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ABSTRACT. We investigate the existence of powers of Hamiltonian cycles in graphs with
large minimum degree to which some additional edges have been added in a random

manner. For all integers k > 1, r > 0, and ¢ > (r + 1)r, and for any o > ki we show

+1
that adding O(n?~?/%) random edges to an n-vertex graph G with minimum degree at

least an yields, with probability close to one, the existence of the (k¢ + r)-th power of
a Hamiltonian cycle. In particular, for r = 1 and ¢ = 2 this implies that adding O(n)
random edges to such a graph G already ensures the (2k + 1)-st power of a Hamiltonian
cycle (proved independently by Nenadov and Truji¢). In this instance and for several

other choices of k, ¢, and r we can show that our result is asymptotically optimal.

§1. INTRODUCTION

All graphs we consider are finite. For m € IN the m-th power F'™ of a graph F' is defined
as the graph on the same vertex set whose edges join distinct vertices at distance at most m
in F. A Hamiltonian cycle in a graph G is a cycle which passes through all vertices of G.
The m-th power of an s-vertex path P, or cycle C will be often called the m-path or,
respectively, the m-cycle.

For integers m > 1 and n > m + 2, let us consider the set C* of all n-vertex graphs G
that contain the m-th power C]" of a Hamiltonian cycle C,,. Clearly, C;”* is a monotone
graph property, as powers of Hamiltonian cycles cannot disappear as a result of adding
more edges (without new vertices).

The classical theorem of Dirac [3] asserts that every graph of order n > 3 and minimum
degree §(G) = n/2 is Hamiltonian. Furthermore, the resolution of the Pdésa—Seymour

conjecture [5,12] (for large n), proved by Komlés, Sarkozy, and Szemerédi [8], yields the

k

following extension: for each k > 2 every n-vertex graph G with n > ng and 6(G) > 75

n

possesses property CF.
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Suppose that a graph G has large minimum degree which, however, falls short from the
above bound. Would adding a few random edges to G help to create the desired power of
a Hamiltonian cycle? Bohman, Frieze, and Martin [2] were the first to study this question.
They showed that, for any € > 0, randomly sprinkling O(n) additional edges onto a graph
G with §(G) = en forces, with high probability, a Hamiltonian cycle C,,. This result was
extended in [4] to all k > 1: for every graph G with n = ny and §(G) = (£ + e)n adding
O(n) random edges yields, with high probability, the (k + 1)-st power of a Hamiltonian
cycle C**1. Note that the result in [8] guarantees only the existence of C¥ in G. In this
paper we substantially generalize the result in [4].

We investigate the probability that a given n-vertex graph G with minimum degree
high enough to yield, by the Pésa—Seymour conjecture, C* in G, augmented by a binomial
random graph G(n,p), p = p(n), spans the m-th power of a Hamiltonian cycle C. In
other words we are interested in P(G' u G(n,p) € C). To this end, we introduce the

following definition.

Definition 1.1. Given integers £ > 0 and m > 1, we say that a sequence d(n) is a
(k,m)-Dirac threshold if

(a) for every a > %5 there is C' > 0 such that for all p(n) > Cd(n)

lim minP(G U G(n,p(n)) €C') =1,

n—oo G

where the minimum is taken over all n-vertex graphs G with §(G) = an, while
(b) there exists ag > kiﬂ such that for all kiﬂ < a < o there is ¢ > 0 and a sequence

of n-vertex graphs G, = G,(n) such that §(G,) = an and for all p < cd(n)

lim P(Go U G(n,p(n)) eCt) =0.

n—00

We denote any function d(n) satisfying both conditions (a) and (b) by dm,(n).

In view of this definition, for any d(n) satisfying condition (a) alone we have dj ,(n) <
d(n), while for any d(n) satisfying condition (b) alone we have dj ,,(n) = d(n). Also
dimi1(n) = dgm(n), as C™ < O,

A careful reader will notice that the above definition assumes that the dependence on «
in the threshold dj ,, appears only in a multiplicative constant. This is sufficient for our
main result, however, there are instances of & and m for which this is not the case (see
Section 9).

The result in [2] can be now restated as dp; = n~*. Our main result establishes an upper

bound on the Dirac threshold di ,,(n) for infinitely many values of m for each k € IN.
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Theorem 1.2. For all integers k=1, r >0, { =7r(r+ 1), and form =kl +r
dgm(n) < n~%°

Notice that the largest r = r(¢) for which £ > r(r+1)isr = [@J Thus, Theorem 1.2
implies that dj,,(n) < n=%*¢ for any m < kl + @. Furthermore, for many choices
of k and m we can provide a matching lower bound on dj ,,(n), thus, determining the
(k, m)-Dirac threshold altogether.

Theorem 1.3. For all positive integers k, £, and m satisfying the inequalities

VA +1-1

(k+1)(l—1)<m<kl+ 5 ,

we have

dm(n) = n=2,

In particular, for each ¢ = 2,3,4,5,6 and infinitely many k, we list all values of m for

which dj,,(n) has been determined in Theorem 1.3.

Corollary 1.4. The following holds:
(i) For k=1 and k+1<m<2k+1 we have dj,(n) =n=".

(i) For k=1 and 2k +2 <m < 3k + 1 we have dy,,(n) = n=%3,
(i) For k=2 and 3k +3 <m < 4k + 1 we have dy,,,(n) = n~ 2.
(iv) Fork =3 and 4k +4 <m < 5k + 1 we have dj,(n) = n=2/5.
(v) For k=3 and 5k +5 < m < 6k + 2 we have dy,,,(n) = n~'/3.

Part (i) of Corollary 1.4 was independently proved by Nenadov and Truji¢ in [9].
We also show that the threshold from the last case of Corollary 1.4 can be extended to
ke {1,2}.

Theorem 1.5. For every integer k > 1,

digria(n) = n~13,

Observe that in view of Corollary 1.4 the first open case is k = 1 and m = 5. We will

comment on this in Section 9.

§2. RANDOM GRAPHS

There are two basic models of random graphs, the binomial one, G(n, p), and the uniform
one, G(n, M), which are asymptotically equivalent under some mild assumptions whenever
M ~ (3)p (see Section 1.4 in [7]). In this paper we chose to state and prove our results

in the binomial model, yet they can be translated to the uniform model if there is such a
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need. For instance, Theorem 1.2 asserts that under the assumptions given there it suffices
to add O(n?~?*) random edges to ensure a copy of C™.

In this section we collect some results on G(n,p) which we use later. For a graph
property P, we say that P holds asymptotically almost surely (a.a.s.) if P(G(n,p) € P) — 1
as n — o0. In our proofs we are going to use the following consequence of Chebyshev’s

inequality (see Remark 3.7. in [7]).

Fact 2.1. For every { = 3 and ~y > 0, there is a constant c = c({,~) such that if p < ecn™%",

then a.a.s. there are fewer than yn copies of the clique K, in G(n,p).

We will also apply two versions of Janson’s inequality. The most general one is given
in [7, Theorem 2.14]. For the proof of Theorem 1.2 we will need a strengthening of
Theorem 3.9 in [7] (the R-H-S inequality only), which is a version of Theorem 2.14 in the

context of subgraphs of random graphs. For a graph G with at least one edge, set

o= min U
¢ FcG,ep>0 £

where Ui = n"#p°F and vp, ep denote, respectively, the number of vertices and the number

of edges of graph F.

Theorem 2.2. Let 7 > 0 and G be a graph with at least one edge and let G be a family of
copies of G in K,, with |G| = tn"¢. Further, let X be the number of copies of G belonging
to G which are present in G(n,p). Then,

P(X < 7VUq/2) < exp{—7°4"¢dy/8}.

Proof. We follow the lines of the proof of Theorem 3.9 in [7]. The main difference is that
we rely on Theorem 2.14 from [7], and not on Theorem 2.18(ii). Moreover, instead of

defining the indicators I for all copies of G in K,,, we define them for G’ € G only.
We have

A= EX = |G|p© = ™n'p°¢ = 1V
By Theorem 2.14 from [7],

P(X < 70¢g/2) < P(X < )\/2) < exp{—A?/(8A)}, (2.1)

where A is defined in Theorem 2.14 [7]. In our case,
A=TEye,
H G G"
where )., is taken over all subgraphs H of G with ey > 0, > ., — over all copies G’ of
G in G, while )., — over all copies G” of G in G with G’ n G” = H. This can be upper
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bounded, estimating crudely the number of copies of H in G by 2°¢, as follows:
U2 U2
nvGQEGnUG ’UHpQEG eq < 26(; 46(;
2. 22 g, <y

Plugging this bound into (2.1) completes the proof. O

§3. LOWER BOUNDS

Here we deduce Theorems 1.3 and 1.5 from Theorem 1.2 by complementing it with lower

bounds on the corresponding (k, m)-Dirac thresholds.

Proof of Theorem 1.3. In view of Theorem 1.2, it suffices to show that if (k+1)({—1) <m
then dy,,(n) = n=2/".

By monotonicity of dj,,(n) as a function of m, we may assume that m = (k+ 1)(¢ — 1).
Set gg = (2(m + 1)(k + 1)) and fix a = &5
construction of a graph G,. For n = 4(k + 2)(m + 1) let [n] = V] w... v Vii1 be a vertex

+ ¢ for some € < gy. Consider the following

partition with each part of size n/(k + 1) (for simplicity, we assume that n is divisible
by k + 1). Moreover, for every ¢ = 1,...,k + 1, fix a subset W; < V; of size |W;| = [en].
Let G = G, be the n-vertex graph consisting of the union of the complete (k + 1)-partite
graph with vertex partition V; w...w Vi1 and k£ + 1 complete bipartite graphs with vertex
classes W and V; \ W fori = 1,...,k + 1. Clearly, §(G) > +¢e)n. Set W = Uf+11 Wi,
for convenience.

