,

(0) = +1 (o) ~0

t

0 Tcrit
and the correlator goes as
(0(2,2)0(0,0)) ~ e 1Z1/¢D

for T > T,.r;+. Where ( goes as:

¢
Correlation
Length
T
Tcrit

At Terit, Onsager showed local conformal invariance, and computed
the correlators

(0(2,2)0(0,0)) = |z\11/4
(e(2,2)e(0,0)) = #

with c=¢ = %
He also computed the field content of the Ising model69 60Tt is a spinless theory, ie h = h.



— 1 1
o(z,z): (h,h)= (16’ 16) spin operator

11
e(z,2): (hyh) = (2, 2> energy operator

1: (h,h)=(0,0) (in any CFT)

The m = 3 minimal model has ¢ = %, and
[b2,2] = [P1,2] : hoo =

[01,1]) = (23] : hi1=
[p21] = [P12] © hop =

wim S ) n

The physical ‘Ising minimal model” includes the anti-holomorphic
sector to match with the operators
0(2,2) = ¢2,2(2)92,2(%)
€(2,2) = ¢2.1(2)92,1(7)

The fusion rules for the Ising model can be determined using the
order-disorder symmetry and the symmetry

o= —0
This yields
[o] % [o] = [1] + [¢]
[0] % [e] = [o]
[e] > [e][1]

We would like to determine the 3 point structure constants. From the
above, we have

Caa]l = Cee]l =1
We need to determine C,,e by dynamics.

To do this, we first examine the leading terms in the Operator
Product

a(2)a(0) = (L+ -+ |2|Cr0e€(0,0) + - - +) (%)

1
2|3

The m = 3 minimal model has a singular vector at level 2

4,32
Ix1,2) = (L—z - ) |ha,2)
—1

(Ix2,2) = [x1,2))

Which implies that

(2 5£2) GlRnterm) - onlawan) =0 ()
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We would like to determine the four-point correlation function

G5y = lim |2]5(0(2,2)a(1,1)0(1,7)0(0,0))

Z,Z2—00

the idea is to take (xx) with ¢1 = ¢o = ¢35 = o and derive a differential
equation in 7. We obtain the equation

d? 1 d 1
1)+ (5 = n)— + — —0

(100 + G =0+ 35) )
for k = 1,261, The matrix element can be expressed in terms of these 61 That is, since this is a second order
fk62 as: differential equation (with singular

’ 1 2 points at 0,1, and co) we have two
_ - linearly independent solutions.
GUU = — C U Y *p
7 (1:7) [n(1 — n)ﬁ kzé—:l ke fie(n).fo(n) 62 And the f,, which turn out to

satisfy the same differential equations.
The solutions fx are given by

1
3
fip = (1% V1)
However, there are multiple branch cuts involved in this definition.
Since we want G77 to be single valued, there is only one choice we can
make for the constants cy,, which gives us

Gz =~ (1Tl + 11— VT
In(1 —mn)[3

Expanding around 7 = 0, we get (to leading order)

C 1
Goo=—z (2+5nl+-- (%% %)
Il 2
We can also obtain an expression for G99 using the OPE®3, If we 53 Corresponding to the diagram
apply (), we find that 1) o o (2)
G35 = _lim_|o|*(o(22)a (1, )o(n, 7)o (0,0)) Y
Z,Z—00 P—1-¢
o Bk (0(22)e(1,1)) N
= Z’lzlgloo ‘77|i (0(2,20(1,1)1)+ (n) o o (0)

+|77|OO’0'6<0—(Z,§)0—(17 1)6(07 O)> 4+ .. >

1
. z|4 1 2
= lim ||1( T+ + [ ;+10_016 1-|-1—1)
zz—=o0 |7 \ |z — 1|3 |z —1]sts~1|z|s g

1
= T 1 (1 + |77|Og¢75)

1
[l
Comparing this result with (% % *), we get that
1 1
c= 5 Caoe = 5

As a result, we have solved the Ising model by consistency, and the
CFT we have found completely determines the dynamics of the sys-
tem.



