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ABSTRACT. A classic result of G. A. Dirac in graph theory asserts that every
n-vertex graph (n > 3) with minimum degree at least n/2 contains a spanning
(so-called Hamilton) cycle. G. Y. Katona and H. A. Kierstead suggested a
possible extension of this result for k-uniform hypergraphs. There a Hamil-
ton cycle of an n-vertex hypergraph corresponds to an ordering of the vertices
such that every k consecutive (modulo n) vertices in the ordering form an
edge. Moreover, the minimum degree is the minimum (k — 1)-degree, i.e. the
minimum number of edges containing a fixed set of k — 1 vertices. V. Rodl,
A. Rucinski, and E. Szemerédi verified (approximately) the conjecture of Ka-
tona and Kierstead and showed that every m-vertex, k-uniform hypergraph
with minimum (k — 1)-degree (1/2+ o(1))n contains such a tight Hamilton cy-
cle. We study the similar question for Hamilton ¢-cycles. A Hamilton ¢-cycle
in an m-vertex, k-uniform hypergraph (1 < ¢ < k) is an ordering of the ver-
tices and an ordered subset of the edges such that each such edge corresponds
to k consecutive (modulo n) vertices and two consecutive edges intersect in
precisely £ vertices.

We prove sufficient minimum (k — 1)-degree conditions for Hamilton ¢-
cycles if £ < k/2. In particular, we show that for every £ < k/2 every n-vertex,
k-uniform hypergraph with minimum (k—1)-degree (1/(2(k—¢))+o(1))n con-
tains such a loose Hamilton ¢-cycle. This degree condition is approximately
tight and was conjectured by D. Kiithn and D. Osthus (for £ = 1), who verified
it when £ = 3. Our proof is based on the so-called weak regularity lemma for
hypergraphs and follows the approach of V. Rédl, A. Rucinski, and E. Sze-
merédi.

1. INTRODUCTION

We consider k-uniform hypergraphs H, that are pairs H = (V, E) with vertex
sets V = V(H) and edge sets F = E(H) C (Z), where (‘Ig) denotes the family of
all k-element subsets of the set V. We often identify a hypergraph H with its edge
set, i.e. H C (‘,:) Given a k-uniform hypergraph H = (V, E) and a set S € (Z) let
deg(S) denote the number of edges of H containing the set S and let d5(H) be the
minimum s-degree of H, i.e. the minimum of deg(S) over all s-element sets S C V.

A k-uniform hypergraph is called an f-cycle if there is a cyclic ordering of the
vertices such that every edge consists of k& consecutive vertices, every vertex is
contained in an edge and two consecutive edges (where the ordering of the edges is
inherited from the ordering of the vertices) intersect in exactly ¢-vertices. Naturally,
we say that a k-uniform, n-vertex hypergraph H contains a Hamilton ¢-cycle if there
is a subhypergraph of H which forms an ¢-cycle and which covers all vertices of H.
Note that it is necessary that (k — ¢) divides n which we indicate by n € (k — ¢)N.
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We study sufficient conditions on d;_1 (H) for the existence of Hamilton ¢-cycles
in k-uniform hypergraphs H. This research was initiated by G. Y. Katona and
H. A. Kierstead [4]. These authors considered the case £ = k — 1 and such /-
cycles are sometimes called tight cycles. Katona and Kierstead proved that the
condition &,_1(H) > (1 — 57)|V(H)| — k 4+ 4 — 5% implies the existence of a tight
Hamilton path in a k-uniform hypergraph H. The same authors suggested that,
in fact, dp—1(H) > (n — k + 2)/2 should suffice and they gave a matching lower
bound construction. Recently, R6dl, Ruciriski, and Szemerédi [12, 14] answered the
question of Katona and Kierstead approximately and showed the following.

Theorem 1 (Rodl, Rucitiski, & Szemerédi). For every k > 3 and v > 0 there exists
an ng such that every k-uniform hypergraph H = (V, E) on |V| = n > ngy vertices
with d—1(H) > (1/2 + v)n contains a Hamilton (k — 1)-cycle. O

We focus on loose cycles, that is f-cycles for ¢ < k/2. In this setting an edge
of an /-cycle only intersects its preceding and its following edge in the cycle. Also
note that if n € (k — )N, i.e. n is a multiple of (k — £), then a Hamilton (k — 1)-
cycle contains a Hamilton ¢-cycle. Consequently, the minimum degree condition
for ¢-cycles is bounded by the degree condition for (k — 1)-cycles. The first result
considering (loose) Hamilton 1-cycles for 3-uniform hypergraphs is due to Kiithn
and Osthus [9].

Theorem 2 (Kiithn & Osthus). For every v > 0 there exists an ng such that
every 3-uniform hypergraph H = (V, E) on |V| = n > ng vertices with n even and
02(H) > (1/4 + v)n contains a Hamilton 1-cycle. O

Kiithn and Osthus also showed that this result is best possible up to the error
term yn (see Fact 4 below) and conjectured that §;_1(H) > (m +o0(1))n should
force Hamilton 1-cycles in k-uniform hypergraphs. We verify this conjecture and
prove, more generally, the analogous result for ¢-cycles with ¢ < k/2.

Theorem 3 (Main result). For all integers k > 3 and 1 < £ < k/2 and every
v > 0 there exists an ng such that every k-uniform hypergraph H = (V, E) on
[V| =n > ng vertices with n € (k — )N and 0,_1(H) > (ﬁ + v)n contains a
Hamilton £-cycle.

For the case ¢ = 1 this bound was proved independently by Keevash, Kiihn,
Mycroft and Osthus [6]. However, their approach uses the Blow-up lemma for
hypergraphs [5] and is subtantially different from ours which is based on the weak
hypergraph regularity lemma, Theorem 14, and the “absorption technique” of Rodl,
Rucinski, and Szemerédi introduced in [12].

The Theorem 3 is approximately best possible as the following straightforward
extension of a construction from [9] shows.

Fact 4. For every 1 < £ < k/2 and n € 2(k — {)N there exists a k-uniform
hypergraph H = (V, E) on |V| = n vertices with 6x—1(H) > sty — L which
contains no Hamilton (-cycle.