Let p < cn™?/¢, where ¢ = c({,~) is defined in Fact 2.1 with v = (4(m + 1))~'. We
are going to show that a.a.s. H = G u G(n,p) does not contain any copy of C". Note

(1

that any C!™ < H contains |n/(m + 1)| vertex-disjoint copies of K,,.; and only at most
[W| = (k + 1)[en] of them have a vertex in WW.

Consider a copy K of K,,,1 which is disjoint from W. Since [T]'JTJFH = ¢, by Pigeonhole
Principle, K must contain a copy K’ of K, that lies entirely in some set V; and thus K’
must be a subgraph of G(n,p). In conclusion, if C!" < H, then the random graph G(n, p)

must contain at least

{ n J—(k+1)[5n]>

(k+1)(egn+1) = —2=9n

n
m+ 1 m+ 1 2m+1)
copies of K,. However, by Fact 2.1, for p < en=%*, a.a.s. there are fewer than yn copies of

K¢ in G(n,p). This establishes part (b) of Definition 1.1 with ag = (57 + &) O

Proof of Theorem 1.5. Let m = 6k +2 and k = 1,2. (For k = 3, Theorem 1.5 follows from
Corollary 1.4(v).) Theorem 1.2, applied with ¢ = 6 and r = 2, yields that dj,,, < n~3.

We will show that also dj,,, = n~'/3. For e; = 1/288 and &, = 1/105, fix oy, = + e,

k+1
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k = 1,2, and consider the graph G, constructed in the proof of Theorem 1.3. Further,
take p < cn~'/3, where ¢ = ¢(6,¢y) is defined in Fact 2.1. Consequently, there are a.a.s. no
more than e,n copies of K¢ in G(n,p).

Assume that H = G u G(n,p) contains a copy C of C!™. After removing from H all
vertices in W as well as at least one vertex from each copy of Kg in G(n,p), we obtain a
Kg-free subgraph H' < H on n' = n — (k + 2)egn vertices such that H'[V;] < G(n,p) for
1 <j <k+1. Observe that H n C' contains an m-path P with

n' 1 1

= -1z ——-.
(k‘ + 2)€kn (k) + 2)6k (k’ + 3)8k

V(P)| =

Now, consider separately the cases k = 2 and k£ = 1. The former one is a bit easier. We
have m = 14 and H' is tripartite. For each 1 < j < 3, the subgraph @); = P[V;] contains a
spanning 4-path in G(n,p). Indeed, let vy, ..., vs be five consecutive vertices of @; (in the
linear order determined by P). Since there are no copies of K¢ in H’, there are at most
3 + 2 -5 vertices between vy and vs on P. Therefore, vs and vy, 1 < s <t < 5, are adjacent
in P and thus in Q).

Let ¢ = max{|V(Q1)|, |V (Q2)],|V(Q3)|}. Then, G(n,p) contains a 4-path with

1 1
> |V(P)| > — =7
q Q (P)| 55,

vertices and 4q — (1 + 2 + 3) = 4q — 6 edges. However, the expected number of such
subgraphs in G(n, p) with p = O(n~"3) is smaller than

nqp4q—6 _ O(n—q/3+2) _ O(n—7/3+2) _ 0(1)’

which by Markov’s inequality implies that a.a.s. there are not such copies at all.

For k = 1, we have m = 8 and H’ is bipartite. Now, we can only claim that each @),
contains a spanning 3-path P; in G(n,p). Indeed, let vy, ..., v4 be four consecutive vertices
of ;. Similarly to the case k = 2, vy, ..., v form a clique in G(n,p). Fortunately, there
are more edges in ();. To see it, divide V(P) into [|V(P)|/9] consecutive copies of Kj.
Each of them contributes a copy of K5 to either ()1 or (2 and thus an extra edge which is
not present in P;. Without loss of generality, suppose that Q1 contains at least ||V (P)|/9]
copies of K5. Then @ is a subgraph of G(n,p) with ¢ vertices and at least
V(P) 1 1 1 1

—-=23¢—3+ - =3¢+

P+ -
Ll 18 2 72, 2

edges. Again, with p = O(n~'/3), by Markov’s inequality, there are no such subgraphs in
G(n,p). O



HIGH POWERS OF HAMILTONIAN CYCLES IN RANDOMLY AUGMENTED GRAPHS 7
§4. OUTLINE OF THE PROOF OF THEOREM 1.2

The proof of Theorem 1.2 is based on the absorption method and follows the general
outline of the proof in [4]. It relies on four lemmas, the Connecting Lemma, the Reservoir
Lemma, the Absorbing Lemma, and the Covering Lemma. The last three of these lemmas
will be stated here and proved in the forthcoming sections. At the end of this section we
provide a short proof of Theorem 1.2 based on these lemmas. The Connecting Lemma is
used only in the proof of Absorbing Lemma and will be stated and proved in Section 6.
Each of these lemmas provides the existence of some m-paths in H = G U G(n, p), so the
proofs involve mixed techniques from extremal graph theory and random graphs.

Throughout the rest of the paper we assume that m = k¢ +r and ¢ = r(r + 1), where
k,¢ € N and r = 0. Observe that if / = 1, then necessarily » = 0 and so m = k. This case,
however, follows deterministically from [8], since §(G) = kn/(k + 1). Therefore, from now
on we will be assuming that £ > 2. Note that by the monotonicity of dj,,(n) as a function
of m, it is enough to consider only the largest r satisfying ¢ > r(r + 1). In particular, in
view of ¢ > 2, we may also assume that r > 1.

Given an m-path P = (vy,...,v;), the sequences (vy,...,v,) and (vg, ...,V _me1) are
called the ends of P. We say that P connects its ends and the vertices of P not belonging
to its ends are called internal. As every segment of consecutive m + 1 vertices of an m-path
forms a clique K,,,1, the ends span m-cliques. If K and K’ are the ordered cliques induced

by the ends of an m-path P, we may also say that P connects K and K’ .

Definition 4.1. Given £ > 0, an m-tuple x = (x1, s, ..., T,,) of vertices of an n-vertex

k1 (ordered) copies (y1,¥2,---,Yrt1) of Kii

graph G is £-connectable if there exist &n
in G with the property that for each i = 1,2,...k + 1, y; € Na(xi-1)e41,-- -, Tm). An

m-path in H is £-connectable if both its ends are £-connectable m-tuples in G.

Note that for 0 < & < &, if an m-tuple is &-connectable, then is is also &-connectable.

We may now state the Reservoir Lemma which is proved in Section 6.

Lemma 4.2 (Reservoir Lemma). For all ¢ > 0 and £ > 0 there exists v > 0 such
that for all sufficiently large C = C(&,7v) = 1 and for every n-vertex graph G with
8(G) = (55 + e)n there exists a set of vertices R <V of size 37*n < |R| < 29*n such
that for p = p(n) = Cn=%" a.a.s. H = G U G(n,p) has the following property.

For every S < R with |S| < \/7|R| and for every pair of disjoint, ordered {-connectable
m-tuples T, 2’ in G — R, there exists an m-path in H connecting ¥ and x' with ¢(k + 1)2~+1

internal vertices, all from R~ S.
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The next result (proved in Section 7) yields the existence of an m-path A, called absorbing,
which can absorb any small set of vertices. This enables us to reduce our goal to an easier

problem of finding an almost spanning m-cycle containing A.

Lemma 4.3 (Absorbing Lemma). For every € > 0 there exists & > 0 such that for
sufficiently small v = ~v(g,&) > 0 and sufficiently large C' = C(e,§) = 1, every n-vertex
graph G with 6(G) = (57 + €)n, and every p = p(n) = Cn~*, a.a.s. H = G U G(n,p)
has the following property.

For every set of vertices R < V with |R| < 2v*n the graph H— R contains a &-connectable
m-path A with |V (A)| < yn/2 such that for every U <V \ V(A) with |U| < 3v?n there
exists an m-path Ay with V(Ay) = V(A) u U having the same ends as A.

The last lemma below states that almost the whole graph under consideration can be
covered by a linear in n number of m-paths. These paths will be eventually connected
together with the absorbing path A, to produce the desired m-th power of an almost

spanning cycle. We shall prove Covering Lemma in Section 8.

Lemma 4.4 (Covering Lemma). For every ¢ > 0 there exist £ > 0 and v > 0 such that
for sufficiently large C = C(&,7) = 1, for every n-vertex graph G with 6(G) = (,CLJrl +e)n
and every p = p(n) = Cn~?*, a.a.s. H = G U G(n,p) has the following property.

For every subset Q < V with |Q| < yn there exists a family P of at most v*n vertez-
disjoint &-connectable m-paths in H with vertices in V ~. Q covering all but at most v*n

vertices of V . Q.

We conclude the present section with a proof of our main result assuming the three
lemmas stated above. Although the statements of Lemmas 4.2 - 4.4 are not monotone in 7,
it follows from the three proofs (see Sections 6-8) that whenever they are true for some

Yo > 0, they are also true for any 0 < vy < vq.

Proof of Theorem 1.2. We begin by fixing the constants. During this process we adopt the

convention that a constant coming from Lemma 4.x receives a subscript x. Let k € IN and

k—ﬁl, 1) be given and set € = a — k%l Plugging ¢ into Lemmas 4.3 and 4.4 we obtain,

respectively, constants &3, v3, C3 and &4, 74, Cy. Plugging £ = min{&;, &} into Lemma 4.2

ac

we obtain v, and C5. Finally, we set

1 _
7 = min {’727’737’747 1’ (é(k + 1)2k+2) 2}

and C' = max{Csy, C3, Cy}.
Let an n-vertex graph G with §(G) > (k%l +¢&)n and p = Cn~?/* be given. We need
to check that a.a.s. the graph H = G U G(n,p) contains a copy of C*. For this purpose
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it suffices to prove that a graph H satisfying the conclusions of all three lemmas above
contains a copy of C)".