Remark. Remarkably enough, we did not at any point need a La-
grangian of our theory!

3.6 Minimal Model Characters

The character of a (potentially reducible) Verma module V (¢, h) is
defined to beb

(1—¢")!

2

Xvien =¢"77 Y #(N)gV =¢" 5
N=0

Z
Il

1

This last equality means that we can represent the character in
terms of the Euler function

¢(q) = [J(1—¢")

n=1

as

o

_ ¢
XV (c,h) = W

Turning our attention to the characters of a unitary minimal model

representation M (c, h), we first note that
hy —s(m) — hys(m) = h_ys(m) — hps(m) =7"5
Additionaly, we have a ‘symmetry of indices’ so that

hT,S(m) = h*T’*S(m) = hr+m,s+(m+1)(m)

We can use these to find out more about our singular vectors from

first intersections

64 Where #(N) is the number of
states at level V.

Singular vectors Level Conf. Weight

‘XT,S> r-s hr,s +r-s= h—r,s = hm+r,m+1—s

|Xm—rm+1—s) (m—r)(m+1-—2s)

The irreducible Verma module is therefore given by

M(c(m), hT,S(m)) = VT,S/ (Vr+m,7s+m+1 U W,Z(erl)fs)

To compute the character, we want to subtract contributions from
each submodule, but this leads to the possibility of double counting

sub-submodules, and so on. We therefore need to look at the structure

of submodules:

Vtr,s - Vfr,fs = Vr4+m,s+m+1
Vr+m,m+1—s = V—r—m,s—m—-1— Vm—r,s—i—(m—i—l)
‘/;“,Z(m—&-l)—s = Vor,s—2(m+1) = Vvafr,s

so we have

hr,s + (m - T)(m +1- 5) = hm—r,s—m—l

= hr,2(m+1)fs

64



er-&-m,m-&-l—s D ‘/T—&-Qm,s U Vv2m—r,—s
I Il
Vr,?(m+1)—s D) ‘/T-‘rm,s—(m-‘rl) U ‘/Sm—r,(m-‘rl)—s

These are the only common submodules, but they might have non-

trivial intersections.

65

Considering higher submodule chain structure gives us 65 Where each arrow in the diagram

65

goes from a module to a submodule.

r+m m+1l—s r4+2m,s 7‘+km, s+

r2 (m+1)—s - r2(m+1)+5

m+1)

s+1 ( 9L (m+1)

The character of M (c(m), hy s(m)) thus becomes

—c/27

(m) = 4 T8 r+km,(—1)ks+717(7l)k
Xos' (q) = + E ( 5
7,8 ¢(q (

+ qrak<m+1)+(—1)’“s+“2”k(m+1)>)

Or, if we define the functions
—1/24

Km = 4

@2m(m+1)k+r(m+1)—ms)?/(4m(m+1))
) 21

kEZ
then
x&?’;) — gm) _ p(m)

r,8 r,—s§

Remark. XS?;) are the generating functions for the (physical) states
at level N66. 66 Shifted by

qh,«,:,fc/24

4 Modular Invariance

Up to this point, we have studied CFTs on the conformal plane. We
now aim to study CFT’s on the 2-torus.
Motivation:

e Consistent 2d CFTs describing critical phenomena should be lo-
cally independent of the 2d geometry. In particular, it should be
independent of the quantization scheme (on the torus 72).

e In String Theory, CFTs on Riemann surfaces form part of perturba-

T267

tive string theory. gives rise to a 1 loop correction term. 67 A genus 1 Riemann surface.



4.1 Partition Function

We can consider our map on the punctured plane from section 2.3,
and extend it to the torus:

2 (= £ log(z)

identifying
boundaries

On T2, our local symmetries are still the Virasora generators L,,.