Proof. Consider the following k-uniform hypergraph H = (V, E). Let AUB =V be
a partition of V with |A| = sty — 1 and let E be the set of all k-tuples from V
with at least one vertex in A. Clearly, 5x—1(H) = |A] = 55"
an arbitrary cycle in H. Since ¢ < k/2 every vertex, in particular every vertex from

— 1. Now consider
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A, is contained in at most 2 edges of this cycle. Moreover, every edge of the cycle
must intersect A. Consequently, the cycle contains at most 2|A| < n/(k — ¢) edges
and, hence, cannot be a Hamilton cycle.

We note that the construction from Fact 4 also works in the case ¢ = k/2 for even
k. However, for that case a better construction is known. More generally, if k — ¢
divides k and n € kN, then a Hamilton ¢-cycle contains a perfect matching. Lower
and upper bounds for sufficient conditions on the minimum (k—1)-degree for perfect
matchings were studied in [10, 11, 15, 13]. In particular, a simple construction shows
that dx_1(H) > n/2 — k is necessary for perfect matchings and, hence, the same
condition is required for Hamilton ¢-cycles, if k — ¢ divides k. On the other hand,
Theorem 1 shows that this condition is also approximately sufficient, thus, leaving
only the case when k is not a multiple of k — ¢ and ¢ > k/2 open.

For this case, a similar construction as given in Fact 4 combined with Theorem 1
shows that for 1 < £ < k arbitrary the sufficient minimum (k — 1)-degree condition

lies between
n

1
IR R (2*“”)”‘

Very recently it was shown by Kithn, Mycroft, and Osthus [8] that, indeed, if k is
not a multiple of (k — £), then the lower bound is approximately sufficient.

2. PROOF OF THE MAIN RESULT

The proof of Theorem 3 follows the approach of Rédl, Ruciniski, and Szemerédi
from [12] and will be given in Section 2.3. This approach is based on three auxiliary
lemmas, which we introduce in Section 2.2. We start with an outline of the proof.

2.1. Outline of the proof. We will build the Hamilton /-cycles by connecting
¢-paths. An ¢-path (with distinguished ends) is defined similarly to ¢-cycles. For-
mally, a k-uniform hypergraph P is an ¢-path if there is an ordering (vg, ..., v;_1)
of its vertices such that every edge consists of k consecutive vertices and two consec-
utive edges interesect in exactly ¢ vertices. The ordered f-sets F*°® = (vg, ..., v, 1)
and F"d = (v;_y,...,v;_1) are called the ends of P.

Note that this require that ¢ — £ is a multiple of k£ — ¢. Furthermore, for loose
paths (i.e. £ < k/2) the ordering of the ends of an ¢-path do not matter and we
may refer to % and F°" as sets.

The first lemma, the Absorbing Lemma (Lemma 5), asserts that for £ < k/2
every n-vertex, k-uniform hypergraph H = (V, E) with §;_1(H) > en contains
a special, so-called absorbing, ¢-path P, which has the following property: For
every set U C V \ V(P) with |U| € (kK — ¢)N and |U| < an (for some appropriate
0 < a < ¢) there exists an -path Q with the same ends as P, which covers precisely
the vertices V(P)UU.

The Absorbing Lemma reduces the problem of finding a Hamilton ¢-cycle to the
simpler problem of finding an almost spanning ¢-cycle, which contains the absorbing
path P and covers at least (1 — a)n of the vertices. We approach this simpler
problem as follows. Let H’ be the induced subhypergraph H, which we obtain after
removing the vertices of the absorbing path P guaranteed by the Absorbing Lemma.
We remove from H' a “small” set R of vertices, called reservoir (see Lemma 6),
which has the property, that every (k — 1)-tuple of V' has “many” neighbours in
R. Let H” be the remaining hypergraph after removing the vertices from R. Note
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that the property of R allows us to connect every pair P; and P of disjoint ¢-paths
in H” to one f-path, by connecting the end Ff" of P; with the beginning F;eg of
P> by one edge, where the additional k — 2¢ vertices come from R.

We will choose P and R small enough, so that 61 (H") > (ﬁ%—o(l))W(H”)L
The third auxiliary lemma, the Path-cover Lemma (Lemma 7), asserts that all but
o(n) vertices of H" can be covered by a family of pairwise disjoint ¢-paths and,
moreover, the number of those paths will be constant (independent of n). Conse-
quently, we can connect those paths and P to form an ¢-cycle by using exclusively
vertices from R. This way we obtain an ¢-cycle in H, which covers all but the o(n)
left-over vertices from H” and some left-over vertices from R. However, we will
ensure that the number of those yet uncovered vertices will be smaller than an
and, hence, we can appeal to the absorption property of P and obtain a Hamilton
{-cycle.

We now state the Absorbing Lemma, the Reservoir Lemma, and the Path-cover
Lemma and give the details of the outline above in Section 2.3.

2.2. Auxiliary lemmas. We start with the Absorbing Lemma. This lemma as-
serts the existence of a relatively “short”, but powerful /-path P which can “absorb”
any small set U C V' \ V(P). The proof will be carried out in Section 3.

Lemma 5 (Absorbing Lemma). For all integers k >3 and 1 < £ < k/2 and every
€ > 0 there exists an a > 0 and an ng such that for every k-uniform hypergraph
H=(V,E) on|V]| =n > ng vertices with §;_1(H) > en the following holds. There
exists an (-path P C H with |V (P)| < e®n such that for all subsets U C V \ V(P)
of size at most |[U| < an and |U| € (k — £)N there exists an £-path Q C H with
V(Q) =V(P)UU and, moreover, P and Q have ezactly the same ends.

The next lemma provides a reservoir R C V which we will use to connect short
paths to a long one. For a k-uniform hypergraph H = (V, E), a subset of the
vertices R C V and a (k — 1)-tuple S € (‘;), we denote the set of neighbours of S
in R by Ng(S)={ve R\S: SU{v} € E} and define degyr(S) = |Nr(S5)|.

Lemma 6 (Reservoir Lemma). For every integer k > 2 and every reals d, € > 0
there exists an ng such that for every k-uniform hypergraph H = (V, E) on |V| =
n > ng vertices with dx—1(H) > dn the following holds. There is a set R of size at
most en such that for all (k — 1)-sets S € (kzl) we have degp(S) > den/2.

Lemma 6 follows directly from the sharp concentration of the hypergeometric
distribution.

Proof. For given k, d, and ¢ we choose ng sufficiently large and set ¢ = |en].