By Lemma 4.2 there is a reservoir set R < V of size %7271 < |R| < 29*n. By Lemma 4.3
there exists an absorbing m-path A € H — R. Since |R| + |V (A)| < (2% + v/2)n < yn,
we can apply Lemma 4.4 to @ = R u V(A) and obtain a collection P of at most y*n
vertex-disjoint £-connectable m-paths in H — () whose vertices cover the set V' ~ @) except
for a small subset U’ < V' \ Q with |U’| < v*n. Next, we want to create the m-th power
of a long cycle in H by connecting together all paths in P u {A}.

To this end, we make |P| + 1 successive applications of Lemma 4.2. In each of them we
let 7 and 7’ be the ends of the m-paths we wish to connect and let S € R be the set of
vertices that were used as internal vertices in previous applications. When arriving at the
last step of this process, that is, when closing the m-cycle, the set S of vertices we need to

avoid has size
S| = £(k + 1251 P < €(k + 1)25 0 < €k + 1)25 29| R < VAR,

which justifies repeated applications of Lemma 4.2.
Let F' be the obtained m-cycle. The complement U =V \ V(F) satisfies

U] = U] + R\ V(F)| < 39"n,

whence, by Lemma 4.3, there exists an m-path Ay with V(Ay) = V(A) u U having the
same ends as A. Therefore, we can replace A by Ay in F' and obtain the desired m-th

power of a Hamiltonian cycle in H. O

§5. PRELIMINARIES

In this section we present results which serve as tools in our proof of Theorem 1.2.

5.1. Neighbourhoods in graphs of large minimum degree. We recall the following
standard notation. For a set V' and an integer 7 € IN we write (‘j/) for the family of all
j-element subsets of V. Given a graph G = (V, E)) we write N (u) for the neighbourhood

of a vertex u € V in G. More generally, for a subset U < V' we set

Ne(U) = [ N(u)

uelU

for the joint neighbourhood of U. For simplicity we may suppress G in the subscript and
for sets {ui,...,u,.} we may write N(uy,...,u,) instead of N({uy,...,u.}). We will use

the following result from [4, Lemma 3.1].
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Proposition 5.1. For every integer k = 0 and € > 0 the following holds for every n-vertex

graph G = (V, E) with §(G) = (5 +e)n. For every j € [k +1] and every J € (‘]/) we have

|N@Dﬁ><k211j4gﬁ>n. (5.1)

Furthermore, for j € [k] the induced subgraph G[N(J)] satisfies

k—3J

5@mum>(kj+{mwNm| (5.2)

for every J € (‘J/)

5.2. The decomposition. We begin with a crucial decomposition of the m-path into two

subgraphs.

Definition 5.2. For r > 2, two sequences of vertices v = (v1,v2,...,v,) and u =
(ug,ug,...,u,) of a graph G are said to be r-bridged if each v; is adjacent in G to all
Uy, Ug, ..., U, 0 = 1,2,...,r. We then also say that the two sequences form an r-bridge, or

just a bridge if the value of r is clear from the context.

The first ingredient of the decomposition consists of a number of cliques tied together

by bridges to form a linear structure resembling a braid.

Definition 5.3. Fort > 1, ¢ > 2, and 1 < r < ¢, let B(¢,r,t) be the braid graph consisting
of t vertex-disjoint /-cliques K él), K 452), oL K ét), with vertices ordered arbitrarily, where

i+1
7 )a

for each ¢ = 1,...,¢t — 1, the last  vertices of Kéi) and the first 7 vertices of Ké re

r-bridged. For any s > 1, we denote by sB(¢,r,t), the union of s vertex disjoint copies of
B, r,t).

Note that B(¢,r,t) has t¢ vertices and t(g) + (t—1)("1") edges. Also, for r e {¢ — 1, ¢},
B(l,rt) = P}, while B(¢,1,t) consists of ¢ cliques K, connected together by ¢ — 1 disjoint
edges.

The second component of the decomposition involves the notion of the blow-up.

Definition 5.4. For a graph F' = (V, E) with V' = {vy,..., v}, the (t1,...,ty)-blow-up
of F is a graph F'(ty,...,t,) obtained from F' by replacing each vertex v; by a set U; of
t; vertices and each edge {v;,v;} by the complete bipartite graph Ky, i, on U; v Uj. If
t; = ... =t, =t then we call such a graph the ¢-blow-up of F' and denote it by F(t).

We are now ready to describe the decomposition, or, in fact, an embedding of an m-path

into the union of two edge-disjoint subgraphs.
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FIGURE 5.1. For k=2 (=3, r =2, t =3, m = 8, an 8-path on 27 vertices
P$, can be embedded into the union of a 3-blow-up of a 2-path PZ(3) and
three copies of the braid graph B(3,2,3).

Proposition 5.5. Let k,t > 1, and m = kl +r, with 1 < r < (. For any copy P of
P('Z:H)t(f), there exists a copy B of (k+ 1)B(¢,r,t) on V(P), which is edge-disjoint from P,
and such that one can find a copy of the m-path Pyl1ye in the union of P and B, whose

vertices inherit the ordering of vertices of P, i.e.
Py S Pl (0) w (k+1)B(L,r,1). (5.3)

Moreover, fort even and C' = Cyy,((t/2), one can find a copy P of Pf.,,),(¢) in C and
a copy B of (k+ 1)B({,r,t), which is edge-disjoint from C and such that C'U B contains

a copy of the m-path Pty whose vertices inherit the ordering of vertices of P, i.e.
Ples1y = Srr2(0t/2) w (k+ 1)B(L,r,t). (5.4)

Remark 5.6. For r € {¢ — 1, ¢}, the embedding in (5.3) is an actual decomposition, while

for 1 <r < ¢ — 2, the embedding omits some of the edges of P(’ZH)t(E).

Proof of Proposition 5.5. Let v = (v1,vq, ..., Usns1y) be the vertices of P = P(’Zﬂ)t(ﬁ).
Consider the decomposition of v of the form v = (uy,us, ..., Ugs1y), Where each u;,
i=1,2,...,(k+ 1)t is a segment of v of length /. With a small abuse of notation we will
treat u; either as a sequence, or as a set, depending on the context.

Now, foreachi = 1,2..., k+1, consider a subsequence v = (u;, Ui (k1) - - - > Wik (t—1) (k+1))
of v. Let B; be the copy of B(¢,r,t) on v in that ordering. In particular, each segment

u; induces a copy of K, in B; and any two segments u; and u; 41y in B; are r-bridged.
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Wi

V)

Ws

FIGURE 5.2. For k =2,¢ =3,r = 1,t = 6,m = 7, the blow-up CZ(9) (on
the left) contains a copy of a path P(3) (on the right) which is rolled up

around the cycle.

Note also that the vertices of v form an independent set in P, hence the graph B; is
edge-disjoint from P. Now put B = By U ... U By,1. Since for any 1 <i < < k + 1,
v and v) are disjoint, the graphs B; and By are vertex-disjoint and B is a copy of
(k+1)B(¢,r,t), which is edge-disjoint from P.

In order to finish the proof of (5.3) it is enough to show that any vertex in v is connected in
P B with m consecutive vertices. To this end, take a vertex v;p;, where 0 < i < (k+1)t—1

and 1 < j < ¢, and note that v;e4; € u;+1. Then v;p1; is connected in B with ¢ — j vertices

Vit j41s - - - Vie+s € Uis1, 88 U4 induces in B a clique K,. Moreover, since in P the sets
Uit1, Uis2, - - - Uirk+1 induce a complete (k + 1)-partite graph, vy ; € u;4q is connected
in P with k¢ vertices from w; o, ..., Ujtr+1, that is With v i1)er1, Vas)es2s - Vitk)ere

If £ — 35 = r, then the above two groups of vertices give us ¢ — 7 + kf > m consecutive
neigbours. Otherwise, for the last m — k¢ — (¢ — j) vertices, the connections are given by
the edges of the r-bridge between u;,1 and u;, 2 in B. For an illustration of (5.3) see
Fig. 5.1.

To prove (5.4), let Wy, Ws, ..., Wario be the partition classes of C. Split each W,
i=1,2,...,2k + 2, into t/2 subsets of size £ and order them arbitrarily into segments
Uiy Uit 2kt 2y - - - 5 Wi (t/2—1)(2k+2)- PUL U = (U1, Us, ..., Uyk+1)) and note that this gives us the

ordering of the desired graph P. Indeed, each of the segments u; is an independent set in



HIGH POWERS OF HAMILTONIAN CYCLES IN RANDOMLY AUGMENTED GRAPHS 13

FIGURE 5.3. Between any two “antipodal” partition classes of CZ(9) there
is a copy of the braid graph B(3,1,6).

C of size ¢. Moreover, for any two segments w; and u;, with 1 <i < j <t(k+1), j—i <k,
u; and u; induce in C' a complete bipartite graph. As for the rest of the proof, one can
repeat the construction of B as in the case (5.3). Note that for each ¢ = 1,2... k+ 1, the
subsequence v = (u;, Ui (k1) - - - Uit (1—1)(k4+1)) Torms an independent set in C, since it
contains only the vertices of “antipodal” partition sets of C| i.e. of W; and W, .. Thus,
B and C are edge-disjoint and the rest of the proof goes along the same line as the proof
of (5.3). For an illustration of inclusion (5.4) see Fig. 5.2 and Fig.5.3.

O

5.3. An application of Janson’s Inequality. Here we apply Theorem 2.2 to the graph
(k + 1)B(¢,r,t) defined in the previous subsection. Recall that functions ¥ and ®¢ are

defined in Section 2.