Our global symmetries, however, are generated by Lo and Ly%8.

SPACE-TIME STRUCTURE OF THE TORUS

We can obtain the torus as a quotient of the complex plane by a
lattice generated by a pair of vectors w; and ws.

Diagrammatically, we take the quotient of:

66

68 So that the group of symmetries is
U(1) x U(1), the isometries of T2 with
the flat metric.



Jmz

w2

Rez

to get:

Translations along the cycle are given by

exp =2 (H - Jmws — i PDRews)
|wo|

Recall (cf. section 2.7) that we calculated the energy momentum
tensor for the cylinder:

Teyi(C) = (2;)2 (Z L,e~2/L¢ _ C)

24
neZ
This allows us to compute the operators H and P:

1 2T 2 — c 2T — c
“ o ), (L) (Lo+To-15) =T (bo+To—15)
1 21\ 2 _ o _
=5 ). <L> (L0+L0):7L (Lo + Lo)

The partition function on T2 is then given by

P

Z(w1,ws) = Tr (exp (— (HImwy — iPRews)))
Using the modular parameter 7 = 71 + i75 where
S 9%2(4/'2 N SRQWQ
= w1 o L
meg

ijQ
w1 o L

T2 =

67



the partition function takes the form

Z(t) =Tr (exp2m' (T (Lo - i) -7 (ZO - i)))

Z(t)="Tr (qLO_ﬁqfo_ﬁ)

Or

where ¢ = exp(27iT).

Observation. The partition function only depends on the modular
parameter 7 (that is, on the shape of the torus/the twisted gluing
condition). No dependence on the size of the torus exists, which is
consistent with the conformal property of CFTs.

4.2 Modular Invariance

So far, we have singled out a particular choice of lattice (1-cycles) on
T2, however, we can think somewhat more generally. Consider the
picture:

w1

Y
Y

Rez

It is not hard to see that the lattice A generated by w; and we will
also be generated by wi + w2 and wi, and will be generated by wy + wo
and wsy. Consequently, many different choices of initial cycles will give
us the same torus.

In general, if (w2, w;) defines the lattice A C C, then

HEIN

l“ Z} € SL(2,7)

for

c

describes the same lattice A.
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Under such a transformation, the modular parameter transforms as

, ar+b

ct+d

wheref9

[Z Z] € SL(2,2)/(Z/2)

Partition functions of consistent CFT's must be modular invariant
(ie, independent of the quantization scheme) due to conformal invari-
ance. Therefore we require that

2 2
ZgFT(T,) = ZgFT(T)

€ PSL(2,Z).

a
for 7/ = g:_tg where
c

Remarks. (i) PSL(2,7Z) is generated by the transformations

1
T:t—174+1 S:i7H— —=
.

So Z(7) is modular invariant if and only if

Z(t+1)=Z(7)

(ii) The shape of a torus is specified by a point in the upper half-
plane 7 € H = {C | Jm7 > 0}

Jmz

Rez

tori with the ‘same shape’ are therefore identified by the action
of PSL(2,Z) on 7. As a result the moduli space of ‘shapes of
tori’™ is given by

Moy ~H/PSL(2,7)

69 The group
PSL(2,Z) = SL(2,2)/(Z/2)

is the modular group of the torus.

70 More explicitly, this is the moduli
space of complex structures on the
surface of genus 1.
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To describe distinct points on .#.s, we can look at the fundamental
domain Fy C H, which is given explicitly by

Jmr >0, £ <Rer <0, |7]>1

Fy =
Jmr >0, 0<Rer < 3, [7]>1

or, diagrammatically:

Fy

TF,

4.8 Free Boson Parition Function

Recall (Exercise 5.1). The Free Boson CFT has a continuum of pri-

maries
V, =: '@?(=2),

for a € R. These satisfy the relations’!

