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Abstract. We deal with two intimately related subjects: quasi-randomness and regular partitions. The purpose of
the concept of quasi-randomness is to measure how much a given graph “resembles” a random one. Moreover,
a regular partition approximates a given graph by a bounded number of quasi-random graphs. Regarding quasi-
randomness, we present a new spectral characterization of low discrepancy, which extends to sparse graphs. Con-
cerning regular partitions, we introduce a concept of regularity that takes into account vertex weights, and show that
if G = (V, E) satisfies a certain boundedness condition, then G admits a regular partition. In addition, building
on the work of Alon and Naor [4], we provide an algorithm that computes a regular partition of a given (possibly
sparse) graph G in polynomial time. As an application, we present a polynomial time approximation scheme for
MAX CUT on (sparse) graphs without “dense spots”.
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1 Introduction and Results

This paper deals with quasi-randomness and regular partitions. Loosely speaking, a graph is quasi-random if the
global distribution of the edges resembles the expected edge distribution of a random graph. Furthermore, a regular
partition approximates a given graph by a constant number of quasi-random graphs. Such partitions are of algorithmic
importance, because a number of NP-hard problems can be solved in polynomial time on graphs that come with regular
partitions. In this section we present our main results and discuss related work. The remaining sections contain the
proofs and detailed descriptions of the algorithms.

1.1 Quasi-Randomness: Discrepancy and Eigenvalues

Random graphs are well known to have a number of remarkable properties (e.g., excellent expansion). Therefore,
quantifying how much a given graph “resembles” a random one is an important problem, both from a structural and
an algorithmic point of view. Providing such measures is the purpose of the notion of quasi-randomness. While this
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concept is rather well developed for dense graphs (i.e., graphs G = (V, E) with |E| = 2(]V|?)), less is known in the
sparse case, which we deal with in the present work. In fact, we shall actually deal with (sparse) graphs with general
degree distributions, including but not limited to the ubiquitous power-law degree distributions (cf. [1]).

We will mainly consider two types of quasi-random properties: low discrepancy and eigenvalue separation. The
low discrepancy property concerns the global edge distribution and basically states that every set .S of vertices approx-
imately spans as many edges as we would expect in a random graph with the same degree distribution. More precisely,
if G = (V, E) is a graph, then we let d, signify the degree of v € V. Furthermore, the volume of aset S C V is
vol(S) = >, cgdv. In addition, if S,T" C V are disjoint sets, then e(S,T") denotes the number of S-T-edges in G
and e(S) is two times the number of edges spanned by the set S. For not necessarily disjoint sets S, T C V we let
e(S,T)=e(S\T, T\ S)+e(SNT).

Disc(e): We say that G has discrepancy at most € (“G has Disc(e)” for short) if

vol(S)?
~ vol(V)

VS cV: ’6(5’) < 2e - vol(V). (1)

To explain (1), let d = (d,)ycv, and let G(d) signify a random graph with expected degree distribution d; that is,
any two vertices v, w are adjacent with probability p,,, = d,d,,/vol(V') independently. Then in G(d) the expected
number of edges inside of S C V equals % 2 (o,w)es? Pow = 1vol(S)?/vol(V). Consequently, (1) just says that for
any set S the actual number of edges inside of S must not deviate from what we expect in G(d) by more than an
e-fraction of the total volume.

An obvious problem with the bounded discrepancy property (1) is that it seems quite difficult to check whether
G = (V, E) satisfies this condition. This is because apparently one would have to inspect an exponential number of
subsets S C V. Therefore, we consider a second property that refers to the eigenvalues of a certain matrix representing
G. More precisely, we will deal with the normalized Laplacian L(G), whose entries (4, )0 wev are defined as

1 ifv =wandd, > 1,
low = { —(dydy) ™2 if v, w are adjacent,
0 otherwise;

Due to the normalization by the geometric mean +/d,d,, of the vertex degrees, L(G) turns out to be appropriate for
representing graphs with general degree distributions. Moreover, L(G) is well known to be positive semidefinite, and
the multiplicity of the eigenvalue 0 equals the number of connected components of G (cf. [9]).

Eig(0): Letting 0 = Ay [L(G)] < --- < Ay [L(G)] denote the eigenvalues of L(G), we say that G has J-eigenvalue
separation (“G has Eig(0)”)if 1 — & < A2 [L(G)] < Ay [L(G)] < 1 +4.

As the eigenvalues of L(G) can be computed in polynomial time (within arbitrary numerical precision), we can
essentially check efficiently whether G has Eig(d) or not.

It is not difficult to see that Eig(d) provides a sufficient condition for Disc(e). That is, for any € > 0 there is a
d > 0 such that any graph G that has Eig(J) also has Disc(e). However, while the converse implication is true if G
is dense (i.e., vol(V) = 2(|V|?)), it is false for sparse graphs. In fact, providing a necessary condition for Disc(¢) in
terms of eigenvalues has been an open problem in the area of sparse quasi-random graphs since the work of Chung and
Graham [ 1]. Concerning this problem, we basically observe that the reason why Disc(e) does in general not imply
Eig(0) is the existence of a small set of “exceptional” vertices.

ess-Eig(0): We say that G has essential 6-eigenvalue separation (“G has ess-Eig(9)”) if there is a set W C V of
volume vol(W) > (1 — §)vol(V') such that the following is true. Let L(G)w = ({yw )v,wew denote the minor of
L(G) induced on W x W, and let Ay [L(G)w] < --- < A\jw| [L(G)w] signify its eigenvalues. Then we require
that 1 —§ < A2 [L(G)w] < Alw| [L(G)w] < 1+46.

Theorem 1. There is a constant v > 0 such that the following is true for all graphs G = (V, E) and all € > 0.
1. If G has ess-Eig(e), then G satisfies Disc(104/¢).



2. If G has Disc(ve?), then G satisfies ess-Eig(e).

The main contribution is the second implication. Its proof is based on Grothendieck’s inequality and the duality the-
orem for semidefinite programs. In effect, the proof actually provides us with an efficient algorithm that computes a
set W as in the definition of ess-Eig(e). The second part of Theorem 1 is best possible, up to the precise value of the
constant 7y (see Section 06).

1.2 The Algorithmic Regularity Lemma

Loosely speaking, a regular partition of a graph G = (V, E) is a partition of (V7,...,V;) of V such that for “most”
index pairs 1 < ¢ < j < t the bipartite subgraph spanned by V; and V} is quasi-random. Thus, a regular partition
approximates GG by quasi-random graphs. Furthermore, the number ¢ of classes may depend on a parameter ¢ that rules
the accuracy of the approximation, but it does not depend on the order of the graph G itself. Therefore, if for some
class of graphs we can compute regular partitions in polynomial time, then this graph class will admit polynomial time
algorithms for various problems that are NP-hard in general.

In the sequel we introduce a new concept of regular partitions that takes into account a given “ambient” weight
distribution D = (D, ),ev, which is an arbitrary sequence of rationals between 1 and n = |V'|. We will see at the end
of this section how this relates to the notion of quasi-randomness discussed in the previous section. Let G = (V, E)
be a graph. For subsets X, Y C V we set

e(X,Y)
D(X)D(Y)’

Further, we say that for disjoint sets X, Y C V the pair (X,Y) is (&, D)-regular if forall X’ C X,Y’ C Y satisfying
D(X'") >eD(X), D(Y’') > eD(Y) we have

o(X,Y) = where D(U) = >, oy Dy forany U C V.

(X" Y") ~ o(X, V) D(x)D()| < - PEIDT)

S TDm) 2

Roughly speaking, (2) states that the bipartite graph spanned by X and Y is “quasi-random” with respect to the vertex
weights D.

In the present notation, Szemerédi’s original regularity lemma [23] states that every graph G' admits a regular
partition with respect to the weight distribution D(v) = n for all v € V. However, if G is sparse (i.e., |E| < |V [?),
then such a regular partition is not helpful because the bound on the r.h.s. of (2) exceeds | E'|. To obtain an appropriate
bound, we would have to consider a weight distribution such that D(v) < n for (at least) some v € V. But with
respect to such weight distributions regular partitions do not necessarily exist. The basic obstacle is the presence of
large “dense spots” (X,Y), where e(X,Y") is far bigger than the term D(X)D(Y) suggests. To rule these out, we
consider the following notion.

(C,n, D)-boundedness. Let C > 1 and p > 0. A graph G is (C,n, D)-bounded if for all X,Y C V with
D(X),D(Y) > nD(V) we have o(X,Y)D(V) < C'.