From (‘q/), the set of all subsets of V' with size ¢, we choose a set R uniformly

at random. Now let S € (k‘:l) be an arbitrary set of size (k — 1) and let Xg

INr(S)|. Then Xg is hypergeometrically distributed with expectation E[Xg] >
qd > 6. Applying Chernoff’s inequality for hypergeometric distribution (see, e.g.,
[3, Theorem 2.10]) we obtain

P[Xs < [dq/2]] < exp (—dg/30) = exp(—den/30)

Thus, with probability 1 — (kﬁl) exp(—den/30) =1 —o(1) every set S € (k‘:l) has
at least den/2 neighbours in R. g
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Finally, we state the Path-cover lemma. By an ¢-path packing of a k-uniform
hypergraph H we mean a family of pairwise vertex disjoint /-paths. Then the Path-
cover Lemma asserts that a k-uniform hypergraph H with &x_1(H) > (ﬁ +

0(1))|V(H)| can be almost perfectly covered by “few” ¢-paths.

Lemma 7 (Path-cover Lemma). For all integers k > 3 and 1 < £ < k/2 and every
v and € > 0 there exist integers p and ng such that for every k-uniform hypergraph
H = (V,E) on |V|=n > ng vertices with dx_1(H) > (ﬁ +'y) n the following
holds. There is an {-path packing of H consisting of at most p paths, which covers
all but at most en vertices of H.

The proof of Lemma 7 is based on the weak hypergraph regularity lemma and
is given in Section 4.

2.3. Proof of Theorem 3. In this section we give the proof of the main result,
Theorem 3. The proof is based on the three auxiliary lemmas introduced in Sec-
tion 2.2 and follows the outline given in Section 2.1.

Proof of Theorem 3. Let integers k > 3 and 1 < ¢ < k/2 and a real v > 0 be given.
Applying the Absorbing Lemma (Lemma 5) for k, ¢, and 5 = v/4 we obtain a > 0
and ns. Next we apply the Reservoir Lemma (Lemma 6) for &, ¢, and d = 1/(2k)
and g5 = min{a/2,7v/4} we obtain ng. Finally, we apply the Path-cover Lemma
(Lemma 7) with 7 = v/2 and e; = «/2 to obtain p and n;. For ng we choose
no = max{ns, 2ng, 2n7, 16(p + 1)k?/es}.

Now let n > ng, n € (k — ¢)N and let H = (V, E) be a k-uniform hypergraph

on n vertices with .
> — .

Let Py C H be the absorbing ¢-path guaranteed by Lemma 5 (applied with k, £,
and e5). Let Fy°® and F§"® be the ends of Py which we may refer to as sets. Note
that
[V(Po)| < e3n < yn/4.
Moreover, the path Py has the absorption property, i.e. for all U C V'\ V(Py) with
|U| < an and |U| € (k- ¢)N
3 f-path Q C H s.t. V(Q) = V(Py) UU and Q has the ends F'°® and F§™ . (1)

Let V! = (V \ V(Py)) U FY® U Fg™d and let H' = H[V'] = (V/, E(H) N (‘,/c’)) be
the induced subhypergraph of H on V'. Note that d;_1(H') > (ﬁ + 3y/4)n >
V'1/(2k) = d|[V'].

Due to Lemma 6 we can choose a set R C V' \ (FY® U Fg™) of size at most
e6|V'| < ggn such that

|degr(S)| > e6|V'|/(4k) — |FE®® U Fg™| > egn/(8k) for every S e (k‘ill). (2)
Set V' =V \ (V(Py) UR) and let H"” = H[V"] be the induced subhypergraph
of H on V”. Clearly,

1 1
Op— N> ———— +3v/4 - > — 2 ) V"
st 2 (g + 9011 20) > (= 72 V)
Consequently, Lemma 7 applied to H” (with 77 and e7) yields an ¢-path packing
of H"” which covers all but at most e7|V"”| < e7n vertices from V" and consists of
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at most p paths. We denote the set of the uncovered vertices in V' by T. Further,
let Py, Ps...,P, with ¢ < p denote the £-paths of the packing and let F*® and
Fed for i = 1,...,q be the ends of the f-path P;. Recall that the ends of the
absorbing (-path Py are Fy° and F¢™d. Note that for each 0 < 4,j < q we have
|Fend U FP8| = 20 < k. Thus, for any set X C R of size k — 2/ — 1 (X might be
empty) we have degp(Fd U Fjbeg UX) >een/(8k) > (p+ 1)k due to (2) and the
choice of nyg.

Consequently, for each i € {0,1,...,q} we can choose a set Y; C R\ (Up<;; ¥j)

such that FF*d UY; U F(l;j_gl) mod (q11) 18 an edge in E(H) \ Ui, E(P;). Hence, we
can connect all paths Py, Ps,...,P,, and Py to an ¢-cycle C C 'H.

Let U = V \ V(C) be the set of vertices not covered by the ¢-cycle C. Since
U C RUT we have |U| < (g7 + g)n < an. Moreover, since C is an f-cycle and
n € (k — ¢)N we have |U| € (k — ¢)N. Thus, using the absorption property of Py
(see (1)) we can replace the subpath Py in C by a path Q (since Py and Q have the
same ends) and since V(Q) = V(Py) UU the resulting ¢-cycle is a Hamilton ¢-cycle

of H. O

3. PROOF OF THE ABSORBING LEMMA

In this section we prove Lemma 5, the Absorbing Lemma. Roughly speaking,
“absorption” stands for a local extension of a given structure, which preserves the
global structure. For /-paths, e.g., we want to insert a set S of vertices to an
existing f-path, i.e. to “absorb” S, in such a way that the new object is again an
f-path which, moreover, has the same ends.

Definition 8. Let k > 3 and 1 < ¢ < k/2 be integers and H = (V, E) be a k-
uniform hypergraph. We say an (-path with three edges P C H and ends F"°&
and F°"! s an absorbing path for a (k — {)-set S € (V\k‘i(f)), if there exists an
(-path Q with four edges with the same ends F"°¢ and F°* and V(Q) = V(P)US.