Proposition 5.7. Let 7> 0, £ = r(r +1) =2 and p = Cn=%*, where C = 1. Further, let
B = (k+1)B(,rt), F be a subgraph of B containing Ky, and F be a family of at least
™Y copies of F in K,. Let X be the number of copies of F' belonging to F which are

present in G(n,p). There exists a constant ¢ = cg such that
P(X < 7V¥r/2) < exp{—7°cCn}.

Proof of Proposition 5.7. We are going to show that ®r > &5 > Cn, where the first
inequality is trivial. This, in view of Theorem 2.2, implies Proposition 5.7 with ¢ = (8-4¢)~1,
We begin with a purely structural result.

Given a graph G with eg > 2, let dg = —=%= and set dg, = 0. Then, define

vg—1

meg = maxdy.
¢ HcG

We claim that under the assumption ¢ > r(r + 1),

14
mp = dKe = 5 (55)
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To prove (5.5), let B’ have the largest number of vertices among all subgraphs of B which
achieve the maximum in the definition of mpg. It is easy to check that B’ is connected and
thus B’ < B(¢,r,t). Indeed, in general, if G; and G, are two vertex-disjoint graphs, then

eG, T €g, eg, t+ eg, egq;

da,oc, = < < max = max dg,
O T et ve, — 1 vg, g, —2 dmistug, — 1 1=i<o

Let KO ... K® < be the (-cliques of B(¢,r,t) as defined in Definition 5.3. Let B’
intersect some ¢’ of them, respectively, in s; ,...,s;, vertices. Our goal is to show that
dp < £/2, or equivalently, e — £ (vp —1) < 0. Note that B’ intersects at most ¢’ —1 bridges,

r+1)

each in at most ( edges. This, together with inequalities s;; < £ and r(r + 1) </,

implies that

eB,_ﬁvB,_1 tE() t—1)<r;1)—§(i(sij—1)+(t’—1)><0,

which proves (5.5).

Finally,
o i vg—1, e e\ vr ! m C«E/Q C
— 1 — H— H _— v > B > >
B=,pin Uy nm}}nn P nmf}n <np H- ) n (np™*) n n,
°H
where the first inequality uses the bounds vy = 2 and np'r—" > np™s > C¥? > 1. O

5.4. Subgraphs in dense graphs and hypergraphs. In this subsection we quote several
extremal results which guarantee the presence of copies of a given subgraph in a dense
graph or hypergraph. The first of them is the following supersaturation result of Erdos

and Simonovits from [6]. Recall that x(F') denotes the chromatic number of a graph F.

Lemma 5.8 ([6]). Let k > 3 and F be a graph with chromatic number x(F) = k. For

every € > 0 there exist § > 0 and ng such that if a graph G with n = ng vertices has at

(179 ()

edges, then G contains at least Sn"F copies of F'.

least

A related result we are going to use in Section 8 was proved by Alon and Yuster in [1].
For graphs G and F', we say that G has an F-factor if G contains |vg/vr| vertex-disjoint
copies of F.

Theorem 5.9. For every ¢ > 0 and for every graph F there exists a Ty = Ty(e, F)
such that for every T = Ty, any graph G with T wvertices and with minimum degree
0(G) = (1 —1/x(F)+¢)T has an F-factor.
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As our proof of Covering Lemma 4.4 is based on the Regularity Method, we need the
following two well-known results. The first of them is a version of Szemerédi’s Regularity
Lemma [13] (see also Section 7.2 in [4]). For two real numbers ¢ > 0 and d € [0, 1], given
a graph G and two nonempty disjoint sets A, B € V(G), we say that the pair (A, B) is
(0, d)-quasirandom if for all X € A and Y € B the inequality

|e(X,Y) — d|X||Y]| < 6|A||B]
holds, where e(X,Y) is the number of edges with one endpoint in X and the other in Y.

The pair (A, B) is 0-quasirandom if it is (6, d)-quasirandom for d = e(A, B)/|A||B|. This
last quantity is called the density of the pair (A, B) in G.

Lemma 5.10 (Szemeredi’s Regularity Lemma, [13]). Given 6 > 0 and Ty € N there exists
an integer Ty = T1(9,Ty) such that every graph G = (V, E) on n = Ty vertices admits a
partition

V=VuViu...uVp

of its vertex set such that

(Z) Te [T07T1]7 |‘/0| < 5|V|7 |‘/1| == |VT|7 and
(i) for everyie [T] the set {j € [T~ {i} : (V;,V}) is not -quasirandom} has size at
most 6T.

Once a quasi-random partition is established, one can easily count copies of a given

subgraph in it.

Lemma 5.11 (Counting Lemma). Let F' be a graph with vertex set [f] and let G be another
graph with vertezx partition V(G) = Vi v ... vV} such that (V;,V}) is a d-quasirandom pair
whenever ij € F'. Then the number of ordered copies of F' in G, i.e. the number of f-tuples

(v1,...,vp) € Vi x ... x V} such that v;v; € G whenever ij € F, equals

(]_[ dijichS) ﬁlw,

ijeF i=1

where di; = e(V;, V;)/|Vil|V;l.

The last two results quoted in this section deal with h-uniform hypergraphs (or h-graphs,
for short) which are collections of h-element sets on a given vertex set (for h = 2 these
are just graphs). The first one comes from [5] (see Corollary on page 188). An h-graph H
is h-partite if its vertex set can be partitioned into sets V; U ... U V} in such a way that
for every edge e we have |e n V;| =1 for each 1 <i < h. Let IC,(lh)(q) denote the h-partite
complete h-graph. Note that the number of edges of IC,(lh)(q) is ¢".
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Lemma 5.12 ([5]). For all h,q = 2 and all w = wy(h,q), if H is an h-partite h-graph
with each partition set of size w, and with at least

h1h
B,
wl/qh_1

edges, then H contains a copy of lC,(Lh)(q) with q vertices in each partition class.

In [11, Lemma 8] a counting extension of Lemma 5.12 has been deduced from the proofs

in [5]. Here we quote this result with respect to unordered copies.

Lemma 5.13 ([11]). For all integers h = 2 and ¢ = h + 1 and every d > 0 there exist
7> 0 and ny such that for every h-graph H on n = ng vertices with ey > dn”", there are

at least Tn" copies of lC;Lh)(q) in H.

This lemma has a very useful consequence for graphs. Recall Definition 5.4 and observe
that for all u; € U;, i = 1,..., h, the subgraph of F(ty,...,t;) induced by {uq,...,up} is
isomorphic to F. If t; = ... = t, =: ¢, then we denote by F(F(q)) the family of all ¢"
such subgraphs.

Corollary 5.14. For every integer ¢ = 2, real d > 0, and a graph F' there exist T > 0 and
ng such that the following holds. Let G be a graph on n = ngy vertices and let F be a family
of copies of F contained in G of size |F| = dn"". Then G contains at least Tn"F copies

F'(q) of the g-blow-up F(q) of F such that F(F'(q)) < F.

Proof. Let V(F) = {vy,...,vy}. Consider an auxiliary h-uniform hypergraph H on the
vertex set V(G), where each edge corresponds to a copy F’ € F. Take a random partition
I=ViuVou...uV, of V(G), where each vertex chooses its vertex class independently
with probability 1/h. Let Hy be the (random) h-partite subhypergraph of H consisting of
only those edges of ‘H which correspond to the copies of F' € F withv; € V;, i =1,... h.
Observe that E(|Hn|) = 77| H|, hence, there exists a partition Iy for which [Hy,| > 77 |H|.
Notice that |Hy,| = d'n", where d’ = h™"d. By Lemma 5.13 applied to H := H,, for some
7 > 0 there are at least 7n" copies of K ,(lh) (¢) in ‘H. Note that each such copy corresponds
to a copy F'(q) of the ¢g-blow-up F(q) of F'in G. By the construction of H, we do have
F(F'(q)) < F. O

5.5. Interlacing sequences. Here we prove a technical result which turns out to be crucial
in establishing the existence of many connectable m-tuples when proving Lemmas 4.3
and 4.4.
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Definition 5.15. For a graph G, we say that a sequence (1, ..., 14.1) € V(G)*! interlaces

with a sequence (y1,...,yx1) € V(G)FL, if
Vi = 1,,k+1 : yieNG(x’ia'-'akarl;yl?'--7yi71)'

Remark 5.16. The above definition and Definition 4.1 are related via the notion of
blow-up. Indeed, if each x;, i = 1,..., k, from Definition 5.15 is blown-up to a set X! of
size ¢, while x4, to a set X}, of size r, then each sequence consisting of one element from
each set X/ interlaces with (y1,...,yxr1) and, consequently, the two sequences satisfy the
condition in Definition 4.1. Hence, the subsequent technical result can be viewed as a tool

for creating &-connectable m-tuples.

Proposition 5.17. For every k > 1, € > 0, and s, there is t and & > 0 such that
the following holds. For every n-vertex graph G with §(G) = (k%l + 5) n and for every
sequence of disjoint sets Xy, ..., Xkr1 in V(G) of sizes | X;| =t,i=1,...,k+ 1, there
exist subsets X, < X; of sizes |X!| = s, i =1,....,k+ 1, and a set Y < V(G)**! of
size |Y| = &EnF*Y such that every (z1,...,x541) € X| % ... x Xj_, interlaces with every
(Y1, .-, Yks1) €Y. Consequently, every sequence of vertices consisting of € elements of X1,
followed by ¢ elements of X5, ..., followed by { elements of X}, followed by r elements of

X, ., is E-connectable in G.