LO|Va> =

2
— e’
L0|Va> = ?|Va>

The free Boson CFT also has central charge

CBoson = 1

We now compute the partition function of the free Boson”?

ZBoson (T) =Tr (qLo—ﬁazo—ﬁ>

> o2 . 1
= V2 do E gz Tkl
con — {*}
L N~—~—"
rilggc?o&n int. k1 <ko<--
over,
primaries hol. descendants

anti-hol. desc.

"I Where g = %T is the coupling

4
constant.

72 Where, as before,

q

— 82771'7
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=2 (/ dae_prm(T)a2> g g

(7m<r>>%

(oo} oo
X H (1 — gV X 1 —gV
N=1 N=1
So that, with some simplification” we get

ZBoson (7_) -

1
V/Im(T)[n(7)[?

To see modular invariance, we consider the modular properties of
n(7).

27i

T: (1 +1) = e=(T).

S: n(=1) = v/=irn(r) (This can be computed by Poisson resumma-
tion).

Returning to Zposon, We see that

T |n(m)] = In(7)|
and since Jm(7 4+ 1) = Jm(7), we see

ZBoson(T + 1) = ZBoson(T)

b
n() (7))

1
ZBoson (_> - ZBoson(T)
T

Taken together, this shows that the free Boson CFT is modular

invariant.

Similarly, we note

and

so that

4.4 Interlude: Mode Expansions of Free Fermions

The mode expansion of the Boson and the Fermion CFT is given by

10.¢(2,%Z) Zan —n-l

ne”Z

71

73 Notably, using Dedekind’s eta
function
oo
n(r)=q2 [[(1—q")
N=1

to ease writing.



The radial ordering is given by

-
(z —w)?

(R (az¢(za 5)311@(107@))) ~ =

And
P(z) = huz" 72

where h = % and

nezZ+ % periodic boundary cond.

nez anti-periodic boundary cond.

We call the periodic boundary conditions the NS (Nevea-Schwartz)-
sector and the anti-periodic boundary conditions the R (Raymond)
sector. We can think of these two different sectors in terms of mon-

odromy about the origin:

In the NS sector, we get ¥(e?™'2) = 9)(2), whereas in the R sector, we

get P(e?™z) = —)(2). In more explicit geometric terms, we can think

of 1 as sections of a spin bundle™ on the (punctured) complex plane.
The commutation relations for the modes are given by

w

. sz, d m
[, ] = i [74 %Z 3Z77{%w wQﬂ = ”5n+m,0

and, taking the anticommutator because of Fermi statistics.

{lﬂn, '@[Jm} = §n+m,0

We can also consider twist fields, which change the boundary condi-
tions of fermions from periodic to anti-periodic.

As an application, let us look at the spin operator of the Ising
model:

Ising Model ¢ = % P S Free Fermion CFT ¢ = %
o] x [o] = [1] + [¢]
€(2,2) = ¢(27,1)(Z)¢(2,1)(5> —— i : Yy
h = h = %

72

7 As it turns out, there are precisely
two spin bundles on the annulus

C* ~ S! up to isomorphism, corre-
sponding to the NS and R sectors.
The structure group for spin bundles
is Spin(n), defined by the short exact
sequence

0 — Zo — Spin(n) — SO(n) — 0

For S1, we consider SO(1) = 0, so
that Spin(1) 2 Zs. The two principal
Zo-bundles over St (H(C*,Zy) =
HY(S',Z7) = Zs) are then given by:

@O The map

S x Zy — S?

(€, 0) — e
A
@ The map

Sl — st
ew — 62i¢

(= -



From [e] x [0] = [o] we infer

€(z,2)o(w, W) ~

because Cyue = % This implies that®

and, dually,

73

75 Where we denote by u the disorder
operator of the Ising model, ie the
dual field to o.

IMPORTANT FOR Us: The spin operator o(w,w) changes the sign of

¥(2).

In the NS and R sectors, we can then compute 2-point correlators.