Moreover, if P is an absorbing path for S with ends F*°® and F°", then we call
the t-set T = V(P) € (Vt\s) with t = 3(k — ¢) + ¢ an absorbing t-tuple for S
with ends F"°® and Fe"d,

Given that an absorbing ¢-path P for S was part of some long ¢-path, then the

local change of absorbing S does not destroy the long path since the ends of P
and Q are the same. Clearly, for any fixed (k — ¢)-set S there are at most O(n')
absorbing t¢-tuples. The following proposition, however, says that this bound is
achieved up to a constant factor when the minimum (k — 1)-degree of H is linear
in n.
Proposition 9. Let k > 3, 1 < ¢ < k/2, ¢ > 0, and let H be a k-uniform
hypergraph on n > 6k/e vertices with 0x—1(H) > en. Then for every (k — ¢)-set
S e (k‘if) there are at least °(7})/(25T3%k*) absorbing t-tuples T € (Vbs) with
t=3k—-40)+¢.

We postpone the proof of Proposition 9 and we first deduce Lemma 5 from it.

Proof of Lemma 5. Let k > 3,1 < £ < k/2, and £ > 0 be given. We set t =
3(k — £) + ¢ and fix auxiliary constants
e5(t — 2¢)! ¢ e’
C= gy 0= ep < g
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Finally we set
a=Co/4
and let ng > 6k/e be sufficiently large.

Suppose H = (V, E) is a k-uniform hypergraph on n > ng vertices which satisfies
0rx—1(H) > en. Note that in Proposition 9 the ends of the absorbing t-tuples are
not specified yet. This we do retropectively by taking the ends F;eg , quf‘d CTof
an arbitrary t-set T € (‘t/) uniformly at random, i.e. with probability (¢t — 2¢)!/t! a
given pair of disjoint, ordered ¢-tuples will become the ends of 7. Hence, due to
Proposition 9, the expected number of absorbing ¢-tuples (now with distinguished

ends) for a fixed (k — £)-set S € (k‘il) is at least 2((?). Applying Chernoff’s

inequality we derive that there is a choice of ends for all t-sets which yields at least
¢(}) absorbing t-tuples with distinguished ends for all (k — ¢)-sets. We fix such a

choice and for a fixed (k—¥¢)-set S € (k‘:e) let 7(S) denote the set of the absorbing
t-tuples T for S with ends F:,kieg and Fq‘ind according to this choice. Thus, we have
1T(S)] > ¢(}) forall S e (,.V,).

Next we pick a family 7 C () randomly, where each t-tuple T € (%) is included
in .7 independently with probability p = on/(}). Hence, we have

E[|Z|]|=0on and E[INT(S)|]>Con Se€ (k‘ié)'

From Chernoff’s inequality we infer that with probability 1 — o(1)
| 7| < 20n (3)
and
|7 NT(S)| > ¢on/2forall S e (V). (4)

Furthermore, let I(.7) denote the number of intersecting t-tuples in .7, i.e. the
number of pairs T and 7" € Z such that TNT’ # (. Then

n n 9 t20%n? 2 9
< = < =
E[I(ﬂ)]_t(t)<t_1)xp n_t+1_2tgn Con/8

due to the choice of g, and using Markov’s inequality we conclude that with prob-
ability at least 1/2

I1(T) < (on/4. (5)
In particular, the properties (3), (4), and (5) hold simultaneously with positive
probability for the randomly chosen family 7. So, let 7’ be a family satisfying
(3), (4), and (5). By deleting all intersecting t-tuples from .7’ and all those ¢-tuples
which do not absorb any S € (k‘i ,) we obtain a family 7" C .7 of pairwise disjoint
t-tuples of size at most 2pn which, due to (4), (5), and the choice of «a, satisfies

| 7" NT(S)| > Con/d=an (6)

for all S € (k‘ié)‘

Lastly, we want to connect the t-tuples in 7" to create an ¢-path. To this end,
let 7" ={Ty,...,T,} for some r < 2on and let Fi]Oeg and F2d be the ends of T;.
Since every T; (with its chosen ends F"°® and F4) absorbs at least one (k — £)-set,
the induced hypergraph H[T;] must contain an ¢-path P; with three edges and ends
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FP*® and F™d. For i = 1,...,7 — 1 observe further that |[F™d U F%| = 2/ and,

hence, for any V; of size at least n — 4ont and any Y € (kf‘z/zﬁl) we know

[Ny, (F™M U FS UY)| > en — dont > 0.

Thus, we can choose X; € Ny, (Ffd U F}ff) to connect P; and P;;1 through the
edge Fd U X; U FP®. Starting with the set Vi = V(M) \ Uregn V(T) of size

7+1-
[Vi| > n — 2ont we connect P; and P;. We continue by induction. So suppose
for some ¢ < r we chose sets X1,...,X;_1 and used them to connect the ¢-paths

P1,...,P; to one f-path. With V; = 17\ (U;;ll X,;) which has size at least n —
2ont —i(k — 2¢) > n — 4pnt and by the observation from above we connect P; and
P; 11 by choosing X; € Ny, (Fed U Fitf%). Consequently, we can connect all {-paths
P1,..., P, to one {-path P containing at most 4ont < £7n vertices.

Finally, suppose U C V \ V(P) with |U| < an and |U| € (k — ¢)N. Then we
partition U into ¢ < an/(k —{) pairwise disjoint sets S1, ..., S, each of size (k—¢).
But since (6) holds, we can absorb each S;, i = 1, ..., ¢ one by one taking an unused
absorbing t-tuple T; € 7" N .9s for each S;. This way we obtain an ¢-path Q which
covers exactly the vertices in V(P) U U and the lemma follows. O

We complete the proof of Lemma 5 by proving Proposition 9. To this end we

need the notion of a “neighbourhood” of a set S C V(H) in a set U C V(H). This
is given by Ny(S) ={X Cc U\ S: SUX € E(H)}.
Proof of Proposition 9. Let S € (k‘ie) be an arbitrary set of size kK — ¢ and set
Vo =V \ S. In the following we will choose pairwise disjoint sets A, By, Be,C, D1,
and Do whose union forms an absorbing ¢-tuple for S.