To illustrate the boundedness condition, consider a random graph G(D) with expected degree sequence D such
that D(V') > n. Then for any two disjoint sets X, Y C V we have E [e(X,Y)] = D(X)D(Y)/D(V) + o(D(V)).
Hence, Chernoff bounds imply that for all X,Y simultaneously we have e(X,Y) = D(X)D(Y)/D(V) + o(D(V))
with probability 1 — o(1) as n — oo. Therefore, for any fixed > 0 the random graph G(D) is (1 + o(1),n, D)
bounded with probability 1 — o(1).

Now, we can state the following algorithmic regularity lemma for graphs with general degree distributions. which
does not only ensure the existence of regular partitions, but also that such a partition can be computed efficiently. We
let (D) signify the encoding length of a weight distribution D = (D,,)ycv, i.e., the number of bits that are needed to
write down the rationals (D,),cy . Observe that (D) > n.

Theorem 2. For any two numbers C > 1 and € > 0 there exist n > 0 and ng > 0 such that for all n > ng and every
sequence of rationals D = (D) ey with |V]| =nand 1 < D, < n forall v € V the following holds. If G = (V, E)
is a (C,n, D)-bounded graph and D(V') > n~'n, then there is a partition P = {V;: 0 < i < t} of V that satisfies
the following two properties:



REG1. (a) nD(V) < D(V;) <eD(V) foralli =1,...,1,
(b) D(Vy) <eD(V), and
(c) |D(V;) — D(V;)| < maxyev Dy forall1 <i<j<t.
REG2. Let L be the set of all pairs (i, j), 1 <1i < j <t such that (V;,V}) is not (¢, D)-regular. Then

Y D(Vy)D(V;) <eD(V)*.
(1,7)€L

Furthermore, for fixed C' and ¢ the partition P can be computed in polynomial time. More precisely, there exist a
function f and a polynomial IT such that the partition P can be computed in time f(C,¢) - II({D)).

Condition REG1 states all of the classes Vi,.. ., V; have approximately the same, non-negligible weight, while
the “exceptional” class Vj has a “small” weight. Also note that due to REG1(a) the number of classes ¢ of the partition
P is bounded by 1/7, which only depends on C' and €, but not on G, D, or n. Moreover, REG2 requires that the total
weight of the irregular pairs (V;, V;) is small relative to the total weight. Thus, a partition P that satisfies REG1 and
REG2 approximates GG by a bounded number of bipartite quasi-random graphs.

We illustrate the use of Theorem 2 with the example of the MAX CUT problem. While approximating MAX CUT
within a ratio better than % is NP-hard on general graphs [19,24], the following theorem provides a polynomial time
approximation scheme for (C, 7, D)-bounded graphs.

Theorem 3. For any 6 > 0 and C' > 1 there exist two numbers 1 > 0, ng > 0 and a polynomial time algorithm
ApxMaxCut such that for all n > ng and every sequence of rationals D = (D,)ycy with |V =nand1 < D, <n
forallv €V the following is true. If G = (V, E) is a (C, 1, D)-bounded graph and D(V') > n~n, then ApxMaxCut
outputs a cut of G that approximates the maximum cut up to an additive error of 6| D(V)|.

Finally, let us discuss a few examples and applications of the above results.

1. If welet D(v) = nforall v € V, then Theorem 2 is just an algorithmic version of Szemerédi’s regularity lemma.
Such a result was established previously in [3].

2. Suppose that D(v) = d for some number d = d(n) = o(n). Then the above notions of regularity and boundedness
coincide with those of the classical “sparse regularity lemma” of Kohayakawa [2 1] and R6dl (unpublished). Hence,
Theorem 2 provides an algorithmic version of this regularity concept. This result has not been published previously
(although it may have been known to experts in the area that this can be derived from Alon and Naor [4]). Actually
devising an algorithm for computing a sparse regular partition is mentioned as an open problem in [21].

3. For a given graph G = (V, E) we could just use the degree sequence as a weight distribution, i.e., D(v) = d,, for
allv € V. Then D(U) = vol(U) for all U C V. Hence, the notion of regularity (2) is closely related to the notion
of quasi-randomness from Section 1.1. The resulting regularity concept is a generalization of the “classical” sparse
regularity lemma. The new concept allows for graphs with highly irregular degree distributions.

1.3 Further Related Work

Quasi-random graphs with general degree distributions were first studied by Chung and Graham [10]. They considered
the properties Disc(e) and Eig(¢), and a number of further related ones (e.g., concerning weighted cycles). Chung
and Graham observed that Eig(d) implies Disc(e), and that the converse is true in the case of dense graphs (i.e.,
vol(V) = 2(|V[2)).

Regarding the step from discrepancy to eigenvalue separation, Butler [8] proved that any graph G such that for all
sets X, Y C V the bound

le(X,Y) — vol(X)vol(Y)/vol(V)| < ey/vol(X)vol(Y) 3)

holds, satisfies Eig(O(e(1 —1ne¢))). His proof builds upon the work of Bilu and Linial [6], who derived a similar result
for regular graphs, and on the earlier related work of Bollobas and Nikiforov [7].

Butler’s result relates to the second part of Theorem 1 as follows. The r.h.s. of (3) refers to the volumes of the sets
X, Y, and may thus be significantly smaller than evol(V'). By comparison, the second part of Theorem 1 just requires



that the “original” discrepancy condition Disc(6) is true, i.e., we just need to bound |e(S) — vol(S)?/vol(V)| in
terms of the total volume vol(V'). Hence, Butler shows that the “original” eigenvalue separation condition Eig follows
from a stronger version of the discrepancy property. By contrast, Theorem | shows that the “original” discrepancy
condition Disc implies a weak form of eigenvalue separation ess-Eig, thereby answering a question posed by Chung
and Graham [10,11]. Furthermore, relying on Grothendieck’s inequality and SDP duality, the proof of Theorem 1
employs quite different techniques than [6,7,8].

In the present work we consider a concept of quasi-randomness that takes into account vertex degrees. Other
concepts that do not refer to the degree sequence (and are therefore restricted to approximately regular graphs) were
studied by Chung, Graham and Wilson [12] (dense graphs) and by Chung and Graham [ 1] (sparse graphs). Also in
this setting it has been an open problem to derive eigenvalue separation from low discrepancy. Concerning this simpler
concept of quasi-randomness, our techniques yield a similar result as Theorem 1 as well. The proof is similar and we
omit the details.

Szemerédi’s original regularity lemma [23] has become an important tool in various areas, including extremal
graph theory and property testing. Alon, Duke, Lefmann, Rodl, and Yuster [3] presented an algorithmic version,
and showed how this lemma can be used to provide polynomial time approximation schemes for dense instances of
NP-hard problems (see also [22] for a faster algorithm). Moreover, Frieze and Kannan [13] introduced a different algo-
rithmic regularity concept, which yields better efficiency in terms of the desired approximation guarantee. Both [3,13]
encompass Theorem 3 in the case that D(v) = n for all v € V. The sparse regularity lemma from Kohayakawa [21]
and R&dl (unpublished) is related to the notion of quasi-randomness from [ 1]. This concept of regularity has proved
very useful in the theory of random graphs, see Gerke and Steger [15].

2 Preliminaries

2.1 Notation

If S C V is a subset of some set V, then we let 15 € RY denote the vector whose entries are 1 on the components
corresponding to elements of S, and 0 otherwise. More generally, if £ € RY is a vector, then {5 € RV signifies the
vector obtained from £ by replacing all components with indices in V' \ S by 0. Moreover, if A = (Gyw)v,wev 1S a
matrix, then As = (@ )v,wes denotes the minor of A induced on S x S. Further, for a vector £ € RY we let |||
signify the ¢3-norm, and for a matrix M € RV >V we let

YT L (ME )

max = max
o£¢eRV |I€]] emervi{o} [I€]] - ||n]]

denote the spectral norm.

If £ = (& )vev is a vector, then diag(€) signifies the V' x V matrix with diagonal £ and off-diagonal entries
equal to 0. In particular, E = diag(1) denotes the identity matrix (of any size). Moreover, if M is a v X v matrix, then
diag(M) € R” signifies the vector comprising the diagonal entries of M. If both A = (a;;)1<i j<v, B = (bij)1<i j<v
are v X v matrices, then we let (A4, B) = >/, a;;b

If M is a symmetric v X v matrix, then

i

)\1 [M] < S)‘V[M} :)\max[M]

denote the eigenvalues of M. We will occasionally need the Courant-Fischer characterizations of Ao and Ay, ax, Which
read

A2 [M] = in (M Amax [M] = M¢, , Chapter 7]). 4
2 [M] Oggﬁuugl”ﬁ:1< £,8) . [M] CeRrym:l< ¢,¢)  (see[5, Chapter 7]) 4)

Recall that a symmetric matrix M is positive semidefinite if Ay [M] > 0. In this case we write M > 0. Furthermore,
M is positive definite if A; [M] > 0, denoted as M > 0. If M, M’ are symmetric, then M > M’ (resp. M > M’)
denotes the fact that M — M’ > 0 (resp. M — M’ > 0).