Proof. Let us choose constants ¢,t™1), ...t satisfying
>t o t® s kD g
We are going to prove by induction on j = 1,...,k + 1 the following statement:
3¢5 > 0, YO < v, ’y(j)| > &n,
HXi(j) c X;, ]XZ-(j)\ >t i=1,...,k+ 1, such that
Yy, .., y) €YY (z1,... 2p01) € X9 % x X,ff_z (5.6)

Vi = L...,J: yieN(xia'--7$k+17y17"'ayi—1)~

Clearly, for j = k + 1 this is the statement of Proposition 5.17 with X] = X-(Hl),

i=1,..,k+1,Y =Y®) and € = 41,

We begin with j = 1. Let T} = X; x ... x X1 and ¢, = |[Ty| = t**1. For any
sequence (x1,...,2Tg11) € 11, using (5.1) with J = {z + 1,..., 2,11}, there are at least en
vertices in Ng(x1,...,x,1). Consider an auxiliary bipartite graph B between sequences
T = (x1,...,7541) € T1 and vertices y; € V', where an edge is drawn if y; € Ng(z1, ..., Try1).

It is easy to show by a double counting argument that at least %571 vertices y; satisfy
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degp(yr) = %stl. Indeed, otherwise, we would have
etin < |B| < (3en) x t1 +n x (iet1) = enty,

a contradiction. Denote the set of such vertices by Y;.
By the Pigeonhole Principle, there exists a subset Y < Vi, [Y()| > &n, where
75/(52‘/ /2) and a family X; < T of vectors z, |X;| = %5151, such that for all y; e YV
and all x € X1, we have y; € Ng(x).
The family X; can be viewed as a (k + 1)-partite (k + 1)-uniform hypergraph. Now we
are going to apply Lemma 5.12 to H := &} with h:= k+ 1, ¢ := t"), and w := ¢. To this

2) 1 k+1 (t(l))k
t}max{wo(kJrl,t(l)),( Bk + 1) ) ,

end we choose

3

where the second parameter guarantees that X; is large enough so as to satisfy the
assumptions of Lemma 5.12. Hence, A} contains a (k + 1)-uniform clique K ,ng)( M), Let
Xi(l), 1=1,...,k+ 1, be the vertex classes of that clique. This completes the proof of the
base step j = 1.

Now assume that (5.6) is true for some j, 1 < j < k. We will deduce that it is also true

for j + 1. For each sequence y = (yy,...,y;) € Y, consider an auxiliary bipartite graph
B := B(y) between sequences (Tjt1,...,Tk1) € Tjr1, where Tjiq = X](i)l X ...X% X,gr)l,
and vertices y;11 € V, where an edge is drawn if ;41 € Ng(2j41, .o Tht1, Y1, - -+, Y5). Set
tivr = |[Tj| = (D)7,

Since, again by (5.1), |Ng(Zjs1, ..., Tk+1,Y1,---,Y;)| = en, for all z; € XZ-(j), i =7j+

.,k +1, the degree of (xj11,...,2441) in B is at least en. Thus, by a similar double
counting argument as in case j = 1, there are at least %sn vertices y;41 € V with
degp(yjt1) = %afj“. Denote the set of such vertices by Y;;. Consequently, by the
Pigeonhole Principle, there is a subset Y/,, < Y1, [Y/,,[ = & yn, for some &, > 0, and
a family X1 € Tj41 of vectors & = (Tj11, ..., Trs1), |Xjs1| = %5t]~+1, such that for all
Yjr1 € Y]y, and all z € Xy, we have y;41 € Na(Tji1, .- Trpt, Y1, -+ Uj)-

We apply Lemma 5.12 to Xy with h:=k+1—7, ¢:= = tU+) and w := tVU) obtaining,
for t¥) sufficiently large with respect to tU*1) that X;,, contains a clique K(y) :=
K ,E’fl:] )(t(j“)) (Note that for j = k& Lemma 5.12 degenerates to singletons and we just
take K (y) = &j11.) Recall that K(y) and Y],
of Xj,1, we can still select a subset Y < Y with [YW] > £n/ and a clique K € &,
such that for all K(3), y € YU, we have K(y) = K. Let X(ﬂl),...,Xk‘fll) be the

partition classes of K. Additionally, let Xl(j o X l(j ), . ¢ J(J o x j( ) The sequence

(y) depend on y. Owing to the finiteness
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1 :
XU XA together with the set

Y]Jrl = {<y17"'7yj+1) : (yl""ayj) € ?(j)v Yj+1 € Y+1(y1a"'7yj)}

and constant &, = & x ! 11, satisfy (5.6) for j + 1. Note that [YUD| > &, 1n/™. This
completes the inductive proof of (5.6) and, thus, of Proposition 5.17. O

§6. CONNECTING AND RESERVOIR

Here we prove Lemma 4.2, but first we formulate the Connecting Lemma which will be
used inside the proof of Absorbing Lemma in the next section. Both lemmas proved in
this section utilize yet another connecting lemma, Lemma 6.1 below, proved as Lemma 4.1
in [4], where, for convenience, k-walks instead of k-paths are considered. Formally, by a
k-walk in a graph G we mean a sequence of not necessarily distinct vertices but such that

any k + 1 consecutive vertices are distinct and form a clique in G.

Lemma 6.1 ([4]). For every integer k = 1 and € > 0 there ezists some o > 0 such that
every n-vertex graph G- with 6(G) = (m + e)n satisfies the following property.
For all pairs of disjoint k-tuples z,x’" which induce cliques in G, the number of k-walks

connecting ¥ and I’ with € internal vertices is at least on®, where £}, = (k + 1)(2F1 — 2).

The Connecting Lemma is, in a sense, a simpler version of Lemma 4.2, where no reservoir

set R is put aside.

Lemma 6.2 (Connecting Lemma). For every ¢ > 0 there exists & > 0 such that for
sufficiently large C' = C(g,§), every n-vertex graph G with 6(G) > (le +€) n, and
p=pn)=Cn~ % aas H=GuUG(n,p) has the following property.

Let m = kl+r, with ¢ = r(r+1) = 2. For every subset Z < V with |Z| < &n/(2(k + 1))
and every pair of disjoint &-connectable m-tuples T, x’ which induce cliques in G, there

exists an m-path connecting ¥ and x' with ((k + 1)2**1 internal vertices, all from V \ Z.

Proof. Let ¢ and ¢} be as in Lemma 6.1. Choose £ < o/(2(2¥1 —2)). Let 7 = (21, ..., Tm),
' = (x],...,2,,) be {-connectable m-tuples. Fix Z < V with |Z| < &{n/(2(k + 1)) and put
L=10,+2(k+1) = (k+1)2k1 We will first show that there are Q(nl) k-walks in G with
L internal vertices, all avoiding Z, that connect = to x’. (Formally, we connect the last k
vertices of z with the last k vertices of x’, so, with some abuse of terminology, internal
vertices are precisely those which are disjoint from the set {xy,...,zpn, 21, ..., 2,,}.)

(yi7 cee 7yl;+1)7 as in

Definition 4.1, corresponding, respectively, to x, ¥’ which are disjoint from Z. There are at

Indeed, consider ordered (k + 1)-cliques ¥y = (y1,...,Yks1), ¥ =

least |
(fnk-i-l o (k + 1)|Z‘7’Lk)2 > 152n2k+27
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of them, since |Z| < &n/(2(k + 1)).

By Lemma 6.1, applied to the k-tuples y_ = (2, ..., yp+1) and y_ = (Y5, ..., Yp41), there

exist

on'* — 0.(|Z] + 2k + 4)n" - > ;Qne’“,
k-walks connecting y_ and vy, with ¢, internal vertices, all omitting Z, z, and x’. Thus, al-
together we have %€2QTLL k-walks connecting z to 2/, with L internal vertices, all omitting Z.
Consequently, at least

;£QQnL bl 11()§QQnL

of them are k-paths. Let P be the family of all such k-paths and P;,; the family of the
sub-k-paths of the k-paths in P spanned by the L internal vertices.

By Corollary 5.14 with d = &%, F = Pf, G = G[V \ Z], and F = Py, for
some 7 = 7(d) > 0, there are at least Tn‘t copies P'({) of the (-blow-up P¥(¢) with
F(P'(€)) € P Let us consider a sequence of vertices v that begins with z, ends with
the reverse of z’, and in between consists of the (L vertices of P’(¢) (the order in each
(-independent set obtained by the blow-up is fixed arbitrarily).

Notice that due to the choice of y and ¥, and the inclusion F(P’(£)) S Pin, each vertex
of x is already connected to the m subsequent vertices of v and the same is true for z’.
Indeed, split the vector z into k blocks of length ¢ and one block of length . Then, each z;
in the jth block, 7 =1,...,k + 1, is adjacent to m — ¢ = m — j{ elements lying in front of
it in x plus j¢ elements in the ¢-blow-ups of the first j elements of y (see Def. 4.1). Thus,
although the sequence v does not yet induce a full m-path, the only missing edges have
both endpoints in P’(¢).

By Proposition 5.5, we need to complement P’(¢) with a copy of B = (k+1)B({, r, 2k*1)
in G(n,p). For each P'({) let Bp/ () be the copy of B which complements P'(¢) to a graph
containing an m-path and let B be the family of all such Bp(,. We have |B| = rn‘t. By
Proposition 5.7, there exists ¢ = cg > 0 such that with probability at least 1—exp{—7%cCn},
at least one of them is present in G(n, p), which yields the existence of an m-path connecting
z and 2’ in G U G(n, p) which avoids Z. As there are at most n™ possibilities for the choice
of each of r and 7" and at most 2" for Z, applying the union bound and taking C' = C(7, ¢)

large enough, we conclude that a.a.s. the same it true for all choices of Z, x, and /. [

For the proof of Lemma 4.2, we need a modification of the notion of connectability.