We start by choosing A € (kfoﬂ) arbitrarily. Then the number of choices for A

is
n—k+/¢
. 7
ey "
Set Vi = Vp \ A and split SUA = Z;ULUZ, in an arbitrary way such that |L| = ¢
and |Z1| = |Zz| = k — 2¢. We choose By € Ny, (Z1 UL) and By € Ny,(Z;UL)
where V5 = V1 \ By. To compute the number of choices for By and By note that
[Vo| = n—2k+3¢, |V3| = n—2k+2¢ and for every set X; € (Z‘fl), i =1,2, we know
that degy, (Z; ULUX;) > en thus Ny, (Z; U L U X;) has size at least en—2k > en/2,
since n > 4k/e. This way we count each possible B; in ¢ ways. Consequently, the
number of choices for By and Ba, i.e. |[Ny,(Z1 UL)| x [Ny, (Z2 U L)]| is at least

(ﬁ)Q n—2k+30\ (n—2k+2¢ (8)
20 -1 -1 '

Next, set V3 = Vo \ Bg and for i = 1,2 let B, C B; of size |Bl| = |B;| — 1
(thus, B; may be empty if £ = 1). We choose the set C' € Ny, (AU Bj U Bj). Since
|V3| = n — 2k + £ by arguing as above for By and By we conclude that the number

of choices for C is at least

%(n—zkw)(m—zk)z%. (9)

Then we set V; = V5 \ C and for C' = {v1,v2}, we choose D1 € Ny, (B U{v1})
and with V5 =V, \ Dy we choose Dy € Ny, (Bz U{v2}). Note that |V5| =n — 2k +
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£—2,|Vg| =n—3k—1and |B; U{v;}| =+ 1. Thus, again, by arguing as for By,
By we derive that the number of choices for D and D5 is at least

( en >2<n—2k+£—2)<n—3k—1) 10)
20k —0—1) k—0—2 k—t—2)°
For given S let
T = AUB,UB,UCUD;UD,
and note that
IT| = |A| + |B1| + |B2| + |C| + |D1| + Dao| = 3(k —£) + L =t.

Combining (7), (8), (9), and (10) we obtain that the number of choices for T' chosen
as above for a given set S is at least

gd n—k+/¢ - b AN gd n
2702 k2 t = QTHt2k2\ ¢ ) = 2543kEA\ ¢t )

We now verify that 7" is indeed an absorbing ¢-tuple for S. For that we “reorder”
the vertices of T' and observe that

T = DluBlu{’Ul}UAU{'UQ}UBQUDQ .
Note that
E1 = DloBlL.J{’Lh} s G = BiU{’Ul}UAU{’UQ}UBé y and EQ = {UQ}UBQUDQ

are edges in H and form an ¢-path P with three edges, since |E;NG| = |BiU{v; }| = ¢,
for ¢ = 1,2. For the ends of this path we could fix any ordering of any ¢-set from
D;. Moreover, the sets

G1 = BlUZlL'JL and G2 = LUZQUBQ
are also edges of H and Eq, Gy, G, E5 forms an ¢-path Q with V(Q) = SUT, since
|G;NE;| =|B;| =¢, for i =1,2 and |G; N Ga| = |L| = ¢. The ends of this ¢-path
can be chosen to coincide with the ends of P, since D; NG; = 0 for i = 1, 2.

This proves that any set T chosen as above is indeed an absorbing ¢-tuple for
the set S. O

4. THE PATH-COVER LEMMA

In this section we prove the Path-cover Lemma, Lemma 7. The proof combines

the techniques in [14] and [9] and relies on the so called weak hypergraph regularity
lemma, a straightforward generalisation of Szemerédi’s regularity lemma [17] for
graphs (see e.g. [1, 2, 16]).

4.1. Almost perfect F}, ,-packings. First we show that an n-vertex, k-uniform
hypergraph H with minimum degree d;_1(H) > n/(2(k—¢)) contains a Fy, ,-packing
which covers all but o(n) vertices of H, where Fy, ¢ is defined as follows.

Definition 10. For positive integers k and (¢ let Fj, o be the k-uniform hyper-
graph on 2(k — £)(k — 1) vertices whose vertex set falls into pairwise disjoint sets

Ay, Ao, ..., Aok _op_1, B each of size k — 1 and whose edge set consists of all sets
A; U {b} wherei € [2k —2¢ — 1] and b € B.
Kithn and Osthus [9] considered F3 1-packings, i.e. families of pairwise vertex

disjoint copies of F3 1. The proof of the F} (-packing lemma, Lemma 11, follows
their approach.
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Lemma 11 (Fj g-packing Lemma). For all integers k > 3 and 1 < ¢ < k and every
e > 0 there exists an ng such that for every k-uniform hypergraph H = (V, E) on
[V| =n > ng vertices the following holds.

If degy,_1(S) > n/(2(k — €)) for all but at most en*~! sets S € (k‘jl), then 'H

contains a Fy g-packing covering all but at most (5¢)/F=Un vertices.

Proof. For given k, ¢, and e we choose ng large enough. Further set § = (5¢)1/ (1),
Suppose A = {F1,Fa,...,Fi,} is a largest Fj ¢-packing leaving the vertex set
X CV of size | X| > dn uncovered.

From the condition on the degree for H we first show the following.

Claim 12. There is a family B of size 6n/(2k¥) consisting of mutually disjoint
(k—1)-sets S € (k)fl) such that deg(S) > n/(2(k —£)) and |Nx(S)| < dn/(4k) for
all S € B.

Proof. The claim follows from a probabilistic argument. First we split X into two
parts X = X;UXs by choosing Xo C X of size |X|/(2k) uniformly at random.
Thereafter, we take a family S consisting of 6n/k* pairwise disjoint sets S € (k)ill)
from X; such that deg(S) > n/(2(k — £)). Such a family exists indeed, since the
number of (k — 1)-sets with degree falling below n/(2(k — £)) is at most en®*~1 and

due to the choice of §

| X1 k1 on (| X1
_ >(k—1)— .
(k—l e VA

Next, we claim that at least half, i.e. 6n/(2k"), of the chosen (k — 1)-sets S;
must satisfy |[Nx (S;)| < on/(4k) since otherwise the Fy, o-packing A was not largest
possible. For a contradiction, let S8’ C S denote the set of the chosen S; € S such
that |Nx (S)| > dn/(4k) and suppose S’ = {S1,..., S, } has size r > on/(2k").

For any (k—1)-sets S € (k)ill) with |Nx (S)| > | X|/(4k) let Ys = |Nx,(S)| denote
the size of its neighbourhood in X5. Then Yg has hypergeometric distribution with
mean E [Ys] > (| X|/(4k)) x (1/(2k)) > dn/(8k?) and applying Chernoff’s inequality
we conclude

p="P[|Ys| < dn/(16k*)] < exp{—6n/(100k%)}.