2.2 Grothendieck’s inequality

An important ingredient to our proofs and algorithms is Grothendieck’s inequality. Let M = (m;;); jez be a matrix.
Then the cut-norm of M is

| M]|.c = max Z mgj| .

1,JCT
(i,5)EIxT
In addition, consider the following optimization problem:
SDP(M) = max Z mij (T, y;) st Vi €T : |lagl| = lwill = 1, x4, 5 € R %)

ijE€T

This can be reformulated as a linear optimization problem over the cone of positive semidefinite 2|Z| x 2|Z| matrices,
i.e., as a semidefinite program (see Alizadeh [2]).

Lemma 4. For any v X v matrix M we have

1
SDP(M) = 2maX<<(1) (1)) ® M,X> st diag(X) =1, X >0, X € R**%, (6)

Proof. Let x1,...,29, € R? be a family of unit vectors such that SDP(M) = ¥ 1 Mij (T, %54.). Then we

4,j=
obtain a positive semidefinite matrix X = (z; j)1<i j<2. by setting ; ; = (z;, ;). Since z; ; = ||lz:||? = 1 for all 4,
this matrix satisfies diag(X) = 1. Moreover,

01 v v
<(1O>®M,X>22m,ﬂ:m+u22ml] <£CZ',I]’+,,>. (7)

1,j=1 i,j=1

Hence, the optimization problem on the r.h.s. of (6) yields an upper bound on SDP(M).

Conversely, if X = (x”) is a feasible solution to (6), then there exist vectors x1,..., 22, € R?” such that
z; j = (z;,;), because X is positive semidefinite. Moreover, since diag(X) = 1, we have 1 = z;; = ||z;||?. Thus,
z1,...,To, is a feasible solution to (5), and (7) shows that the resulting objective function values coincide. a

Grothendieck [17] established the following relation between SDP (M) and || M ||

cut®

Theorem 5. There is a constant 0 > 1 such that for all matrices M we have || M|, < SDP(M) <0 - || M||

cut cut *

Since by Lemma 4 SDP (M) can be stated as a semidefinite program, an optimal solution to SDP (M) can be ap-
proximated in polynomial time within any numerical precision, e.g., via the ellipsoid method [18]. By applying an
appropriate rounding procedure to a near-optimal solution to SDP (M), Alon and Naor [4] obtained the following
algorithmic result.

Theorem 6. There are a constant 0’ > 0 and a polynomial time algorithm ApxCutNorm that on input M computes
two sets I, J C T such that 0" - | M| ., < |>;cr jes M-

Alon and Naor presented a randomized algorithm that guarantees an approximation ration ' > 0.56, and a determin-
istic one with #” > 0.03. Finally, we need the following dual characterization of SDP. The proof can be found in the
next section, Section 2.3.

Lemma 7. For any symmetric n X n matrix Q we have SDP(Q) = n-min ern». »11 Amax [(? (1)> ® Q — diag (z)} .



2.3 Proof of Lemma 7

The proof of Lemma 7 relies on the duality theorem for semidefinite programs. For a symmetric n X n matrix () set

Q=1 ((1) é) ® Q. Furthermore, let

DSDP(Q) = min (1,y) s.t. @ < diag(y), y € R*".
Lemma 8. We have SDP(Q) = DSDP(Q).
Proof. By Lemma 4 we can rewrite the vector program SDP(Q)) in the standard form of a semidefinite program:
SDP(Q) = max (Q, X) s.t. diag(X) =1, X >0, X € RZWx(n),

Since DSDP(Q) is the dual of SDP((Q), the lemma follows directly from the SDP duality theorem as stated in [20,
Corollary 2.2.6]. g

To infer Lemma 7, we shall simplify DSDP and reformulate this semidefinite program as an eigenvalue minimiza-
tion problem. First, we show that it suffices to optimize over ¢ € R" rather than y € R?".

Lemma 9. Let DSDP'(Q) = min2 (1,y) s.t. Q < diag((;) ® y'), ¥’ € R™. Then DSDP(Q) = DSDP'(Q).

Proof. Since for any feasible solution 3’ to DSDP’(Q) the vector y = G) ® y' is a feasible solution to DSDP(Q),
we conclude that DSDP(Q) < DSDP’(Q). Thus, we just need to establish the converse inequality DSDP’(Q) <
DSDP(Q).

To this end, let 7(Q) C R*" signify the set of all feasible solutions y to DSDP((). We shall prove that F(Q) is
closed under the linear operator

A R2n - RQna (yla---7yn;yn+17---7y2n) = (y7l+15"'ay2nay17"' ;yn),

ie., Z(F(Q)) C F(Q); note that T just swaps the first and the last n entries of y. To see that this implies the assertion,

consider an optimal solution y = (y;)1<i<2, € F(Q). Then 3(y + Zy) € F(Q), because F(Q) is convex. Now, let

Y = (y})1<i<n be the projection of 3(y + Zy) onto the first n coordinates. Since % (y + Zy) is a fixed point of Z, we
have £ (y + Zy) = (}) ® y'. Hence, the fact that % (y + Zy) is feasible for DSDP(Q) implies that y’ is feasible for
DSDP’(Q). Thus, we conclude that DSDP’(Q) < 2(1,y') = (1,y) = DSDP(Q).

To show that F(Q) is closed under Z, consider a vector y € F(Q)). Since diag(y) — Q is positive semidefinite, we

have
vn € R*™ : ((diag(y) — Q)n,n) > 0. (8)

The objective is to show that diag(Zy) — Q is positive semidefinite, i.e.,
V¢ € R*" : ((diag(Ty) — Q)¢,€) > 0. ©)

To derive (9) from (8), we decompose y into its two halfs y = (:j) (u,v € R™). Then Zy = (Z) Moreover, let
&= (g) € R2" be any vector, and set n = Z¢ = (g) We obtain

<Q04,ﬁ> ;_ <Q/81 a> _ ((dlag(y) _ Q)n777> go)

((diag(Zy) — Q)¢, &) = (diag(v)av, ) + (diag(u)B, ) —
thereby proving (9). a

Proof of Lemma 7. Let

DSDP”(Q) =n- min Apax K(l) (1)) ® @ + diag <1) ® z} .

zeR",z11



By Lemmas 8 and 9, it suffices to prove that DSDP’(Q) = DSDP”(Q).

To see that DSDP”(Q) < DSDP’(Q), consider an optimal solution 3’ to DSDP’(Q). Let A = n=! (1,%’) and
2z =2(A1 — /). Then (z,1) = 2(n\ — (1,%')) = 0, whence z is a feasible solution to DSDP”(Q). Furthermore, as
y' is a feasible solution to DSDP’(Q), we have

1 1
(?é) ®Q=20< 2diag(1> ®y = 2)\E—diag<1) ® z,

01

where F is the identity matrix. Hence, the matrix 2\ E — ( 10

) ®Q—diag(}) ®z s positive semidefinite. This implies

01

that all eigenvalues of (O 1 ) ® Q + diag(}) ® z are bounded by 2, i.e., Amax [( 10

10 )®Q+diag(})®z <2\

Asa consequence,

DSDP"(Q) < nAmax K? (1)) ® Q + diag G) ® z} < 2n\=2(1,y) = DSDP'(Q).

Conversely, consider an optimal solution z to DSDP”(Q). Set

1= Amax [(?é) ®Q+diag(i> ®Z} =n"'DSDP"(Q), ¥ = %(ul - 2).

01
10

01

Since all eigenvalues of ( ) ®Q + diag(}) ® z are bounded by p, the matrix pFE — (1 O) ®Q — diag(}) ®z

is positive semidefinite, i.e., <(1) (1)) Q< uE — diag(}) ® z. Therefore,

1/01 1 1 AU
Q—2(10>®Q§2<MEd1ag<1>®z>—d1ag<1>®y.

Hence, 3/ is a feasible solution to DSDP’(Q). Furthermore, since z | 1 we obtain
DSDP'(Q) < 2(1,y') = un = DSDP”(Q),

as desired. O

3 Quasi-Randomness: Proof of Theorem 1

3.1 From Essential Eigenvalue Separation to Low Discrepancy

We prove the first part of Theorem 1. Suppose that G = (V| E) is a graph that admits a set W C V of volume
vol(W) > (1 — €)vol(V) such that the eigenvalues of the minor Ly of the normalized Laplacian satisfy

1= < Ao [Lw] < Amax [Lw] < 1 +¢. (10)

We may assume without loss of generality that £ < 0.01. Our goal is to show that G has Disc(104/¢).

