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ABSTRACT. For k-uniform hypergraphs F' and H and an integer r > 2, let
¢r,F(H) denote the number of r-colorings of the set of hyperedges of H with
no monochromatic copy of F and let ¢, p(n) = maxgecn,, ¢ (H), where the
maximum runs over all k-uniform hypergraphs on n vertices. Moreover, let
ex(n, F') be the usual extremal or Turdn function, i.e., the maximum number
of hyperedges of an n-vertex k-uniform hypergraph which contains no copy of
F.

For complete graphs F' = K, and r = 2 Erdds and Rothschild conjectured
that co x,(n) = 2ex(n,K¢) - This conjecture was proved by Yuster for £ = 3
and by Alon, Balogh, Keevash, and Sudakov for arbitrary ¢. In this paper,
we consider the question for hypergraphs and show that in the special case,
when F' is the Fano plane and » = 2 or 3, then ¢, p(n) = rex(n.F) - while
cr,r(n) > rex(nF) for r > 4.

1. INTRODUCTION AND RESULTS

We consider k-uniform hypergraphs H = (V, E), where E = E(H) C (‘;) For
k-uniform hypergraphs F' and H and an integer r let ¢, p(H) denote the number
of r-colorings of the set of hyperedges of H with no monochromatic copy of F
and let ¢, p(n) = maxgep, ¢ p(H), where the maximum runs over all k-uniform
hypergraphs on n vertices. Moreover, let ex(n, F') be the usual extremal or Turdn
function, i.e., the maximum number of hyperedges of an n-vertex k-uniform hy-
pergraph which contains no copy of F. We say a hypergraph H on n vertices is
extremal for F if e(H) = |E(H)| = ex(n, F).

Clearly, every edge coloring of any extremal hypergraph H for F' contains no
monochromatic copy of F' and, consequently,

Crr (TL) > rcx(n,F)

for all » > 2. On the other hand, let Forbr(n) denote the family of all labeled
hypergraphs on n vertices which contain no copy of F. Since every 2-coloring of
the set of hyperedges of a hypergraph H, which contains no monochromatic copy
of F, gives rise to a member of Forbg(n), e.g., consider always the subhypergraph
in one of the two colors, we have

c2,7(n) < |Forbp(n)|.
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The size of Forbp(n) was first studied by Erdés, Kleitman, and Rothschild [8] and

Kolaitis, Promel, and Rothschild [13, 14] for graph cliques F' = K, on ¢ vertices
and by Erdés, Frankl, and Rodl [7] for arbitrary graphs F, i.e., |Forbgp(n)| <
9ex(n.F)to(n*) (gee [3, 1] for recent improvements). Recently, the result from [7] was

extended in [15, 16] to k-uniform hypergraphs F, i.e,

|F0er(n)| < 2ex(n,F)+o(nk)

(see [17] for recent improvements when F' is the hypergraph of the Fano plane). Re-
turning to the maximum number of hyperedge colorings without a monochromatic
copy of an arbitrary k-uniform hypergraph F', we have for two colors

2ex(n,F) < C2,F(n) < 26X(n7F)+o(nk) ) (1)

In the graph case, when F' = K is a graph clique Yuster [20] (for £ = 3)
and Alon et al. [I] (for arbitrary ¢) closed the gap in (1) and showed, that the
lower bound is the correct order of ¢ g,(n), i.e., c2 k,(n) = 2ex(n.Ke) - which was
conjectured by Erdés and Rothschild (see [6]). Moreover, Alon et al. showed that
3.5, (n) = 3K and in both cases r = 2,3 we have

Cr.K, (H) = Cr K, (n) = TEX(TL’KZ)

only when H is the (¢ — 1)-partite Turdn graph. In fact, it was shown in [1] that
the same result holds for ¢-chromatic graphs which contain a color-critical edge.
Furthermore, it was observed in [1] that ¢, g, > r*<("Ke) for r > 4.

In this paper, we determine ¢, p(n) for r = 2,3 and F being the 3-uniform hyper-
graph of the Fano plane, i.e., the unique triple system with 7 hyperedges on 7 ver-
tices in which every pair of vertices is contained in precisely one hyperedge. It was
shown independently by Fiiredi and Simonovits [10] and Keevash and Sudakov [11],
that for n sufficiently large the unique extremal Fano plane-free hypergraph on
n vertices is the balanced, complete, bipartite hypergraph B, = (UUW, E(B,)),
where |U| = [n/2], |W| = [n/2] and E(B,,) consists of all hyperedges with at least
one vertex in U and one vertex in W. Therefore, for the Fano plane F' we have for
sufficiently large n

extu. ) = e(8,) = B = () - (") - (197 < L LES

and

n n [n/2] 3,
= — = — | — — > — —
51(By) = e(By) — e(Bn_1) ([21 1) bJ +< ! ) >n?-n, (3)
where for a hypergraph H = (V, E) we denote by 61 (H) the minimum vertex degree,
Le., 61(H) = minyey [{{v,w}: {u,v,w} € E}|.

Theorem 1. Let F' be the 3-uniform hypergraph of the Fano plane and r = 2 or
r = 3. There exists an integer n,, such that for every 3-uniform hypergraph H on
n > n, vertices we have

err(H) < pex(nF),

Moreover, the only 3-uniform hypergraph H on n vertices with ¢, p(H) = rex(n.F) g
the extremal hypergraph for F', i.e., H is isomorphic to B, the balanced, complete,
bipartite hypergraph on n vertices.
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The following result shows that, similarly as in the case of graph cliques, Theo-
rem 1 does not extend to more than 3 colors (see also (24)).