Thus, with a probability at least 1 — (]L)_(‘l)p =1-0(1) all sets S € (k)_(l) with
|INx(S)| > |X|/(4k) also satisfy |[Nx,(S)| > n/(16k?). In particular, almost surely
|Nx,(S)| > n/(16k?) is satisfied for all S € S’ and we assume that this indeed
happens for the decomposition X = X;UX, we have chosen. Now consider the
auxiliary bipartite graph G with vertex classes &’ and X5 and with {S,v} being an
edge if and only if SU {v} € H. Then every S has at least dn/(16k?) neighbours,
thus, by the well known result of Kévari, Turédn, and Sés [7] the graph G contains
a Ky p—1. However, this K} ;—1 in G corresponds to a copy of Fj , in ‘H, which is
a contradiction to A being the largest Fj, ¢-packing. (]

Continuing the proof of Lemma 11, we fix a family B = {S1,...,5;}, ¢ =
on/(2k") as stated in the claim above. For a set S; € B we say that an element F
from the Fj o-packing A is good for S; if F contains at least k neighbours of S,
ie. [Ny#)(Si)| > k. With n; denoting the number of good F € A for S; and
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t =2(k —£)(k — 1) we conclude from the condition on deg(S;) that

2(]!1 0 <deg(S;) < (k- 1)@ +tn; + i% (11)
(1-6/2)n
=~ m + tni. (12)

From this we infer that n; > dn/(8k%) = n*. Next, we want to count all those
pairs (S,7) with 7 = {F,...,F*1} € (,2,) such that each F € T is good for
S € B. Such a pair (S,7) we call a good pair and the number of good pairs is at
least |B| (k":l) > (6n)*/(8Kk®)*. Thus by averaging we infer that there must be a T
and at least 6*n/(8k°)* sets S; € B such that (S;,7) are a good pairs.

Hence, it exists a family B C B containing at least (6%n/(8k5)*)/(2F~4)F=1)
pairwise disjoint (k — 1)-sets S from B and for every j = 1,...k — 1 there exist k
vertices v{, .. ,vi in F7 such that

SU{v]},...,SU{vl} € E(H) for every S € B and j =1,...k — 1.

k—1

k—
Since (6%n/(8k%)F)/ (**=H=1) t> (2(k—£) = 1)k for sufficiently large n, we can
select k families mutually disjoint families {S},...,5%, o, 1} C B fori=1,... k.
Now for every ¢ = 1,...,k the set

{Stufv]}:p=1,....2k—20—1, j=1,....k—1}

is the edge set of a copy of Fj , and we obtain k mutually disjoint copies of Fj ,
this way. Replacing the (k — 1)-copies F*, ..., F*~1 by those k copies enlarges the
Fi e-packing B, which is a contradiction. O

4.2. Weak hypergraph regularity and path embeddings. In this section we
introduce the so-called weak hypergraph reqularity lemma, a straightforward ex-
tension of Szemerédi’s regularity lemma [17] for graphs. Further we will find al-
most perfect path packings in regular k-tuples. Similar results were used by Rodl,
Rucinski and Szemerédi in [14].

4.2.1. The weak regularity lemma for hypergraphs. Let H = (V, E) be a k-uniform
hypergraph and let Ay, ..., Ax be mutually disjoint non-empty subsets of V. We

define ey (A1, ..., Ai) to be the number of edges with one vertex in each 4;, i € [K]
and the density of H with respect to (A1,..., A) as
BH(Al, [N ,Ak)
dy(Ay,... Ap) = ——— 11—,
w1 o= T A

We say the k-tuple (Vi,..., V%) of mutually disjoint subsets Vi,..., Vi, C V is
(e,d)-regular, for constants £ > 0 and d > 0, if

|dH(A1, . ,Ak) — d‘ <e
for all k-tuples of subsets Ay C Vi,..., Ay C Vj, satistying |A1| > e|V4|,...,|Ak] >
€|Vi|. We say the k-tuple (Vi,..., V) is e-regular if it is (g, d)-regular for some
d > 0. The following fact is a direct consequence of the definition above.

Fact 13. For an (g, d)-reqular tuple (V1,..., Vi) we have
(i) (Vi,..., Vi) is (¢/,d)-regular for all e’ > € and
(i) if for all i € [k] the set V! C Vi has size |V]| > c|Vi|, then (V{,...,V]) is
(e/ec, d)-regular. O
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As a straightforward generalisation of the original regularity lemma we obtain
the following regularity lemma for graphs (see, e.g., [1, 2, 10]).

Theorem 14 (Weak regularity lemma for hypergraphs). For all integers k > 2
and tg > 1, and every € > 0, there exist Ty = To(k,to,€) and ng = no(k,to,€) so
that for every k-uniform hypergraph H = (V, E) on n > ng vertices, there exists a
partition V = VoUViU. ..UV, such that

(i) to <t <Tp,

(i) Vil =|Va| = =|V{| and |Vp| <en,
(iii) for all but at most s(z) sets {i1,...,ip} € ([z])’ the k-tuple (Vi,,..., Vi) is
e-reqular. 0

A partition as given in Theorem 14 is called an e-regular partition of H (with
lower bound ¢y on the number of vertex classes). Further, we need the notion of
the cluster graph.

Definition 15. For an e-regular partition of H and d > 0 we refer to the sets
Vi,i € [t] as clusters and define the cluster hypergraph K = K(e, d) with vertex
set [t] ={1,2,...,t} and {i1,... ik} € ([Itc]) being an edge if and only if (V;,, ..., Vi,)
is e-regular and d(V;,,...,V;,.) > d.

The following proposition relates the degree condition of H and its cluster hy-
pergraph K. It shows that IC “almost inherits” the minimum degree of H.

Proposition 16. Given a k-uniform hypergraph H = (V, E) with minimum (k—1)-

degree
1
> -
a2 (3= +7) n

and an e-reqular partition V = VoUViU. ..UV, with 0 < € < +%/16 and to > 8k/c >
3k/~y. Further, let KK = K(e,~/6) be the cluster hypergraph of H. Then the number
of (k—1)-sets S ={i1,...,ix} € (k[ﬂl) violating

1 Y
> (- 47
degi(S) > <2(kz€) + 4>t
is at most \/etF1.

Proof. Note first that the cluster hypergraph K(e,v/6) can be written as the inter-
section of two hypergraphs D = D(v/6) and R = R(e) both defined on the vertex
set [t] and

e D(v/6) consists of all sets {i1,...,i} such that d(Vi,,..., Vi) > /6

e R(e) consists of all sets {i1,...,i;} such that (V;,,...,V;,) is e-regular.