Let A = (V/d,)vew € RW. Hence, A is a real vector indexed by the elements of 1. Moreover, let Ly denote
the matrix whose vw’th entry is (dvdw)_% if v, w are adjacent, and 0 otherwise (v, w € W), so that Lyy = E — Lyy.
Further, let My, = vol(V) "' AAT — Ly, . Then for all unit vectors £ L A we have

Lwé—§=—Lw§=Mw¢. (1)
Moreover, for all S C W )
| vol(S)
(M ds. Ag)] = | ST —e(S)]. (12)

The key step of the proof is to derive the following bound on the operator norm of My .



Lemma 10. We have || My || < 104/e.

If it were the case that W = V, then Lemma 10 would be immediate. For if W = V, then A is an eigenvector of
L = Ly with eigenvalue 0. Hence, the definition My, = || A||72AAT — E+ Ly ensures that My A = 0. Moreover,
forall ¢ 1 A we have My € = (Lyw — E)&, whence (10) implies that | My || < max{|A2 [Lw] — 1], |[Amax [Lw] —
1} <e.

But of course generally W is a proper subset of V. In this case A is not necessarily an eigenvector of Ly . In fact,
the smallest eigenvalue of Ly may be strictly positive. In order to prove Lemma 10 we will investigate the eigenvector
¢ of Ly, with the smallest eigenvalue A\ [Ly] and show that it is “close” to A. Then, we will use (10) to derive the
desired bound on || Myy||.

Proof of Lemma 10. Let ¢ be a unit length eigenvector of Ly, with eigenvalue A; [Lyy]. There is a decomposition
A = ||A] - (s¢ + tx), where s> + 2 = 1 and xy L ( is a unit vector. Since (LA, A) = e(W,V \ W) <
vol(V '\ W) < evol(V) and || A[|? = vol(W) > (1 — &)vol(V) > 0.99vol(V), we have

2e > |A| 7 (Lw A, A) = > (Lw(, ¢) + 12 (Lwx, X) - (13)

As x is perpendicular to the eigenvector ¢ with eigenvalue \; [Ly], Courant-Fischer (4) and (10) yield (L x, x) >
A2 [Lw] > % Hence, (13) implies 2¢ > t2 /2. Consequently,

t2 <4e, andthus s> 1—4e. (14)
Now, let £ 1 A be a unit vector, and decompose £ = x( + yn, where L ( is a unit vector. Because ( =
s71 (”A” tx) we have v = ((,€) = s7! <HAH7£> L{x,§) = =L (x,§) . Hence, (14) implies 2% < 5¢ and

y? > 1 — 5¢. Combining these two estimates with (10) and (11), we conclude that |Mw&| = ||[Lw& — &|| <
(1 — A1 [Lw]) + yl[Lwn — n|| < 31/e. Hence, we have established that

wél

sup [IMw £l < 3y/e. (15)
ozela €Il
Furthermore, since || A||? = vol(W), (12) implies
(Miwd, 2 |vol(W)  e(W)
A2 [vol(V) — vol(W) ‘
vol(W)  e(W) e(W) e(W)
vol(V) VOI(V)’ vol(W) — vol(V)
e(W,VAW) e(W)(vol(V) — vol(W))
 vol(V) vol(V)vol(W)
e(W,V\W)  vol(V\W) _ 2vol(V\ W)
< (16)
vol(V) vol(V) vol(V)
As we are assuming that vol(W) > (1 —¢)vol(V), we obtain || A =2 [(Mw A, A)| < 2¢. Finally, combining this last
estimate with (15), we conclude that || M/ || < 104/e. |

Lemma 10 easily implies that G has Disc(10+/¢). For let R C V be arbitrary, set S = RNW,andletT = R\ W.
Since || Ag||? = vol(S) < vol(V'), Lemma 10 and (12) imply that

vol(S)?

vol(V)

Furthermore, as vol(W) > (1 — &)vol(V),
e(R) —e(S) < e(T) + 2¢e(S,T) < 2vol(T) < 2vol(V \ W) < 2evol(V), and
vol(R)? — vol(S9)? < vol(T)? n vol(S)vol(T) _ vol(V \ W)?
2vol(V) 2vol(V) vol(V) 2vol(V)

- e<s>\ < [ M| - |14s] < 10VZvol(V). an

IN

+ vol(V \ W) < 2evol(V).

Combining these two estimates with (17), we see that VOI((RV); —e(R)| < 204/evol(V), i.e., G satisfies Disc(104/¢).



3.2 From Low Discrepancy to Essential Eigenvalue Separation

In this section we establish the second part of Theorem 1. Let 6 denote the constant from Theorem 5 and set v =
1075/6. Assume that G = (V, E) is a graph that has Disc(y&?) for some ¢ < 0.001. In addition, we may assume
without loss of generality that G has no isolated vertices. Let d,, denote the degree of v € V, let n = |V, and set
d = vol(V)/n = 3, .y dv/n. Our goal is to show that G has ess-Eig(e). To this end, we introduce an additional

property.

Cut(d): We say G has Cut(9) if the matrix M = (M )y wev With entries

My = dodw__ e(v, w)
Y vol(V) ’

has cut norm || M|, < d - vol(V); here e(v, w) = 1 if {v,w} € E and e(v, w) = 0 otherwise.

cut
Proposition 11. For any § > 0 the following is true: if G satisfies Disc(0.019), then G satisfies Cut(9).

Proof. Suppose that G = (V, E') has Disc(0.015). We shall prove below that for any two S, T C V

[(M1g,17)| < 0.036vol(V)if SN T = 0, (18)
[(M1g,17)| < 0.026v0l(V) if S = T. (19)

To see that (18) and (19) imply the assertion, consider two arbitrary subsets X, Y C V. Letting Z = X NY and
combining (18) and (19), we obtain

(M1x,1y)| < [(M1x\z, 1\ z)| + [(M1z,15 2)| + [(M1z,1x\2)| +2|(M1z,12)]|
< ovol(V).

Since this bound holds for any X, Y, we conclude that ||M||_ . < dvol(V).
To prove (18), we note that Disc(0.016) implies for disjoint sets S and T’

vol(S)? vol(T)?
’e( ) — vol(V) < 0.026vol(V), ’e(T) ~ oY) < 0.026vol(V), (20)
(vol(S) + vol(T))?
e(SUT) — vol(V) < 0.026vol(V). 21
If S and T are disjoint, (20)—(21) yield
B _ vol(S)vol(T)
[ (0015.17) | = |e(5,7) - D)
1 B _ ~ (vol(S) + vol(T))? — vol(S)? — vol(T)?
=3 e(SUT)—e(S)—e(T) Vol (V)
1 vol(S)2| 1 vol(T)?] 1 (vol(S) + vol(T))?
=3 ‘e( )= Sy | T2 1D Sy | e YT T T am
< 0.038vol(V),
whence (18) follows. Finally, as | (M1g,15) | = ‘e(S) — "V‘f)ll((s"/); , (19) follows from (20). O

Let D = diag(d,),ecv be the matrix with the vertex degrees on the diagonal. Let M = D=3 MD~%. Then the
vw’th the entry of M is Vv(fll’(’é“)’ — (dydy) "2 if v, w are adjacent, and vvgil’(’{‘i/“)’ otherwise. Establishing the following
lemma is the key step.

Lemma 12. Suppose that SDP(M) < &2vol(V')/64. Then there exists a subset W C 'V of volume vol(W) >
(1 —¢&) - vol(V) such that | Mw| < e.

10



Proof. Recall that d = vol(V')/n. Lemma 7 implies that there is a vector 1 1. z € RY such that
Amax K? (1)) ® M — diag (zﬂ = SDP(M)/n < £2d/64. (22)
z

Basically T is going to be the set of all v such that |z,| is small (and such that d,, is not too small). On the minor
induced on W x W the diagonal matrix diag (?) has little effect, and thus (22) will imply the desired bound on || My ||.
To carry out the details we need to define W precisely, bound || My ||, and prove that vol(W) > (1 — &)vol(V).