In the NS sector:

WEBw)hys = (0] 3tz S g

1
2

1 1
{wTLwaYL}:57L+’"L,O — E Z_n_§wn_§

n

1 1
z = (z —w)

In the R sector (from the twist field):

(¥ (2)P(w)) r = (0l (00)1(2)¢(w)a(0)]0)
= (ol (2)P(w)]o)

oo —00

=2 D (olntmlo)e " w7

n=0m=0

b

ho?

_HWEHVD)

= (ol o v Jo) + St

Remarks. e The short distance behavior is unchanged between the

sectors0

e The boundary conditions modify the behavior at 0 and oo

e Similarly, we can introduce p(z,%) as a twist field!

76 Does this correspond to the local
triviality of (spin) bundles?

If we now examine the Fermionic zero mode vy in the R-sector, we

have
G

fermionic mode counting operator



which satisfies the anti-commutation relation

{(_1>F,¢n} =0

for all n. This implies that (—1)f has eigenvalues +1 for even/odd
numbers of fermionic creation and annihilation operators.

In particular:
{(_I)F’wO} =0

{\/51/)0, \/51/)0} =2

{(_1)F7 (_1)F}

furnish a 2 dimensional Clifford algebra:

2

{r, 17} = 29"

where

Furthermore
[L()vl/)o} = [L()a (_1)F] =0

so the R-ground state must be a representation of the 2 dimensional
Clifford algebra. The smallest representation is |+)p with

[(—D*[&) = £[)r]

and

(V2¢o) = [£)r

Remarks. e We identify:

e Considering 9(z) and (Z) together, there are two operators (—1)f%
and (—1)F=.

We consider: (—1)F := (=1)f2+F® and a two state subset of vac-

uum states (the non-chiral subsector) |+)r with
(—1)FE4R ) = )

with h = h = 1—16

If instead of the punctured plane we work on the cylinder, we must

recall that primaries transform as

oz ()7 (2) "oten
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The mapping to the cylinder is given by

1

¢ _ L
S0 52 = a2x>

and for Fermions

where

We can summarize the boundary conditions for fermions

2 ((2) = L log(2)

2T

27
and eZ ¢ So, for Bosons

_r

(108)eyi(Q) = 7 D cne T

nez

wn

2n¢

Yoyt (C) = ﬁ S e

Z+ L NS sector
Z R sector

Conformal Plane

Cylinder

Periodic bound-

NS sector: o Anti-periodic bound-
. ary conditions. .
half-integral ary conditions.
modes Lol0) =0 (Lo)eyi|0) = —210)
(=1)*]0) =0 vl =
Anti-periodic
boundary Periodic bound-
R sector: g . ..
P conditions. ary conditions.
zero mode
Lol£)r = 35lE)r | (Lo)ey|E)r = 51lE)r

(=D*£)r = ££)r

4.5 Partition Function of the Free Fermion

For a torus of shape 7

Jmz

we have 4 choices of boundary conditions:

Rez

7 7 (Lo)eyt = Lo —

£
24"
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tial slices

P A NS sector
along spa-
A A

P A R sector
along spa-
P P

tial slices

Observation. Except for P,P, boundary conditions are not modular

A A

Our expectation, therefore, is that a modular invariant partition func-

invariant

tion with anti-periodic boundary conditions must involve all sectors
involving anti-periodic boundary conditions.

In the operator formalism, we look at (¢ (z)X) where X is some
product of fields inserted at various positions.
In this case (¢ (2)X) # 0 only if X is
———————— fermionic. We can then transport ¥(z) past

all operators X. In anti-periodic boundary

operators

spatial conditions

slice

P(z+7) = —¢(2)

¥(2)

In periodic boundary conditions, the insertion of (—1)% operator yields

an additional minus sign

(W(2)(-1)"X) #0

for X bosonic.
Y(z+71) =1(2)

Thus, in the holomorphic sector, we get, in the spatial R sector

1 1
P = g astrp((—1)Fgko
75 r((=1)"¢™)

Lo
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And, in the spatial NS sector

P = ¢ Wtrys((—1)7 k)

A

Where the % in the R sector is a convenient normalization factor
related to picking only two out of 4 ground state values.
In the NS sector: [0] 4 [h = 3] =~ [¢1,1] + [¢2,1] conformal families.