Definition 6.3. Given £ > 1 and £ > 0, and a set R, an m-tuple (z1,%s,...,%,,) of
vertices of a graph G — R is (R, &)-connectable if there exist &|R|F*! (ordered) copies
(y1,Y2, -+, Ypt+1) of Kpyq1 in G[R] with the property that for each ¢ = 1,2,...,k + 1,

Yi € NG(IL’(i—l)lH, e ,$m)-
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Proof of Lemma /.2. Fix e > 0 and 0 < £ < 1 and let ¢ := o(¢/2) be given by Lemma 6.1.
Choose

v = min{€? /226 o2 /4}. (6.1)

Consider a subset R < V chosen at random by including each element of V' to R, inde-
pendently, with probability 7. It is easy to see that a.a.s. R satisfies the following three

properties:

(i) bv*n < |R| < 29%n,

(i) [Na(v) n R| = (55 + 5) |R| for every v € V, and

(7i1) every &-connectable m-tuple in G becomes (R, £/2)-connectable.

Indeed, X = |R| is binomially distributed with EX = v2n, so the first property follows
from Chebyshev’s inequality. Since X, = |Ng(v) n R| is also binomial with expectation
V?|Ne(v)| = 7*(#5 + €)n, the second property holds, simultaneously for all v, from
Chernoff’s bound (see, e.g., [7, Theorem 2.1}).

To prove (iii), we employ a standard application of Janson’s inequality (see, e.g., [7,
Theorem 2.14]). Given a ¢-connectable m-tuple 7 in G, let K be the family of &nf*!
ordered copies of Kj,1 which witness the {-connectability of z. Let Y := Y5 be the
number of K € K which are contained in R. We apply the inequality in [7, Theorem
2.14] to Y with ¢ := {EY. Observe that EY = &n*+1y2Et0) while A = O(n?**!). Hence,

P(Y < 2EY) < exp{—Q(n)}. This is so small that a.a.s. for all choices of Z we have

2 2(k+1), k+1 1

glrI,

where we also used the R-H-S of (i).

For the rest of the proof of Lemma 4.2 we fix one set R < V having the above three
properties. Let us now fix two ordered £-connectable m-tuples z, 2" in G — R as well as a
subset S < R with |S| < \/7|R|. We are going to show that with probability very close to
one, there is an m-path in H connecting 7 and 2’ with £(k + 1)2**! internal vertices, all
from R~ S.

To this end, note that due to property (iii) of R, sequences x and z’ are (R, £)-connectable.
Hence, one can extend x to an m-path zy, where y is a (k + 1)-tuple in G[R ~. S] which

‘witnesses’ the (R, §)-connectability of z, in at least

1

2k+2

) 1

(6.1
f’R’k+1 o W‘R’k+1 > 3

f‘R‘kJrl

ways. We extend x’ to 2’y in a similar way.
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In turn, by (#7), we are in position to apply Lemma 6.1. Recalling that ¢, = (k +
1)(21 — 2), we obtain at least

©.1) 1
ol RI% — IR = SolRI™

k-walks connecting y_ and 3’ , with ¢, internal vertices, all belonging to R ~ S. Thus,

(2k+7)¢20| R|* k-walks connecting 7 to z’, with L internal

altogether we have at least 2~
vertices, all belonging to R~ .S. Consequently, at least 2= (2+8)¢2o| R|F of them are k-paths.

Let P be the family of all such k-paths and P;,; — the family of the sub-k-paths of the
k-paths in P spanned by the L internal vertices. By Corollary 5.14 with d = 2-k+8)¢2,,
F =PF G =G[R~\S],and F = Py, for some 7 = 7(d) > 0, there are at least 7|R|*"
copies P'({) of the (-blow-up PF(¢) with F(P'({)) S Pins. As in the previous proof, each
such copy misses a copy of B = (k + 1)B(¢,r,2") to close an m-path between z and 7’

By Proposition 5.7, using also the L-H-S of (i), there exists ¢ = ¢g > 0 such that with

probability at least
1 — exp{—7°cC|R|} = 1 — exp{—7°cCy*n/2},

at least one of them is present in G(n,p). This yields the existence in G U G(n,p) of an
m-path connecting = and z’, with /L internal vertices, all from R~ S. As there are at
most n™ possibilities for the choice of each of z and ' and at most 2" for S, applying the
union bound and taking C' := C(7,7, ¢) large enough, we conclude that a.a.s. the same is
true for all choices of S € R, x, and z’.

O

§7. ABSORBING PATH

We build the absorbing path A from small blocks, called absorbers.

Definition 7.1. Given £ > 0, a graph G, and a vertex v € V := V(G), a 2m-tuple

(T, Tty -5 T1, @, ooyl 2l ) € VP is a half-(€,v)-absorber in G if
(1) X1, Tay ooy Ty, X, Ty, ..., 2l € N (v);
(1) T = (1,29,...,2m), & = (2,24, ...,2,,) are {-connectable in G;
(#07) (Tmy Ty« - oy T1, Ty - o, @0 _q, @) induces in G an (1, ¢, . .., ¢, 7)-blow-up of a P%, . ,.

If condition (7ii) is replaced by

(717)" (Tmy Tm—1, - -, T1, T4, ... 2,y 20 ) induces in H = G U G(n,p) an m-path,
then we call the 2m-tuple (2, Tp—1, ..., 21, 24, . .., 2,1, x0) a (full) (&, v)-absorber. A 2m-

tuple which is a (&, v)-absorber for some v € V' is called a -absorber.
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The key observation is that if (x,,, m_1,..., 21,2, ..., 2 4,2 ) is a (£, v)-absorber,
, , SN : o
then (,, Tm_1, ..., 21,0, 2%, ..., 2, ;1,2 ) is an m-path (here we just need properties (i)

and (iii)’, not (ii)). This allows for including (or absorbing) v into a path or cycle which
contains a (£, v)-absorber as a segment. To absorb an entire subset U of vertices, we will
need many disjoint (£, u)-absorbers for each w € U. In fact, by Hall’s Marriage Theorem,
at least |U] disjoint (&, u)-absorbers per each vertex u would suffice.

The next result asserts that for some £ > 0 there are many half-(£, v)-absorbers for every
veV(G).

Proposition 7.2. For every ¢ > 0 there exist & > 0 and ' > 0 such that if G is an
n-vertex graph with §(G) = (£ + e)n, then, for every v e V(G), there are at least 3'n*™
half-(¢,v)-absorbers.

Proof. Fix e > 0. Let  be given by Lemma 5.8. We are also going to apply Proposition 5.17
with s := /; let t and & be the resulting constants. Finally, let

6/ _ 5(kk;1 _’_5)(2k+2)t‘
+
By (5.2), for every v,

SGIND = (1 <) IV

e(GIN(v)]) > (’“;1 +5) (N 5“”).

Since x(Py._.,) = k + 1, we also have x(Pk.,»(t)) = k + 1, where Py_,(t) is the t-blow-up
of the k-path Py, on 2k + 2 vertices. Thus, by Lemma 5.8, G[N(v)] contains at least

which implies that

6|N<U)|(2k+2)t > ﬁln(2k+2)t

copies of P§_,(t). Fix one such copy and let Xji1,..., X1, X1,..., Xp1 be its vertex
classes. By two applications of Proposition 5.17 (with s = ¢), one to Xy1,...,X;, the
other to X1, ..., X1, we obtain subsets Xit1y--- XX ,X,’Hl € V and two sets of
(k + 1)-tuples Y, Y < V**1 such that

(1) |X)| = |X]| = tfori=1,...,k while | X} | = |X},,| = r (we delete arbitrary £ —r

vertices from the (k + 1)-st subset guaranteed by Proposition 5.17);
(2) [Y]Y] = &nf*y
(3) every (xq,...,2541) € X1 x...x X[, interlaces with every (y1,...,yx11) € Y as well

as every (Z1,...,Tx1) € X} % ... x X}, interlaces with every (¥1,...,%1) € Y.
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To finish the proof, consider first an m-tuple x consisting of all the vertices of X1, ..., X} 4,
in this order. By Proposition 5.17 (see also Remark 5.16), z is {-connectable. By the
same token, the sequence z’ listing all the elements in sets X!,..., X 1+1 is a §-connectable
m-tuple. Hence, (7)7'z’" is a half-(¢,v)-absorber. In summary, each of the 3/n(k+2)t
t-blow-ups of Py, generates a half-(£, v)-absorber. On the other hand, each of the half-

t—2m

(¢, v)-absorbers can be generated by at most n(#+2) such blow-ups. Thus, the assertion

follows by taking the ratio of the two quantities. O

Next, we analyze what is needed in order to get an m-path as in (77)’ starting from a
blow-up appearing in (iii). Let B := (k+1)B(¢,r,2) and let B~ be the graph consisting of
a copy of (k—1)B(¢,r,2) and two vertex disjoint copies of the disjoint union of K, and K,
joined by an r-bridge, that is, B~ is obtained from B by removing ¢ — r vertices from two
cliques K, belonging to distinct copies of B(¢,r,2). Given v and a half-(¢, v)-absorber z,
there is a a unique copy of B~ which, if included in G(n, p), completes in H a (£, v)-absorber
on .

Let X be a random variable which counts the number of copies of B~ in G(n,p) and,
for any vertex v, let X, be the number of those of them which turn a half-(§, v)-absorber
into a full (£, v)-absorber. Notice that the number of vertices of B~ is 2m and the number

of edges is 2k (ﬁ) +2(0) + (k+1)(""). Thus, putting

Vi=Vp- = anp%(g)+2(§)+(k+1)(ﬁ1)7

we have EX < ¥ and EX, > 'V (cf. Proposition 7.2). Finally, let Y be the number of

intersecting pairs of copies of B~ in G(n, p).