Lety = D7 'zand U = {v € V : d, > ed/8}. Let ¢ = (yu)ver and 2’ = (2,)yer. Since all entries of the
restricted diagonal matrix Dy exceed ed /8, we have

01 ) !
s (1) © 0 - (7,
10 -1 01 (7 10 -1
= Amax {<01)®DU .[(1O>®MUdlag(zl>}.<01)®DU }
- 01 . !
<8 (gd) 1/\max [(1 0) ® My — dlag(;>}
<8(ed) A [(?é) @ M — diag(i)] 2 e/ 23)

Let W = {v € U : |y,]| < ¢/8} and let y" = (y)pew. Then Hdiag(z::)ﬂ < ¢/8, because the norm of a diagonal
matrix equals the largest absolute value of an entry on the diagonal. Therefore, (23) yields

01 01 . Yy ) !
)\max l:(l 0) ®MW:| S )\max |:<1 0) ®MW — d1ag<y”)] —+ ’ dl&g(yn
01 ' y/ ' y//

< Amax Kl 0) ® My — diag (y’)} + ‘ diag (y” <e/4. (24)

Further, (24) implies that || My || < €. To see this, consider a pair £,7 € R" of unit vectors. Then (24) and Courant-
Fischer (4) yield

e (28) o] (8 o0 (9)

= <</\4W77>7 <§)> = (Mwn, &) + (Mw&,n) =2{Mwé&,n) [as My is symmetric].
Mwg) \n

Since this holds for any pair £, 1), we conclude that | My || < e/4 < e.
Finally, we need to show that vol(W) is large. To this end, we consider the set S = {v € V : 2z, < 0}. Since

vol(V) = dn > d|S|, we have
e2vol(V) _ e%d|S| e%d 15\ |° 01 z 1s
-2, > —di :
st |2 2 [(10) o20-ame(C) | G2)

32 32

2

[due to (22)]

- < K(l) (1)) ® M~ diag C)] ' Gz)’ (ii) > [by Courant-Fischer (4)]
:2<M15715>—222v, 25)
veS

Further, Theorem 5 implies | (M1g,1s)| < [|M]|.,, < SDP(M) < e?vol(V)/64. Inserting this into (25) and
recalling that z,, < 0 for all v € S, we conclude that ), ¢ |2, < e?vol(V)/16. Since z L 1, this actually implies
>vev 20| < €%vol(V)/8. As z = Dy and |y,| > e/8 forallv € V' \ W, we obtain

evol(VAW)/8< Y dufynl = D 2] < ¥vol(V)/8.

veEV\W veEV\W

Hence, vol(V \ W) < evol(V), which implies vol(W) > (1 — &)vol(V). |

11



Finally, we show how it implies that G has ess-Eig(¢). Assume that G' has Disc(y22). By Proposition 11 this
implies that G satisfies Cut(100ve?). Hence, Theorem 5 shows SDP(M) < Be2vol(V) for some 0 < 3 < 1006-.
Thus, by Lemma 12 and our choice of «y there is a set W such that vol(W) > (1 — /10)vol(V') and | Mw | < &/10.
Furthermore, Myy relates to the minor Ly of the Laplacian as follows. Let Lyy = E — Ly, be the matrix whose
vw’th entry is (d,d,,)~'/? if v,w € W are adjacent, and 0 otherwise. Moreover, let A = (v/d,),ew € RW. Then
My =vol(V)"*AAT — Ly . Therefore, for all unit vectors & L A we have

[(Lw¢, &) — 1| = [(Lw&, §)] = [(Mw¢, §)| < [Mw]| < e/10. (26)
Combining (26) with the Courant-Fischer (4), we obtain

o [Lw] = in (L > min (L >1-e. 27
2llwl= max  min (Lw( &> min  (Lwé ) >1-e 27)

To bound Ayayx [Lw] as well, we need to compute || Ly Al|2. To this end, recall that the row of Ly corresponding to a
vertex v € V contains a one at position v. For w # v the entry is —(d, dw)’% if v and w are adjacent, and 0 otherwise.
Hence, the v-entry of the vector Ly A equals

A e(v, W) d, —e(v,W)
A— Y =\/d, - = :
weW:{v,w}eE \/E \/E

Since [|A||2 =3,y dv = vol(W) > (1 — £/10)vol(V), we obtain

[LwAl* Z (e(v, W) — du)?

AP - vol(7)
veW
1 dy —e(v,W) _ 2vol(V\ W)
ST ey S ey <o 28)

Further, decomposing any unit vector n € R" as n = af|A|| 1A + 3¢ with a unit vector ¢ | A and o? + 3% = 1,
we get

(Lwn,n) = (Lw (af| A7 A+ 8¢), ol A 71 A + 5¢)

2
- LA A+ TR LA+ 5 (L),

where the last step follows from the fact that Ly is symmetric. Hence, using (26) and (28), we get

(L ) < o |[Lw Al - ||A||+2aﬂ ILw Al - [lE]] + 87 (Lwé, €)
w1, 1 HAHQ w HAH w 4

< a’\e/5+2aBe/5+ 21+ | (LE,€) — 1)
< Ve/5(a® +2a3) + B*(1 + /10)
<3Ve/5 - Jal + (1 - a®)(1 +¢/10).
Differentiating the last expression, we find that the maximum is attained at o = 3 3./€/5/(1 4 £/10). Plugging this

value in, we obtain (Lw7,7) < 1 4 €. Hence, by Courant-Fischer (4), Amax [Lw] = max, =1 (Lwn,n) <1 +e.
Thus, (27) shows that G has ess-Eig(e).

12



4 The Algorithmic Regularity Lemma: Proof of Theorem 2

In this section we establish Theorem 2. The proof is conceptually similar to Szemerédi’s original proof of the “dense”
regularity lemma [23] and its adaptation for sparse graphs due to Kohayakawa [21] and R&dl (unpublished). A new
aspect here is that we deal with a different (more general) notion of regularity; this requires various technical modifica-
tions of the previous arguments. More importantly, we present an algorithm for actually computing a regular partition
of a sparse graph efficiently.

In order to find a regular partition efficiently, we crucially need an algorithm to check for a given weight distribution
D = (Dy)ycv, a given graph G, and a pair (A, B) of vertex sets whether (A, B) is (¢, D)-regular. While [3] features
a (purely combinatorial) algorithm for this problem in dense graphs, this approach does not work in the sparse case. In
Section 4.1 we present an algorithm Witness that does. It is based on Grothendieck’s inequality and the semidefinite
relaxation of the cut norm (see Theorem 6). Then, in Section 4.2 we will show how Witness can be used to compute
a regular partition to establish Theorem 2.

Throughout this section, we let 0 < ¢ < 10~7 be an arbitrarily small but fixed number, and C' > 1 signifies an
arbitrarily large but fixed number. In addition, we define a sequence (t),>1 by

t1 =[1/e?] and tpyq = [22002C%5 2tk /e (kHDT, (29)
Note that due to that choice we have
the1 > 2200025 . (30)
Further, let
* 6,2 _—3 : g8k 1
k = [10 C 13 .I and n:mln{moozw,ti*} (31)

and choose ng = no(C,e) > 0 big enough. We let G = (V, E) be a graph on n = |V| > ng vertices, and let
D = (D,)ycv be a sequence of rationals with 1 < D, < n for all v € V. We will always assume that G is
(C,n, D)-bounded, and that D(V') > n~1n.

4.1 The Procedure Witness

The subroutine Witness is given a graph G, a weight distribution D, vertex sets A, B, and a number £ > 0.
Witness either outputs “yes”, in which case (A4, B) is (¢, D)-regular in G, or “no”. In the latter case the algorithm
also produces a “witness of irregularity”, i.e., a pair of sets X* C A, Y* C B for which the regularity condition (2) is
violated with ¢ replaced by £/200. Witness employs the algorithm ApxCutNorm from Theorem 6.

Algorithm 13. Witness(G, D, A, B,¢)

1. Set up the matrix M = (Muw)w,w)cax s With entries

_ [1-0(A,B)D,D, ifv,w are adjacent in G,
e —o(A,B)D,D,, otherwise.

Call ApxCutNorm(M) to compute sets X C A, Y C Bsuchthat | (M1x,1y)| > 25 ||M]|
2. If[(Mlx,1y) | < 52500 then return “yes”.

3. Ifnot let X' = A\ X.

cut”

- If D(X) > 3£ D(A), then let X* = X.

100
- I D(X) < £5D(A) and |e(X',Y) — o(A, B)D(X')D(Y)| > 22 st X* = X',
— Otherwise, set X* = X U X',

4. LetY'=B\Y.

- IfD(Y) > 555 D(B), thenletY* = Y.

- I D(Y) < 55 D(B) and [e(X",Y") — (A, B)D(X")D(Y')| > <502 et Y™ =Y.

— Otherwise, setY* =Y UY’.

13



5. Answer “no” and output (X*,Y™) as an (¢/200, D)-witness.
Lemma 14. Suppose that A, B C 'V are disjoint.
1. If witness(G, D, A, B,¢) answers “yes”, then the pair (A, B) is (g, D)-regular.