Ly eigenvalue state

0 |0) primary of conformal weight h = 0
% W_ 1 |0) primary of conformal weight h = %
3 ¥_310) desc. of [3] level 1

2 Y_zv_110) | desc. of [0] level 2

TNl

Y_s10) desc. of [3] level 2

4 Y_3v_3]0) | desc. of [0] level 4 (two states)

so we have
trysq™ =1+q+q% +¢* +q° +q* +2¢" + -
(oo}
()
n=0
and
trvs (FD)Fg™) =1-¢* —* +® —* +¢* —¢> +2¢" + -

o
S
n=0

Remarks. e The structure of states is consistent with the singular
vector structure:

[¢1,1]: state at level 1 singular vector

[2.1]: singular vector at level 2, so there is only one (rather than
two) state at level 2.

e Projections to m = 3 minimal model characters
-& 1 Lo
Xig11] = 4~ Strns ( 51+ (=1)")q

_1 1
X[¢2,1] =q Btryg (2(1 _ (_1)F)QLO>

7



In the RR sector, we have [o] and [u] dual conformal families

78

[f1,2] = [¢2,2]
Ly eigenvalue ‘ State
75 +0 |+)r
5 +1 Yo1lE)r
5 +2 (UEIESYD
so we have
trpq™ = H
n=0
tre(—1)¢™ = [J(1—¢") =0
n=0

because of the fermionic zero mode.

So, in summary, we find"8: 78 Where 6; are the Jacobi theta
functions:
[ = 01(7) 0o (1) = (n+1)2/2
P — g 24 1—qg") = =0 2(7) Z 2
\/ﬁq };IO( ) n(T) nez
P 93("'):2(1”2/2
1 ) 9 ( ) nez
A =—=q * 1+4") = 2T 04(7) = —1yrg/?
754 n];[O( )=\ i) =3
P ‘Which display the modular proper-
N oo 03(7_) ties
P =q H1 (1-q¢")= ) Oo( + 1) = €™/ 40(1)
A 2 02(—%) = V=ir04(7)
A —q T ﬁ(1+q"> _ %) 03(r +1) = 04(r)
it () 03(— L) = VZiros(r)
A : T

04(T 4+ 1) = 63(7)
0a(~2) = V/=ira(r)

We can then write down the modular invariant partition function of
the fermion:

2 2 2 2
Zierm(T)=| P +| A +| P +| A
P P A A
Or
exchange wrt S
O2(7)| , |0s(7)| , |balr)
Zierm(T) =
FermD =y | e | e |
wrt T

is modular invariant.



Remarks. e The normalization projection onto ‘physical’ zero mode

5

Yo + 1, in RR rector means we choose 2 out of 4 values, so as to
arrive at the % normalization factor.

Ising model partition function has only [o] family and no [u] family,
which implies

‘ Zferm (T) = 2ZIsmg (T) ‘

so the fermion description induces the ‘dual’ Ising model descrip-

tion.