Proposition 7.3. Let 3’ be as in Proposition 7.2 and p = p(n) = Cn~* for sufficiently
large constant C = 1. There exists a constant D := D(k,r,{) such that the following
properties hold a.a.s.
(i) X <2V,
(i) Y < D9?/n;
(i) for eachve V(G), X, = 30'7.
Proof. Part (i): Since B~ is a subgraph of B containing K, by the proof of Proposition 5.7,

14
2

Qp- = Vg, = n€p< ) > Cn. By Chebyshev’s inequality

P(X >2V) < P(X > 2EX) < P(|X — EX| > EX)

N

— 0(1/@5-) = o(1)

(see the proof of Theorem 3.4 in [7] and Remark 3.7 therein).
Part (ii) is also a consequence of Chebyshev’s inequality, but more technical as it applies

to the numbers of copies of several non-isomorphic graphs (all possible unions F' of pairs of
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intersecting copies of B~.) However, we can just quote inequality (3.22) from [7], page 76,
which states that for every such F' the number X of copies of F' in G(n,p) a.a.s. satisfies
the inequality Xr < DpW?/®Y%_ for some constant D, where ®%_ = min{®z-,n} (see
also: Notes on Notation in [7, page 10]). Since @ = n, (ii) follows with D = > . Dp.
Part (iii) follows by Proposition 5.7 with 7 = ', t =2, F':= B~, and F — the family of
all copies of B~ which turn a half-(¢, v)-absorber into a full (£, v)-absorber. Then, there

exists a constant ¢ = cg- > 0 such that
1
P (XU < 25’@) < exp{—(#)?cCn}
and, taking C' = C(f', ¢) large enough, (iii) follows by the union bound over all v. O

Using the assumptions on p and ¢, it can be easily checked that ¥ = Q(n**1). Thus,
Proposition 7.3 (iii) guarantees a.a.s. Q(¥) = Q(n*™!) E-absorbers in H. We now thin

down this family to a linear size in n in a random fashion.

Proposition 7.4. Let v < (8'/24D)%3. Then there exists a family A’ of &-absorbers with
the following properties:

(1) |A'] < 67*n;
(i) the number of pairs of intersecting elements in A’ is at most é6’73/2n;
(iii) for every v € V(G), there are at least 13'v*?n (&, v)-absorbers in A'.

Proof. Put
q:=7""n/V

and denote by A, a random subfamily of {-absorbers which is obtained by selecting each

one independently with probability ¢. By Proposition 7.3(i),
E|A,| < 2Vq = 29*n.
Hence, by Markov’s inequality

P(|A,| > 67%?n) <

W

Similarly, by Proposition 7.3(ii), the expected number of pairs of intersecting elements in
A, is at most DW?/n and thus the probability that their number is greater than §3'v*?n

can be bounded from above by

(DW¥?/n)g*>  8D~*? _1

~

gyt T
Finally, for a fixed v € V, note that the number of (£, v)-absorbers in A, is binomially

distributed. Hence, by Proposition 7.3(iii), its expectation is X,q > $3'¥q = %6’73/%.
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Thus, by Chernoff’s bound (see, e.g., [7, Theorem 2.1]) and the union bound over all v, the

probability of the opposite event to the one stated in (iii) is at most
nexp{—pF'~v*?*n/8} = nexp{—Q(n)} < 1/3,

for sufficiently large n. In conclusion, the probability that properties (i)-(iii) hold for A,
is positive, and thus, there exists a family A’ of &-absorbers which satisfies all three of
them. 0

Proof of Lemma /.3. Given € > 0, let 5/ = ('(¢) be as in Proposition 7.2, and let £ =
min{;, &}, where & is as in Lemma 6.2, while & is as in Proposition 7.2. Further, let C'

be as in Lemma 6.2, D > 0 — as in Proposition 7.3, and set

7 = min { (zi))z/g’ 2(k£+1) (Z))Q " (60(k +11)2k+3)2} ' (7.1)

Finally, fix any subset R = V(G) of size |R| < 27°n.

In view of the discussion at the beginning of the section, it suffices to build an m-path

containing at least 3v*n (&, v)-absorbers for every v e V.

Let A" be as in Proposition 7.4. Upon removing from A’ one &-absorber from each
intersecting pair, as well as all £&-absorbers containing vertices from R, we obtain a family
A which satisfies the following three conditions:

(1) [A] < 69%2n;
(7i) all £-absorbers in A are pairwise vertex disjoint;
(iti) for every v € V(G), there are at least 3'v*?n — 2v%n = 34n (&, v)-absorbers in
A’ where the last estimate follows from (7.1) and the fact that the absorbers in A’

are disjoint.

There is a routine way to create the desired absorbing m-path from A via repeated
applications of Lemma 6.2. Using Lemma 6.2, we connect the £-absorbers in A, one by
one, into one m-path A. Since each two consecutive -absorbers on the m-path A are
connected by a sub-m-path with ¢(k + 1)2*! internal vertices, by (7.1) and the inequality
m < l(k+1),

V(A)| < |A|- 2m + 0k + 1)28) < 69%2nl(k + 1)282 < %

as required. In each step of the application of Lemma 6.2, the set Z of forbidden vertices
consists of the initial set R, the vertices in the {-absorbers in A, and the vertices used for

the connections so far. Hence, by (7.1), even in the last step

7| < A < 29%n + 2 < <§7n
121 <RI +V(A) < 290+ 3 <9m < g,
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which legitimates repeated applications of Lemma 6.2. Note that the m-ends of the obtained
m-path A are -connectable, that is, A is {-connectable. Moreover, as stated in (iii), for
every vertex v € V(G) the m-path A contains at least 3y?n (disjoint) (&, v)-absorbers.
Consequently, for any set of vertices U of size |U| < 37?n, one can absorb all the vertices

from U into A obtaining an m-path Ay with the same ends as A. U

§8. COVERING LEMMA

Our approach is similar to the one in the proof of Proposition 2.4 in [4]. The main new
difficulty is to secure £-connectable ends of the constructed m-paths. Here is an outline of
the proof.

We work under the hierarchy of constants
e» Y E> Ty M L8> T > 7> C7h (8.1)

In the first step we will take a d-regular partition of the graph G — @) and show that the
associated reduced graph I' has a C%, ,-factor (Claim 8.1 below). Then we will show that
a.a.s. the subgraph of H = G U G(n,p) corresponding to any copy of C§, ., in T' can be
almost covered by not too many vertex-disjoint £-connectable m-paths (Claim 8.3 below).
The union of all these m-paths taken over all copies of C%,_, in a C%, . ,-factor of T' will
constitute the desired family of m-paths.

We begin with the deterministic part. Consider a d-quasirandom partition
VN =VVuViu...uVp
of G — Q. Let I" be the reduced graph with respect to the above partition, namely, the
vertex set of I' is [T'] and, for 1 < i < j < T, we include {1, j} into E(I') whenever (V;,V;)
is a d-quasirandom pair with density d;; = e(V;, V;)/|Vil|V;| = /3.
Claim 8.1. For all e,v,0 > 0 with v + 0 < €/6, there is Ty such that for all T = Ty, there

exists a C%,_o-factor K in T.

Proof. Take any €,7,0 > 0 with v + J < ¢/6. Via Theorem 5.9 with ¢ := ¢/3 and
F:=C% .o, choose Ty and let T' > T,. We first show that

k €
rNz=(——=+3)7T.
> (71 3)
Let us extend notation e(U, W) to intersecting sets U and W by counting twice the edges

contained in U n W. In particular, for any i = 1,...,T, e(V;, V) = Zvew degg(v). Thus,

using the minimum degree condition imposed on G,

k
- > —— “|n.
e(Vi, V) <k+1+8) \Viln
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On the other hand, using the bound |V;| < n/T, the d-quasirandomness of the partition
gives that

oV V) < eV QU )+ degr IV + (T —dege () (5 +9) mil*

d

Viln+ (5 + ) [Viln.

Combining these two estimates and assuming that y+d < £/6, we obtain, foralli =1,..., T,

k €
d )=z | ——+ 5 | T.
egr () (k: 1 3)
It is easy to check that x(C5,.,) = k + 1. Hence, the existence of a C}, ,,-factor K in I'

follows by Theorem 5.9 applied with ¢ := ¢/3, F' := C§,_, and G := T, for sufficiently
large T 0

the lower bound

Turning to the union H = G U G(n,p), we now describe an event £ = £(¢, M, 7) and
show that it holds for the random graph G(n,p) a.a.s. Fix a sequence X = (X1, .., Xogs2)
of disjoint subsets of V(G) and define a family F ()2 ) of copies of the graph

B:=(k+1)B({,r,2M)

as follows. Suppose that there is a copy of the ¢M-blow-up C% +o(fM) in G with each
vertex class U; € X;, 1 = 1,...,2k + 2. Then, we include in ]:(X) the unique copy B of B
which is given by decomposition (5.4) of Proposition 5.5 with ¢ := 2M, provided that the
ends of the resulting m-path Pp; 5, are {-connectable.

For any 7 > 0, let
S = {)2 = (X1, Xogyo) ]]:()?)\ > TR
The event € holds if for every X € ¢ there is a subgraph B € F(X) with B < G(n, p).

Claim 8.2. For every &, M, > 0, there is C = 1 such that for p = Cn=%" the event €

holds a.a.s.

Proof. Let ¢ = cg > 0 be a constant resulting from Proposition 5.7 with ¢ := 2M, F' := B,
F := F(X). Further, let C' > (2k + 3)/(ct2). Suppose that 7 # @, since otherwise &£
holds vacuously. For a given X € 7, let Y be the number of B € F (X) with B < G(n, p).
Then, by Proposition 5.7

IP(Y = 0) < IP(Y T\IIB/2> eXp{ T Ccn} = 0( (2k+2)n).
Since | 7] < 2(2k+2)n hy the union bound,

IP(ﬁg) < 2(2k+2)n « 0(2—(2k+2)n) _ 0(1)‘
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At the heart of the proof of Lemma 4.4 lies the following claim.