2. If the answer is “no”, then (A, B) is not (¢/200, D)-regular. In this case Witness outputs an (¢/200, D)-
witness, i.e., a pair (X*,Y™) of subsets X* C A, Y* C B such that D(X*) > 555 D(A), D(Y™) > 555 D(B),
and

e D(A)D(B)
X Y")—0(A,B)D(X*)DY")| > -—— ————

Moreover, there exist a function f and a polynomial IT such that the running time of Witness is bounded by f(C,¢)-
1I((D)).

Proof. Note that for any two subsets S C A and ' C B we have
(M1g,17) = e(5,T) — o(A, B)D(S)D(T).
Therefore, if the sets X C A and Y C B computed by ApxCutNorm are such that

(1x.1) | < 3o 2

then by Theorem 6 we have

100 D(A)D(B)

(8. 7) = oA, B)D($)D(T)| < M|y, < =5~ ML, 1y)] < == 50

cut

forall S C Aand T' C B. Thus, if Witness answers “yes” then the pair (A, B) is (&, D)-regular.

One the other hand, if ApxCutNorm yields sets X, Y such that (M1x,1y) > 3e D(A)D(B)

2 100 DV then Witness has

to guarantee that the output pair (X*,Y™*) is an (¢/200, D)-witness.
Indeed, if D(X) > 25 D(A) and D(Y) > 555 D(B) then (X,Y) actually is an (¢/200, D)-witness. However, as
ApxCutNorm does not guarantee any lower bound on D(X) and D(Y') let assume first that D(X) < 25 D(A) and

D(Y) > 555 D(B). Then Step 3 of Witness sets X’ = A\ X. We have D(X') > 13- D(A). If X itself satisfies
le(X')Y) — 0(A, B)D(X")D(Y)| > eDUADB) (hep (X',Y) obviously is an (¢/200, D)-witness. Otherwise, by

100D(V)
the triangle inequality, we deduce

D(XUX')D(Y)| _ 2 D(A)D(B)

e(XUX'Y)—e(A, B) DADE | Z 100 bY)

and thus, (X U X', Y) is an (¢/200, D)-witness.

In the case D(X) < 335 D(A) and D(Y) < 555 D(B) we simply repeat the argument for Y, and hence Witness
outputs an (£/200, D)-witness for (A, B).

The running time of Witness is dominated by Step 1, i.e., the execution of ApxCutNorm. By Theorem 6 the
running time of ApxCutNorm is polynomial in the encoding length of the input matrix. Moreover, the construction of
M in Step 1 shows that its encoding length is of the form f(C,¢) - IT({D)) for a certain function f and a polynomial
11, as claimed. O

4.2 The Algorithm Regularize

In order to compute the desired regular partition of the input graph G, the algorithm Regularize starts with an
arbitrary initial partition P! = {V;! : 0 <i < s1} such that each class V;! (1 < i < s;) has a “decent” weight D(V!).
In the subsequent steps, Regularize computes a sequence (P¥) of partitions such that P*+! is a “more regular”
refinement of P* (k > 1). The algorithm halts as soon as it can verify that P* satisfies both REG1 and REG2 of
Theorem 2. To this end Regularize applies the subroutine Witness to each pair (V;, Vf) of the current partition

14



P*. By Lemma 14 this yields a set £* of pairs (i, j) such that all (V;*, V}}) with (i, j) & L are (¢, D)-regular. Hence,
PF satisfies REG2 as soon as
> DVFD(V}) <eD(V)>. (32)
(i,5)€ELk

In this case the algorithm Regularize stops and outputs P¥. As we will see, all partitions P* satisfy REG1 by
construction. Consequently, once (32) holds, Reqularize has obtained the desired regular partition.

Algorithm 15. Regularize(G,C, D, ¢)
1. Fix an arbitrary partition P* = {V;! : 0 < < 51} for some s; < t; with the property

- D(V)/t1 — maxyev Dy < D(V) < D(V)/ty forall 1 < i < s; and
= DV (Uieps) Vi) £ DV) /11

Set Vo =V \U,¢., Vit and set k* = [1000°C2e 7.
2. Fork=1,2,3,...,k™ do

3. Initially, let £* = 0.
For each pair (V;*,V}) (i < ) of classes of partition P*
4, call the procedure witness(G, D, Vi, V}F, ¢).

If it answers “no” and hence outputs an (e/200, D)-witness (Xf;, XJ;) for (Vi*, V),
then add (i, j) to £*.

5. £ 32 ek DVF)D(VF) < e(D(V))?, then output the partition * and halt.

6. Else construct a refinement P*** of P* as follows:

— First construct the unique minimal partition C* of V'\ Vi, which refines { X}, Vi\ X/}
for every i = 1,...,s, and every j # i. More precisely, we define the equivalence
relation =¥ on V; by letting v =¥ v iff for all j such that (i,7) € Ly it is true that
u € Xj5 & v € X/J; and we let C* be the set of all equivalence classes of the
relations =F (1 < i < sy).

- Set ay = &**+1/(2200%C?t$2!) and split each vertex class of C* into blocks
with weight between o, D(V) and ax D(V') + max,cv D, and possibly one excep-
tional block of smaller weight. More preceisely, we construct a refinement ¥ =
VotV VIR L V) of CF such that:

o 7 < |CF| < sp2°%,
° D(V(f;l) < apD(V) for all ¢ € [r«], and
e a;D(V) < D(VF) < ap D(V) + max,ey D, forall i € [sp41].
- Let Vi = ViF UU, e Void - and set PEFE = {VEFE 10 < i < sy

Step 6 is the central step of the algorithm. In the first part of that step we construct a joint refinement of the previous
partition P* and all the witnesses of irregularity (X i’“j, X fz) discovered in Step 4. Similarly as in the original proof of
Szemerédi’s it will turn out that a bounded parameter (the so-called index defined below) of the partition C* increases
by 0(53) compared to Pk Since Py, consists of s, classes and for everyt = 1,..., s there are at most s; — 1 witness
sets X;; (j # 1), the refinement CF contains at most s52%~1 < $4,25 vertex classes. In the second part of Step 6 we
split the classes of C* into pieces of almost equal weight. Here for each class of C¥ we may get one class of left-over
vertices Volfq of smaller weight, which together with V’ form the new exceptional class VOkH. Due to the construction

in Step 6, the bound s; < t1, and (29) for any k£ > 0 the partition PE+L consist of at most
Spe1 4+ 1< [2200202%8 28 /40T = ¢,
classes. Moreover, our choice (31) of 7 and the construction in Step 1 ensure that

e2D(V) > D(VFY) > /mD(V) forall 1 <i < sp41 (33)
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for every £ < k™ (since in Step 6 we put all vertex classes of “extremely small” weight into the exceptional class).
Furthermore, due to 7; < $;2%, s; < t;, and € < 1/2 we have

k+1 4(i+1) D(V) k+1 52

D(VFY) < DV = D(V) < D 2 < D(V) <eD(V).

(g < D(V) + gj snoecean P(V) < =+ D) st <~ D(V) <eD(V)

1—

In effect, P*+1 always satisfies REG1, as REG1(c) is ensured by Step 6.

Thus, to complete the proof of Theorem 2 it just remains to show that Step 5 of Regularize will actually output
a partition P* for some k < k*. More precisely, we have to show that for every input graph G there exists a k < k*
such that 3 ; -c o D(Vik)D(VJk) < e(D(V))2. To show this, we use, as in the original proof of Szemerédi [23],
the concept of the index of a partition P = {V; : 0 < i < s} and define

e(Vi,V;)

nd(P)= 37 oV ViPDRIDV) = Y piiis

1<i<j<s 1<i<j<s

Note that we do not take into account the (exceptional) class Vj here. Using the boundedness-condition, we derive the
following.

Proposition 16. If G = (V, E) is a (C,n, D)-bounded graph and P = {V;: 0 < 1 < t} is a partition of V with
D(V;) >nD(V) foralli € {1,...,t}, then 0 < ind(P) < C?.

Proof. Since D(V;) > nD(V) foralli € {1,...,t} it follows from the (C,n, D)-boundedness of G that

: e(Vi’Vj)Q Ce(VHVJ) B(V,V) 2
wd(P)= 3. By <, 2 by =S =

1<i<j<s 1<i<j<s

O

Proposition 16 and (33) imply that ind(P*) < €2 for all k. In addition, since Regularize obtains P*+!
by refining P* according to the witnesses of irregularity computed by Witness, the index of P¥*1 is actually
considerably larger than the index of P*. More precisely, the following is true.

Lemma 17. If 3, iy D(VF)D(VF) > e(D(V))?, then ind(P*+1) > ind(P*) 4 £3/8.

The proof of Lemma 17 is deferred to the next section, Section 4.3.