Applications

5.1 Affine Kac-Moody algebras and WZW models

Let g be a simple Lie algebra

a)

A Lie algebra g is a vector space equipped with an anti-symmetric
bilinear pairing
[]:axg—g
called the Lie bracket satisfying the Jacobi identity. That is, such
that for any z,y,z € g
[z, 9], 2] + [[z, 2], y] + [ly, 2], 2] = 0

a simple Lie algebra g is one such that there are no proper subsets
S C g such that
[S,6] C S

These have be classified, and are precisely the Lie algebras A,,,B,,
Cn, Dy.Eg, E7, Eg,Fy, and Go.™

Let J* be generators of g, then

[T, 00 =Y ifehge

(&

where the f are the real structure constants of g. The dimension
of g is then given by

dim g = #(generators)
The (non-degenerate) Killing Form for g is given by

me:%ﬁwm»M@>

Where g is the dual Coexter number and

ad(z) : y = [z, 4]

79 The dual Coexter numbers as-
sociated with these algebras are,

respectively:

CAp | n+l

2n —1
n+1
2n — 2
12
18
30

79



From g, we can consider Affine Kac-Moody algebras:

i) The loop algebra of g is the vector space of maps
Map(S' — g)

Since these functions are periodic, we can consider the Fourier
decomposition of J() € Map(S! — g)

JO0) =) €e"X, X,cg

Identifying e’ with ¢, we get an isomorphism given by the Fourier
decomposition

Map(S* — g) <> g @ C[[t,t ']
The algebra on the right has generators
JORt" = J;

for n € Z. Multiplying two periodic functions according to the Lie
bracket yields another periodic function

[Ja ® tn7 Jb ® tm] — Z-fachctn+m

[‘]fu Jvlzn,] = ifachfL-i-m
ii) There is a unique central extension of the loop algebra

n»Ym c“n+m

[Ta Ih ] = it TS+ Kn K (% J°) 6nsmo

c §a,b

which satisfies the commutation relations

[Te I0] = i f TS+ K06 gm0

c’n+m
c

[J73> K] =0
This is the affine Kac-Moody algebra of g.

Associated to an affine Kac-Moody algebra, we have a current
algebra

ab c w
RO w)) ~ 0y 3 e T700)

(z — w)? z—w
where
a _ —n—1 ya
Jz) = E z J2
neZ
In modes, we recover

[Ta I0) = i f TS+ Knbapbn im0

C
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SUYAWARA ENERGY-MOMENTUM TENSOR:
J%(z) are primary fields with respect to the energy-momentum
tensor

T(z) =7 :J"a: (2)
With coupling constant «, which is fixed by the OPE

c/2 2T (w) n oT (w)

RIET@) ~ i+ Gowl Y o w)

So one obtains

1 ) ~ k-dimg
v = m ;oclor) = k+g
Moreover:
m JO(w) Ty (2) T (w
R(T(:)*(w) = f ey~ | TR T
z b
o J4(w) OwJ*(w)

Thus, J%(w) are chiral primary fields of conformal weight h = 1.
The mode expansion yields

T(z) = Z Lyz "2

where80

1 a .
b= Bl 2 2y e

a nez

So we see that

(Lo, i) = =m0 |
In particular
[L07 JZ] = —nJ,‘;

We can then consider primary states. The representation theory of
our affine Kac-Moody algebra yields affine heighest weight states |\):

e For a simple Lie algebra g, we have generators E=*81 and H*8? for
i =1,...,r where r = rank(g). They satisfy commutation relations

[H',H)) =0 [H', E*Y] = +aE*>

where o € A7 is a positive root.

As an example, we can consider SU(2), which has Cartan generator
J? and raising/lowering generators J* satisfying

[Js, Ji] = £Js | [Jy,J_] = +2J5

81

80 We define

JeJe m<?
sy dee: = JZJG
¢Jan m2>1{

81 The Raising and lowering genera-
tors.
82 The Cartan generators.



Recall that unitary representations are labeled by j,m}, 2j € Z>,
and m € {—j,—j+1,...,5—1,5}. The highest weight state is then
1, 7)-

o Affine Kac-Moody algebras have generators E® and H?. For a
Wess—Zumino-Witten (WZW) highest weight stateS3

E|A) = Hy|\) = Eg|\) =0
Note that |A) will also be a Virasora primary state, since, for n > 0

LolA) =t I Jan-m: [A) =0

That said, a Virasora primary need not be a WZW primary.