Claim 8.3. For alle > 0, T, and M, there exists £ > 0, v > 0, and 0 > 0 such that for
C = C(g, M,~) the following holds. If " is the reduced graph of a d-quasirandom partition
of G — Q defined above and K < V(I'), |K| = 2k + 2, induces a copy of C%,_, in T, then,
with Vg = Uiexe Vi a.a.s. all but at most 37*|V| vertices of H[Vik] can be covered by

vertex disjoint -connectable m-paths on (2k + 2)¢M wvertices.

Proof. Given € > 0, let 7,0 be as in Claim 8.1, i.e. 7+ § < ¢/6. In addition, let

(5"

and let M and T be arbitrary. Without loss of generality assume K = [2k + 2]. Let P be
a largest collection of vertex-disjoint &-connectable m-paths in H[Vk], each on (2k + 2)(M
vertices, with /M vertices in every Vi, i = 1,...,2k + 2. Let X; € V;, i € [2k + 2], be the

subset of V; consisting of all vertices not appearing on the m-paths in P. We have
‘X1| = ... = |X2k+2| =X

for some integer x. It suffices to prove that = < %72\‘/}].

Assume that this is not the case. We will show that X = (X1,..., Xokt2) € Z, which
will further imply, using property &, the existence of a {-connectable (2k + 2)¢M-vertex
m-path with vertex set contained in X7 U ... U Xoi,o, thus contradicting the maximality
of P.

Since K = [2k + 2] induces a copy of C%,_, in T, each pair (V;,V;), with i, j lying at
distance at most k on C%, ,, is 6-quasirandom in G with density d;; > /3.

Let €' be the family of copies of C%, ., in G[)? | with the property that each vertex
is contained in distinct X;, i € [2k + 2]. By Lemma 5.11 applied to F := C§, ., and
G := G[X], it follows that

Y| = ((g)eP - 6F5> ' = (%)GF (vpx)'F,

vp
2up

where ep = (2k + 2)k and vp = 2k + 2. We are about to apply Proposition 5.17 with
s := (. Let t(e,¢) and & be the resulting constants. Set t = max{t(e,(),(M}. First we
need to generate many copies of the t-blow-up of C%,_,. By Corollary 5.14 with ¢ := ¢,

(5

vEp )
2ug

d:=
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F:=0Ck ., G:= G[)Z'], and F := ', there are, for some 7 > 0, at least 7/(vpz)™F copies
of C%,_,(t) with each vertex class contained in distinct X;, i € [2k + 2]. Let Q" be the
family of all these copies. In particular, |Q"| = 7/(vpx)™r.

Fix one member of 2" with vertex classes Y1, ..., Yar, 2 and apply Proposition 5.17 with
s :={ twice, to Yi,..., Y1 and to Yiyo,. .., Yorio. This way we find in C%,,,(¢) a copy of
C%. . (0) with vertex classes Wi, ..., Wap0, W; © Vi © X, i = 1,ldots, 2k+2, and such that
the following property holds. For any m-tuple x = (z1,...,z,,) with {z1,..., 2.} € Wiy1,
{Zri1, o Tryet = Wi, oo AZm—e11, - - -, T} = W1 and for any m-tuple ¥’ = (2, ..., 2),)
with {@], ..., 2.} S Wiao, {2l 1, 2riy} = Wigs, oo, {2 _piqs -, 2, ) = Wagyo, both
7 and 7’ are &-connectable.

Let us extend arbitrarily this copy of C% . ,(¢) to a copy of C%. . ,(¢M) with vertex
classes U; such that W; c U; < Y, v+ = 1,...,2k + 2. We order its vertices so that the
associated copy of Py o0 (see decomposition (5.4)) begins with Wy, ..., Wy 1 and ends
with Wi o, ..., Wakio, so that its ends are &-connectable.

Let " denote the family of all copies of C%, . ,(¢M) in G [)2 ] as above. We just showed
that every member of 2" gives rise to at least one member of 2”. On the other hand, each

VR (t—éM)

member of ” can be obtained from at most x members of €2”. Thus, using the

bound |V;| = (1 — 6)n/T = n/(2T), the assumption z > $72|V;|, and setting

= 7o (7 AT) R, 8.3)
we have
/ t
"] > T (vpw)tr — Plergort 5 o rtM

= x’UF(t—EM)

and so X € . Let C = C(rp) be as in Claim 8.2. Then, a.a.s. the property £

holds, meaning that there is at least one copy of B in G(n,p) which, together with

a copy of C§ _,(¢M) from Q”, induces a ¢-connectable (2k + 2)¢M-vertex m-path in

Xlu...uX2k+2. O
Proof of Lemma /.4. Given ¢, let v < £/12 and M be so large that

((2k + 2)eM)~! < A3, (8.4)

Further, let £ = £(g,£) be as in Proposition 5.17. Next, choose an integer

42k + 1
TO = max {T0(5/37 C§k+2)a H} s

2
where Ty(g/3,C%, _,) is as in Theorem 5.9, and a constant § > 0 with

§ < ~*/4

N
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satisfying (8.2). Let 71 = T1(0, Tp) be given by Lemma 5.10. Finally, take 7 = 77, as in
(8.3) and C' = C(7) as in Claim 8.2.

Apply the Szemerédi Regularity Lemma (Lemma 5.10) to H \ @) with ¢ and T} to obtain
a partition VN Q =Vouw Vi w... v Vp, with Ty < T < Ti. Let I' be the reduced graph
with respect to that partition. By Claim 8.1 there exists a C}, ,,-factor K covering all
but at most 2k + 1 vertices of I'. Applying Claim 8.3 to each C%, ., in K, we obtain a
global family P of vertex disjoint &-connectable m-paths in H . @), each having exactly
(2k + 2)¢M vertices, covering all but at most

2k+1 1
5 7| n <y’
(—I— T +2’y>n Y'n

vertices of V' \. @) (Here we use our assumptions on ¢ and Tp). Moreover, the number of the

paths in P can be bounded from above by m which, by (8.4), is at most y*n. [

§9. CONCLUDING REMARKS

Recall that the first case not covered by Corollary 1.4 is k = 1 and m = 5. We will see
below that in this case the threshold, as defined in Definition 1.1, does not exist. The
reason is that the range of p = p(n) depends on « not only through the constant C' but also

through the exponent of n. We believe that in many other cases the same is true as well.

1

First, let us focus on the lower bound. For convenience, we switch from o to e = a — 3.

Claim 9.1. For each 0 < e < 1/9 there exists a constant ¢ = (¢) > 0 and a sequence of
n-vertex graphs G := G.(n) such that §(G.) = (3 + ) n and for allp < n='/*=¢

AE@P(GS U G(n,p(n))eC)) =0.

Proof. Fix 0 < & < 1/9 and define ¢/ = 72%_. Let p = o(n~"/*=%). Since p = o(n"'/2), by
Markov’s inequality the number of copies of K, in G(n,p) is a.a.s. o(n). Now consider
the graph G. as described in the proof of Theorem 1.3. Assume that H = G. u G(n, p)
contains a copy C of C?. After removing from H all vertices in Wy U W5 as well as at least
one vertex of each copy of Ky from G(n,p) we obtain a subgraph H < H on n—2en—o(n)
vertices. Observe that H' n C contains a 5-path P of length n/(2en + o(n)) > 5. As in
the proof of Theorem 1.3 one can show that G(n,p) n P contains a 2-path @ on ¢ > é
vertices. Observe that () has exactly 2¢ — 3 edges. Since

d —1+ k <1+d
20—3 2 49—-6 2

we have p = o(n~%(973)) and, hence, Markov’s inequality yields that a.a.s. G(n,p) contains

no 2-path on ¢ vertices, a contradiction. O
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For the upper bound it only follows from Theorem 1.2 applied with £ =1, { = 4 and
r = 1 that the threshold is O(n~%2). It turns out that representing m = 5 differently
(k=1,¢ =3 and r = 2) and taking a similar approach as in the proof of Theorem 1.2 one

can show a better bound.

Claim 9.2. For each € > 0 there exists a constant ' = "(¢) > 0 such that for all
p 2 n—1/2—6”
lim min P(G v G(n,p(n)) €C;) =1,

n—-o0 G

where the minimum is taken over all n-vertex graphs G with 0(G) = (% + 5) n.

Proof of Claim 9.2 (outline). The key to the improvement of the bound on p = p(n)

is a reformulation of Proposition 5.7 which yields the same bound P(X < 7¥p/2) <

exp{—Q(n)} under milder assumptions on p. This is because now mp = dp2,) = % < 2.

In fact, it is true in more generality that for ¢ > 2 and r = ¢—1 (in which case B(¢,r,t) = P},
v=1tl), forany H < B({,{ —1,t) = P!, setting v = vy,

¢ ¢

by < iy~ 1/@;1_) - () _ u(e;1_> - ()

This means that taking p = Cn~Yms = On~1/2+1/(6C=1) for sufficiently large t (in fact,

one should take ¢ = 2M, where M is defined in Section 8) one can repeat every step of the

proof of Theorem 1.2. O

Determining the exact ,threshold” for C3 is left for the future work.

= dpi1.

Finally, let us emphasize that throughout this paper we have always assumed that k£ > 1.
It would be interesting to have analogous results when &£ = 0, i.e., assuming only that the
minimum degree is a small fraction of n. It is known [2] that do;(n) = n~'. However, the
case m = 2 is open. Recall that without imposing any degree condition G(n,p) > C? a.a.s.
if p = O((log*n)/y/n) [10]. If we assume that 6(G) > en, then the complete bipartite
graph G. = K, (1—¢), implies, as in the proof of Claim 9.1, that for p = Q(n~127¢) with
some constant ¢ = ¢(g) there is no C? in G. U G(n,p). Is it true that the “threshold” is
o(n=12)?
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