We close this section by pointing out that Propositions 16 and Lemma 17 readily imply that Regularize will
terminate and output a feasible partition P* for some k < k*. Moreover, the dominant contribution to the running time
of Regularize stems from the execution of the subroutine Witness, which gets called at most O(k*¢3.) times.
By Lemma 14 each execution takes time f(C,¢) - II({D)) for a certain function f and a polynomial II. Hence, the
total running time of Regularize is bounded by f*(C,¢) - II({D)), where f*(C,e) = O(k*t3.) - f(C,e).

4.3 Proof of Lemma 17

As mentioned before, the proof of Lemma 17 follows the lines of the original proof of Szemerédi [23] with the main
differences resulting from the somewhat different concept of regularity. We will use the following defect-form of the
Cauchy-Schwarz-Lemma.

Lemma 18 (Defect form of Cauchy-Schwarz-inequality). For all i € I let 0;, d; be positive real numbers satisfying
> ic10i = 1. Furthermore let J C I, 0 = ), ;0;0; and 05 = Zje] ;. IijeJ oj0; = oy(o+ v) then
Yier0i0] > 0° + vy

Further, we will need the following technical proposition. Its proof is straightforward and we omit it here.
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Proposition 19. Let1/5>6 > 0,7 >0, C > 1, and D = (D,)yev be a sequence of rationals with 1 < D,, < n for
allv e V. Let G = (V, E) be a (C,n, D)-bounded graph and A, B C V be disjoint subsets of V with D(A), D(B) >
VviD(V). If A" C Aand B' C B satisfy D(A\ A’) < §D(A) and D(B \ B') < D(B), then

_ (T8 +4/m)C
=7 D)

< (216 + 9y/n)C?

e(4, B) e(A',B")
’D(A)D(B) ~ D(A)D(B)
e?(A, B) e?(A', B)
D(A)D(B)  D(A")D(B')

For two partitions P’ = {Vj’: 0<j<s}and P ={V;: 0 <i <t} wesay P’ almost refines P, if for every
J € [s] there exists an i € [t] such that V] C V; . Note that an almost refinement may not be a refinement, since Vg
could be a proper superset of Vj.

Proposition 20. Let P’ = {V/: 0 < j < s} and P = {V;: 0 < i <t} be two partitions of V. If P" almost refines
P, then ind(P’) > ind(P).

Proof. ForV; € P,i € [t]letI; = {j: V] € P', V] C V;}. Then, using the Cauchy-Schwarz-inequality, we conclude

: (Vz,V ‘/ZI7V/)
ind(P') = Z 5D J Z Z ]
1<i<j<s 1<k<l<tz€l[

Jjeh

2
> Z (ZiGIk,jGII (‘/;I"/J/)) _
- it jen, D)D)

1<k<I<t J

Ve, Vi) .
1§kz<l§tm = ind(P).

O

Proof of Lemma 17. Remember our assumption that ¢ < 10~7. Let K C V be the union of the equivalence classes
with negligible weight; more precisely, in view of Step 6 we set

_ k+1
K= J vt
q€(ry]
Note that due to ;. < s3.2%% and s, < t;, we have
c4(k+1) gd(k+1)

——_D(V) <
t ooz PV

D(K) < e
() <r = 22002C2t;

D(V). (34)
Now let P’ = {V/: 0 < < s} be the partition given by

, _JVFuUK ifi=0,
! VFE\ K otherwise.

To show the index increment ind(P**1) > ind(P*) + £% /10002 we will proceed in two steps. In the first step we
will compare the index of P’ to the index of P*.

Claim 1 |ind(P*) — ind(P")| < &*.
The second step will reveal the index increment of P*+! compared to P’.

Claim 2 ind(P**1) > ind(P’) + £3/8002%.
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As e < 1077, this yields an index increment ind(P**1) > ind(P*) + £2/10002. O

Proof of Claim 1. Let (V¥, ij) be a pair of partition classes of P* and let V; = V¥ \ K and V= ij \ K. Note that
due to D(VF) > et D(V)/t3 and (34) we have

D(V}) = D(V}) = D(K) = (1 - 558z) D(V)

Analogously D(V}) > (1—e*/(42C%t2)) D(ij) holds. In effect, using Proposition 19 we get

2V, V! e2(VF, vk 4 Gl g
V) WLV |2 L omer Q2
DV)D(V})  DVF)D(VF)| ~ 2ty L
Consequently
eV V) e (Vi,Vj) s

ind(P¥) —ind(P)| < )

1<i<j<sp

DVHD})  DWVI)DV))|~

O
Proof of Claim 2. Let (V}¥, V) be an irregular pair and (4, B) = (V}* \ K,V}\ K). Furthermore let (X}, X)) be

ijs
an (£/200, D)-witness. Then, for X = X} \ K C AandY = XJ; \ K C B, we have due to Proposition 19

e(X,Y) _ e(A, B) ‘ s & D(A)D(B) _ 22002 + 7222(?(?2E +8ynC
D(X)D(Y) D(A)D(B)|~ 200 D(XL)D(X%)D(V) D(V)
€ D(A)D(B) 5 5
= 400 D(X)D(Y)D(V)  1600D(V)  1600D(V)
e D(A)D(B)
= 800 D(X)D(Y)D(V) (33)

Thus, (X,Y) ‘witnesses’ that (A, B) is not (¢/800, D)-regular.
Now we will use Lemma 18 to prove ind(P**1) > ind(P’) + /4. Solet I = A x B and for all (u,v) € I let

"w:% and 0wy = oV (u), V! (v))

where V*+1(z) denote the partition class V;* ™1 € P#+1 such that = € V;**!. Then

D,D, e(V""“(u)7 V’“‘l(v))
Ow =1 and OyvQuv = =0 Aa B).
(Z) (Z) (Z) DAD(B) DVF () DR+ (v)) ~ 44D

%. Then we have

D(A)D(B) k+1 1 k+1
Z TuvQuv = X D(Y) Z Z (Vl ’Vj )
(u v)eJ V’”ch EV"H

V’““CY veV’“+1

Moreover, let J = X x Y and oy = Z(u et Tuv =

m =0(X,Y)=0(A,B)+v

for some |v| > eD(A)D(B)/(800D(X)D(Y)D(V)) due to (35).
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Hence, from the Cauchy-Schwarz-inequality (Lemma 18) we deduce

1
5 Z QQ(‘/;;k-i-l’ ‘/jk)-‘rl)D(‘/ik-i-l)D(Vij-‘rl)

DUDU 2 k+1 k+1
= ————0 (V" (u),V Tuv 0oy
2 5anis) V=2

. eD(A)D(B)  \*D(X)D(Y)
>0 (A’B)+<800D( X)D(Y)D(V )) D(A)D(B)
1 EQD(A)D(B)>

= D(A)D(B) (92(A’B)D<A) (B)+ 002D2 (1)

From the last inequality we infer the amount of the index increment on the irregular pair (A, B). So, in view of
Proposition 20, after summing over all pairs we get

Z e? D(A)D(B) - el

: k+1y _ N >
ind(P*™) — ind(P’) > 8002 DE(V) = 007"

(i,5)eLk

S An Application: MAX CUT

As an application of Theorem 2 and, in particular, the polynomial time algorithm Regularize for computing a
regular partition, we obtain the following algorithm for approximating the maximum cut of a graph G = (V, E) that
satisfies the assumptions of Theorem 3.

Algorithm 21. ApxMaxCut(G,C, D, d)
Input: A (C,n, D)-bounded graph G = (V, E') and § > 0.
Output: A cut (S, S) of G.

1. UseRegularize to compute ¢ = 4OOC -regular partition P = {V; : 0 < i <t} of G.
2. Determine an optimal solution (c7, ..., c;) to the optimization problem

max Zecl-(l —ec;)e(Vi, V) st V1<j<t:0<c¢; <e ', ¢; €Z
i#j
3. Foreach 1 < i < tletS; C V; be a subset such that [D(S;) — cieD(V;)| < 2eD(V;). Output
S=U_,Siand S=V\S.

The basic insight behind ApxMaxCut is the following. If (V;,V;) is an (e, D)-regular pair of P, then for any
subsets X, X' C V; and Y, Y’ C Vj; such that D(X) = D(X’) and D(Y") = D(Y”) the condition REG2 ensures that
le(X,Y) —e(X", Y] < %. That is, the difference between e(X,Y") and e(X’,Y”) is negligible. In other
words, as far as the number of edges is concerned, subsets that have the same weight are “interchangeable”.