Given an arbitrary set S € (k[f]l) we first show

degp(S) > (2(;_@ 4 g) ‘ (13)

To this end note that S = {i,...,4ix_1} represents the tuple (V;,,...,V;,_,) with
n/t >m = |Vy,| > (1 —¢)n/t for all j € [k — 1]. We consider now the number of
edges in H which intersects each V;, in exactly one vertex. From the condition on
0r—1(H) this is at least

o (g o)) 2t (g o) 0
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since t > tg > 3k /7.
On the other hand, in case (13) does not hold the same number can be bounded
from above by

1 Y k Y.k
— + = |t X t X =
(2(k—€)+2> meAExEm
with contradiction to (14).
Next, observe that there are at most () < et*/k sets {i1,...,ix} € ([]i]) such

that the corresponding tuples (V;,,...,V;,) are not e-regular, i.e. {i1,...,ix} € R.
Thus, all but at most \/et*~! sets S € (k[ﬂl) satisfy

degr(5) > (1 - VAL (15)
Since K = DN R the proposition follows from (13), (15) and /et < 4t/4. O

4.2.2. Almost perfect path-packings in reqular k-tuples. In this section we show that
(e,d)-regular k-tuples (V1,..., V%) can be almost perfectly covered by ¢-paths.

Definition 17. Suppose ‘H is a k-uniform, k-partite hypergraph with partition
classes V1,Va,..., V. Then we call an {-path P C 'H with t edges (E1,..., E})
canonical with respect to (V1,Va,..., Vi) if

EinEgpc | JVi o EnEnc |J W
jeld JENk—0)

foralli=1,2,...,t—1.

Further, we say that V; is in end position if it is one of the first or the last ¢
elements in the ordering, i.e. i € (| U{k —{¢+1,...,k}, whereas V; is in middle
position ifi € {{+1,...,k — (}.

Remark 18. Let t be a odd number. If P with ¢ edges is a canonical path with
respect to (V4,..., Vi) and n; = |V(P) NV;|, then

(t+1)/2 if V; is in end position,
n; = . . .
t if V; is in middle position.

The following proposition was essentially proved in [14].

Proposition 19. Suppose H is a k-partite, k-uniform hypergraph with the partition
classes Vi, Va, ..., Vi, |Vi| = m for alli € [k], and |E(H)| > dmF¥. Then there exists
a canonical £-path in H with respect to (V1,... Vi) with t > dm/(2(k — £)) edges.

Proof. First we consider all possible ends of a canonical ¢-path P, i.e. all ¢-sets
L C V(H) such that

|ILNV;|=1 either for all i € [¢] or for all ¢ € [k] \ [k — £].

For a possible end L such that deg(L) = [{E € H: L C E}| < dm*~*/2 we delete all
edges from the current hypergraph which contain L. We keep doing this until every
possible end L satisfies deg(L) = 0 or deg(L) > dm*~¢/2 in the present hypergraph.
Note that we have deleted less than 2m¢ x dm*~*/2 = dm* edges, hence, the final
hypergraph H’ is non-empty. We pick a maximal canonical ¢-path P C H’ with
respect to (Vi,..., Vi) which has ¢t > 1 edges and let the ¢-set L denote one end of
P. Since L is contained in an edge in H’ we know that deg(L) > dm*~¢/2. On the
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other hand, every edge in H’ which contains L must intersect V(P) \ L since P is
maximal. Thus, we have

bt (t+1)

< deg(L) < ((k — 20t + £2> mF = < (k= O)tmF L

This yields ¢ > dm/(2(k — ¢)).
O

We want to use Proposition 19 to cover a e-regular tuple (V4, ..., Vi) by ¢-paths
which intersect Vi,...,Vi_1 equally and which, moreover, intersect Vi almost as
little as possible.

Lemma 20. For all integers k > 3, 1 < ¢ < k/2, and all d,3 > 0 there exist
e > 0, integers p and mqg such that for all m > mg the following holds. Suppose
V=V, Va,..., Vi) is an (e, d)-regular k-tuple with |V;| = (2k — 20 — 1)m for all
i € [k —1] and |Vi| = (k — 1)m. Then there is a family consisting of at most p
pairwise vertex disjoint {-paths which cover all but at most Bm vertices of V.

Proof. Let k,l,d, and 3 be given. We choose ¢ = min{d/2,3/(7k?),1/k!}, p =
2k/e?, and mg > 2¢73 sufficiently large. Suppose V = (Vi,...,V}) is an (g, d)-
regular tuple as stated in the lemma. We choose t to be the largest odd number
satisfying ¢t < |e2km/(k — £)] and we want to cover V by (-paths each having ¢
edges. To this end, let Sx_1 denote the symmetric group and for each permutation
7€ SEp_1 let

V(1) = Ve, Ve@) -+ Vee—1), Vi)-

Let pg denote the maximal integer for which there exists a family of pairwise
disjoint ¢-paths with exactly ¢ edges each, such that every /-path is canonical with
respect to some V(7), 7 € Sip_1, and for every 7 € Si_1 there are either exactly
po or pp + 1 paths in this family which are canonical with respect to V(7). Among
those families let &7, be one with maximal cardinality and for each 7 € Sj_; for
which there are py + 1 canonical ¢-paths with respect to V(7) in &,, we remove
one of those paths to obtain & C &7, with size || = po(k — 1)I. We will prove
that &2 is the family of ¢-paths regquired in the lemma.

For a family &' of paths let V(') = [Upc g V(P) and we claim that there
is an 7 € [k] such that |Vi \ V(&) < 2kem. In the opposite case we pick
W, C V. \ V(&) with size |W,| = 2kem for all r € [k] and from regularity of
(Va,..., Vi) and W, C V,. we derive that

e(Wi,...,W) > (d —€)(2kem)*.