Example (SU(2);). We have generators J= and J3 with

[ty Tou) = £
[JSa JS;J = kN5n+m,0

[ T =202+ kndpimo

Observe that J* = J};, J= = J7; and J? := J3 + & form a

SU(2)-subalgebra. The highest weight states is
19,4)
which has WZW descendants
9,3 = 1) 13, =)

The norm of the final descendant is

——
2.J3
So we derive a necessary condition for our representation to be
unitary:

k<

|

, kEZZO

which must hold lest we have negative norm states.

To compute the conformal weight of the highest weight state, we
note first that g(SU(2)) = 2, so that

=

Lo = k%% ((JO)2 +)

and hence o
o -0+
17,90 — h+2

83 Also known as a WZW primary.
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and
3
c=——
k+2
According to our constraint derived in the example, the unitary
representations of SU(2), can be labeled by [j]VZ4W for j =1,%,... %
Example (SU(2);). We have two unitary representations: [0]"ZW
and [1]WZW], both with ¢ = 184, All states are generated by J~ and
JoF
WZW m=—2 m=—1 m =0 m=1
L m=—3 m=—1 m =i m =3
2 2 2 2
Lo
0 |0)
j_ . s - .
1 =) <o =)o o)
e -
0 €’ —++-)
2 , [—+=) -5 A 5 |+ + = +-)
sing. vect [+—-4+-) .
3 I~ —++-) A ==t
,,,,,, N I
o+ e 4o

’ Virasora Conformal Families

Note. The commutation relation
(L, J3] =0

ensures that the Virasora generators do not change the m-quantum

numbers.5?

Remarks. ¢ WZW models are unitary, which can be proven by:

a) Pure representation theoretic arguments on gy.

chart.

84 For those familiar with string

SU(2)

rep.

spin0

spinl

spinl +
spin0

2spinl +
spin0

85T have not yet included the
[l]W"ZVV
2

83

theory, this can be associated with the
Boson on the self-dual circle. It arises
from T-duality on the bosonic string.



b) WZW models admit a non-linear o-model description with

manifest unitary action80
k
Swaw = ~ % d’*z [K(g_la"g,gaug)] + 27rk:SWZ(g)
52

where, for an extension of g § : B3> — G®7, the correction term is

given by

1 ~— ~ [~— ~ ~0 ~ v
SWZ(g) = _487/331{(9 18Hg, [g 13,,g,gapg])dac“/\dw Adx”

e A WZW model has a finite number of conformal WZW families,
but an infinite number of Virasora conformal families.

e Roughly speaking, a CFT is called a Rational Conformal Field The-
ory (RCFT) if it has a finite number of conformal families with
respect to some current algebra (eg, minimal models, WZW mod-
els).

5.2 Coset Constructions
If we consider the affine Lie algebra
gk D g
we find that g, is a diagonal affine Lie subalgebra, that is

DJ:]J: — J7(ll) a + J7(l2) a
[Pae, PIb] =if® LI, + (k4 0)1n6®6 im0

This allows us to construct the diagonal coset CFT.
Ok D go/ B+t
is generated by the Virasora generators
LEoset .= [8k 4 [8¢ _ [8k+r

which implies that the central charge is

Ccoset_dim ( + 4 _ k+€ )
g kE+g k+g k+l+4+g

by construction, such coset CFTs are unitary because the gx and g,
WZW models are unitary.
Minimal model CFTs arise naturally in this framework, via

SU(2) @ SU(2),
SU(2)k+e

84

8 For g : S2 — @, the compact Lie
group associated to G.

87 Such an extension always exists
since w2 (G) vanishes for G a compact,
simply-connected Lie group.



which has
k 1 k+1
= 3 _— _—_ —
¢ (k T3 TRy 3)
{6
B (k+1)(k+3)
We can then identify these with m = 2,3, ... minimal models via

m=k+ 2.
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