Therefore, to compute a good cut (S, S) of G we just have to optimize the proportion of weight of each V; that is to
be put into S or into S, but it does not matter which subset of V; of this weight we choose. However, determining the
optimal fraction of weight is still a somewhat involved (essential continuous) optimization problem. Hence, in order to
discretize this problem, we chop each V; into at most £~ chunks of weight e D(V;). Then, we just have to determine
the number ¢; of chunks of each V; that we join to S. This is exactly the optimization problem detailed in Step 2 of
ApxMaxCut.
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Observe that the time required to solve this problem is independent of n, i.e., Step 2 has a constant running time.
For the number ¢ of classes of P is bounded by a number independent of n, and the number [e~1] + 1 of choices
for each ¢; does not depend on n either. In addition, Step 3 can be implemented so that it runs in linear time, because
S; C V; can be any subset that satisfies the condition stated in Step 3. Thus, the total running time of ApxMaxCut is
polynomial.

To prove that ApxMaxCut does indeed guarantee an approximation within an additive 6 D(V'), we compare the
maximum cut of G’ with the optimal solution p* of the optimization problem from Step 2, i.e.,

w 7max25cz —ec;)e(Vi, V) st V1<j<t:0<¢; <e” ,chZ. (36)

To this end, we say that a cut (T, T) of G is compatible with a feasible solution (cy,...,c;) to the optimization
problem (36) if | D(T' N V;) — c;eD(V;)| < 2eD(V;).
Lemma 22. Suppose that (T, T) is compatible with the feasible solution (c1, ..., c;) of (36). Moreover; let

W= ZECZ —ec;)e(Vi, V;)

be the objective function value corresponding to (c1, . .., c;). Then |e(T,T) — pu| < $D(V)).

Proof Set T; = TNV, and T; = V; \ T;, so that e(T,T) = g€ e(Ty, Tj) + Yo'y e(T;, T;), and let puy; =
eci(1 —ecj)e(Vi,V;) (1 < 4,5 < t). Moreover, let £ be the set of all pairs (i, 7) such that the pair (V;, V;) is not
(e, D)-regular. Then REG 2 and the (C, n, D)-boundedness of G imply that

CD(V;)D(V;) 0
< —_— <
Do omg < Y e(ViVy) Z Dy < OeD(V) = gDV, (37)
(i,9)eL (i,7)€L (1,7)eL
_ (5
(i,9)eL (i,j)e/:

Furthermore, since D (V) < eD(V) and C' > 1 we have

— 0
C(To,T) + G(T()’ ) < D(‘/O) < ED(V) = 400D(V)
and as D(V;) < eD(V) for all ¢, the (C, 7, D)-boundedness condition yields
¢ t
CD(V;)? 0
<
S el Th) <Y = D CeD(V) = 400D(V)

i=1 i=1

In addition, let
S={(i,7) 14,5 >0, i # jA(i,5) &€ LA (D(T3) < eD(V;) vV D(Tj) < eD(V;))}.

We shall prove below that

\ij — (T3, Tj)| < 5ee(V;, Vy) + ¢ forall (i,7) & (LUS), i,j >0,i#j, and  (38)

S iy +e(T;, Ty) < 6eD(V). (39)
(1,7)€S
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Combining (37)—(39), we thus obtain

|6(T7T)_.U’|
t
< > my =TT+ Y (i + (T Ty) + e(To, T) + e(To, T) + Y e(Ti, T,)
(4,5) €(LUS) (1,5)€(LUS) i=1
1,7>0,1#7

< 6sD(V) + iD(V) +6eD(V) + —D(V) + —D(V) <

5 5 s
200 400 400 8

as desired.
To establish (38), consider a pair (i,7) & (L US), i # j. Since D(T;) > eD(V;) and D(T;) > eD(V;) and
(V4,V;) is (¢, D)-regular, we have

I D(Ti)D(Tj - eD(V;)D(Vj)
R AT (AR DI “
Moreover, as (T, T) is compatible with (cy, . .., c;),
D(T) D(T;) ‘
)D(VZ-) —e¢| < 2e, ’D(Vj) — (1 —ecj)| < 2, 1)

and combining (40) and (41) yields (38). B
Finally, to prove (39), consider an index ¢ such that D(T;) < eD(V;). Then 23:1 e(T;,T;) < D(T;) < eD(V;).
Similarly, if D(T;) < eD(V;), then Y'_, e(T;, Tj) < eD(V;). Therefore,

> e(Ty,T;) < 2eD(V). (42)
(i,J)€S

Further, if D(T;) < eD(V;), then ¢; < 2, because (T,T) is compatible with (cy,...,c;). Thus 23:1 pij <

2¢ 32, e(Vi, Vj) < 2eD(V;). Analogously, if D(T;) < eD(Vj), then Z§=1 tij < 2eD(V;). Consequently,

> i < 4eD(V). 43)
(i,J)€S
Hence, (39) follows from (42) and (43). a
Proof of Theorem 3. Step 3 of ApxMaxCut ensures that (S, S) is compatible with (¢, ..., c}). Therefore, Lemma 22
yields
- )
e(S,S) > p* — gD(V). (44)

Further, let (T, T) be a maximum cut of G. Then we can construct a feasible solution to (36) that is compatible with
(T, T) by letting

i:{D(TmV”)J (1<i<t).

eD(Vi)

Let pp =3, jeci(1 —ecj)e(V;, V;) be the corresponding objective function value. Then Lemma 22 implies that

e(T,T) < p+ gD(V). (45)

As p* is the optimal value of (36), we have u* > y, and thus (44) and (45) yield e(S,S) > (T, T) — gD(V).
Consequently, ApxMaxCut provides the desired approximation guarantee. O
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6 Conclusion

1. Theorem 1 states that there is a constant y > 0 such that Disc(ye?) implies ess-Eig(¢). This statement is best
possible, up to the precise value of . To see this, we describe a (probabilistic) construction of a graph G = (V, E)
on n vertices that has Disc(10¢) but does not have ess-Eig(0.014/¢). Assume that £ > 0 is a sufficiently small
number, and choose n = n(e) sufficiently large. Moreover, let X = {1,...,/en}and X = {\/en +1,...,n}.
Further, let d = n/2 and set

1207 1 -2z +2¢
:1 o = > [ S o = — Y
Px==5 PXXTPXx T 9T 2 PXT a2

Finally, let G be the random graph with vertex set V' = {1, ..., n} obtained as follows: any two vertices in X are
adjacent, any two vertices in X are connected with probability p ¢ independently, and each possible X-X edge is
present with probability py ¢ independently. Thus, the vertices X form a clique. Moreover, the expected degree
of each vertex is d. It easily seen that G satisfies Disc(10¢). To see that G does not satisfy ess-Eig(/c/2), let £
be the matrix with entries
1 ifv,we X,
Eow =1 pxx if (v,w) € X x XUX x X,
px ifv,we X.

This matrix just comprises the probabilities that v, w are adjacent. Results on the eigenvalues of random ma-
trices [14] imply that [|[E — L(G) — d €| = o(1). Let W C {1,...,n} be an arbitrary set of size |W| >
(1 —0.0le)n. Then |[E — L(G)w — d *éw| < |E — L(G) — d~1&|| = o(1). Therefore, in order to show that
A2 (L(G)w) < 1 — 0.014/¢ it suffices to prove that the matrix E — d~1&yy satisfies

M(E—d '&w) <1—+¢/2. (46)

Letz = |X N W] and = |X N W|. The matrix d~'&y has rank two, and the eigenvectors with non-zero
eigenvalues lie in the space spanned by the vectors 1 xny and 15~y This implies that its non-zero eigenvalues
coincide with those of the 2 x 2 matrix

5* :d71 . < x ‘(EpXX)
T pxx T-px )’

which can be computed directly. The smaller eigenvalue is at least /2 /(1 — /) — & > /¢/2. Hence, A\2(E —
d~tew) < 1—/E/2.

2. In the conference version of this paper we stated erroneously that the implication “Disc(ye®) = ess-Eig(e)” is
best possible.

3. The techniques presented in Section 3 can be adapted easily to obtain a similar result as Theorem | with re-
spect to the concepts of discrepancy and eigenvalue separation from [11]. More precisely, let G = (V, E) be
a graph on n vertices, let p = 2|E|n~2 be the edge density of G, and let v > 0 denote a small enough con-
stant. If for any subset X C V we have |2¢(X) — |X|?p| < ~v&?n?p, then there exists a set W C V of size
|W| > (1 — &)n such that the following is true. Letting A = A(G) signify the adjacency matrix of G, we have
max{—A1 [Aw], \jw|-1 [Aw]} < enp. That is, all eigenvalues of the minor Ay, except for the largest are at
most enp in absolute value. The same example as under 1. shows that this result is best possible up to the precise
value of ~.
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