Since d > 2¢ it follows from Proposition 19 that for any 7 € Sy_; there is a
canonical -path with respect to (W (), ..., Wr(x—1), Wi) which consists of more
than e2km/(k — £) > t edges. (Note that these ¢-paths are not necessarily disjoint
for different 7.) However, we get a contradiction either to the maximality of pg or
to the maximality of |27, .

Thus, with U, = V, NV (2?) for all r € [k], we derive that there exists an 7 € [k]
such that

\Us| > |Vi| = |Ppo \ 2|t — 2kem > |Vi| — 3kem,

since |2, \ 2| < (k— 1)\, t <e2km/(k — (), and ¢ < 1/k!.

From the above we want to derive that

|U.| > |V;| = Tkem for all r € [k] (16)
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which would imply the lemma, since e < 3/(7k?).

To this end, note first that canonical ¢-paths with ¢ edges intersect sets in middle
position in exactly ¢ vertices, whereas sets in end positions are intersected in (t+1)/2
vertices (see Remark 18). Hence, for all r € [k — 1] we have

U = po| (k= 20)(k = 2)1t + (20 = 1)(k = 2)1(t +1)/2]

Po [(2k—2z—1)(k—2)!(t+1)/2— (k—2£)(k—2)!]
and
Ukl = po(k = D!t +1)/2.
Suppose 7 # k then |U,| = |Uz| > |Vi| — 3kem for all r € [k — 1] and
2 |Ux|
P G k=2 — ) —2)

However, this implies

(k 1)|LF|
> > — — .
% — 20 —1 (k l)m 3kem |Vk| 3kem

On the other hand, if 7 = k then

Uk

from which we derive
|U.| > (2k — 2¢ — 1)m — Tkem = V| — Tkem

due to m > mg > 2e73. In both cases, we obtain (16).
Lastly, note that po(k — 1)I(t + 1)/2 < |Vi| = (k — 1)m from which we infer
| 2| < 2k/e? = p. O

4.3. Proof of the Path-cover Lemma. In this section we prove the Lemma 7.

Proof of Lemma 7. Given k, ¢ with k > 2¢ and -, > 0. We apply Lemma 20
with k, £, d = v/6 and § = /3 to obtain e99, pag and msoy and subsequently
apply Lemma 11 with &, ¢, e;; = (¢/3)*~1 /5 to obtain ny;. Finally, we apply
Theorem 14 with k and

1 . (2 ~ €90 16k
5142mm{16’%k"5%“2k and t¢;4 = max nllva

to obtain 714 and ny4. Let p = Tiupoo and ng > max{2k>Ty,/e14,n14} sufficiently
large.

For a hypergraph H on n > ng vertices with d;_1(H) > (ﬁ + v)n we apply
the weak hypergraph regularity lemma (Theorem 14) with k, €14 and t14. By
possibly moving at most ¢(2k — 2¢ — 1)(k — 1) < e14n vertices to Vp we obtain an
2e14-regular partition V = VoUV1UVLU. ..UV, of ‘H such that the partition classes
satisfy

WVil=-=|Vi|=(2k—20—1)(k—1)m

for some positive integer m. Clearly, |Vp| < 2e14n < en/3 and n/t > |V;| > n/(2t)
for all i € [t].
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For the k-uniform cluster hypergraph K = K(2¢14,7/6) of H on the vertex set [t]
we know by Proposition 16 that all but at most /2e1,t* 7! < e11t*~1 of the (k—1)-
sets S € (k[i]l) satisfy

degy(S) > (2(/;—5) + Z) t.

Thus, by Lemma 11 we find a Fj ¢-packing in K which covers all but at most
(5e11) /=Dt < £t /3 vertices of K.

Let F be an arbitrary copy of Fj ¢ in the cluster hypergraph K with the vertex
set, say, V(F) ={1,2,...,(2k — 2¢)(k — 1)} grouped into sets A1, ..., Asg_2¢-1, B,
all of the same size k —1. The edges of F are the sets A; U{b} with i € [2k —2¢—1]
and b € B. We will show that the corresponding induced hypergraph Hr =
H[VIUVRU. .. UV(ak_2¢)k—1)] can be covered by a family of at most (2k — 20 —
1)(k — 1)poo pairwise disjoint ¢-paths which leave at most

(2k — 20 — 1) (k — 1)Bm (17)

vertices of Hx uncovered. This would imply that the union of these families for the
Fi,e-packing contains at most tpag < p pairwise disjoint ¢-paths and the number of
vertices in ‘H not covered by these f-paths is at most

[Vo| + (et/3) x n/t +tpm < en,

as stated in the lemma.
To find a family of ¢-paths satisfying (17) let ¢ € [2k — 2¢ — 1] and by suppressing

the dependence on i let ay, ..., ar—1 be the elements of A;. For each i € [2k—2¢—1]
and each a € A; we subdivide V,, into (k — 1) pairwise disjoint sets U}, ..., UF~1,
each having
|Val
=2k—-20-1
w1 = ym

vertices and, subsequently group them into tuples (U;, ,...,U;, ) with r € [k—1].
Moreover, for all b € B we subdivide V}, into (2k — 2¢ — 1) pairwise disjoint sets,
each of size
Vs
(2k—20-1)
Thus, we obtain (2k —2¢ —1)(k —1) such sets and there is a bijection between those
sets and the (k — 1)-tuples (U, ,...,U,, ). We fix such a bijection (arbitrarily)

Ul ) by W/ (recall that we suppressed the

=(k—1)m.

and denote the preimage of (Uj ...,
dependence of ay,...,ar—1 on i).

For each i € [2k — 2¢ — 1] and each b € B the set A; U {b} forms an edge
in K, i.e. the tuple (Va,,...,Va,_,, Vo) is (2€14,7/6)-regular. Due to Fact 13 and

2614 < £90/2k we derive that the k-tuples (U7 ur W) are all (20,7/6)-

aee UL
regular. Hence, for each i € [2k—2¢—1] and each r € [k—1] we can apply Lemma 20
to (U .Ur W) to obtain a family of at most poy pairwise disjoint ¢-paths

(<5 ak—1"7
which cover all but at most 8m vertices of (U7 Us._,»W!). Since there are

K2

JAP
exactly (2k —2¢ —1)(k — 1) such k-tuples we obtain at most (2k —2¢ —1)(k — 1)pao
paths in total and the number of vertices in Hx not covered by those paths is at
most (2k — 2¢ — 1)(k — 1)Bm, as stated in (17). O
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