Theorem 2. For the Fano plane F and r > 3 we have ¢, p(n) > rxmF) for
sufficiently large n.

Theorem 1 and Theorem 2 are a first extension of the results from Alon et al. [1]
to hypergraphs. In fact, our proof proceeds along similar lines and is based on the

stability result for the Fano plane due to Keevash and Sudakov [11] and Fiiredi and
Simonovits [10] and the weak hypergraph regularity lemma.
2. TooLs

Throughout this paper we study 3-uniform hypergraphs and from now on by a
hypergraph we always mean a 3-uniform hypergraph. For a hypergraph H = (V, E)
and a subset U C V of the vertex set V we write Ey(U) or simply E(U), if
the hypergraph under considerations is obvious, for the hyperedges of H that are
completely contained in U, ie., Eg(U) = EN (g) We define the cardinality of
En(U) by eg(U) or simply e(U). Similarly, for two disjoint subsets U and W we
write

E(UW)={ecE: e CUUW, enU #0, enW # 0} = E(UUW)\(E(U)JUE(W))

and e(U,W) = |E(U,W)|. Analogously, for triples of pairwise disjoint subsets we
define E(Wl, WQ, Wg) and G(Wl, WQ, Wg)

The following stability result for Fano plane-free hypergraphs was proved by
Fiiredi and Simonovits [10] and Keevash and Sudakov [11].

Theorem 3 (Stability theorem for Fano plane-free hypergraphs). For every é > 0
there exist € > 0 and ng such that every Fano plane-free hypergraph H on n > ng
vertices with at least (3 — €)n® hyperedges admits a partition V(H) = XUY with
e(X) +e(Y) < én3. O

Another tool we use in this paper is the so-called weak hypergraph reqular-
ity lemma. This result is a straightforward extension of Szemerédi’s regularity
lemma [19] for graphs. We only state the version for 3-uniform hypergraphs here.
Let H = (V,E) be a hypergraph and let Wy, Ws, W3 be mutually disjoint non-
empty subsets of V. We denote by dgy (Wi, Wo, W3) = d(Wy, Wy, W3) the density
of the 3-partite induced subhypergraph H[W;, Wa, W3] of H, defined by

e (W, Wa, W)
|Wi|[Wa|[Ws

We say the triple (V1, Vo, V3) of mutually disjoint subsets Vi, Vo, V3 C V is (g,d)-
regular, for positive constants ¢ and d, if

|dg (Wh, Wo,W3) —d| < ¢

for all triples of subsets Wy C Vi, Wy C Vo, W3 C V3 with |Wq||[Wa||[W3| >
e|Vi||V||Va]. We say the triple (Vi,Va, V3) is e-regular if it is (e, d)-regular for
some d > 0.
An e-regular partition of a vertex set V(H) has the following properties:
() V=WU...0V
(id) |[Vil = [Vl < 1 for all 4, j,

dg (Wi, Wo, W3) =
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(iii) (Vi,,Viy, Viy) is e-regular for all but at most e(3) sets {i1, 42,13} C [t] =
{1,...,t}.
The colored version of the weak regularity lemma (see e.g. [5, 9, 18]) states the
following.

Theorem 4. For all integers r > 1 and ty > 1, and every € > 0, there exist
To = To(r, to,e) and Ng = No(r,to,e) so that for every hypergraph H = (V, E) on
n > Ny vertices, which hyperedges are r-colored E(H) = E1U...UE,, there exists
a partition V. = V1U...UV,, with to < t < Ty, which is e-reqular simultaneously
with respect to all subhypergraphs H; = (V, E;) for 1 <i <r. O

For a hypergraph H and a regular partition of its vertex set we use the concept
of a cluster-hypergraph.

Definition 5. For a hypergraph H = (V,E) and an e-regular partition V =
ViU---UV; of its vertex set and a number v > 0 let H(y) = (V*,E*) be the
cluster-hypergraph with vertex set V* = [t] = {1,...,t} and edge set E*, where for
1<i<j<k<titis{i,j,k} € E* if and only if the triple (V;,V;, Vi) is e-regular
and the density satisfies dg (Vi, Vj, Vi) > .

In [12] a counting lemma for linear hypergraphs in the context of the weak
hypergraph regularity lemma was proved, where a hypergraph is said to be linear
if no two of its hyperedges intersect in more than one vertex. Since the Fano plane
is a linear hypergraph, we obtain the following lemma.

Lemma 6. For ally > 0 there exists € = £(y) > 0 and an integer mo = mo(7y) such
that for every positive integer t the following holds. Let H = (V, E) be a hypergraph
with an e-reqular partition V.= V1U---UV; such that |V;| > myg for every i € [t]. If
the cluster-hypergraph H(v) contains a copy of the Fano plane, then the hypergraph
H contains a Fano plane too. O

3. STRUCTURE OF HYPERGRAPHS WITH MANY EDGE-COLORINGS

For the proof of Theorem 1 we first analyse the structure of those hypergraphs,
which admit “many” Fano plane-free colorings.

Lemma 7 (Main Lemma). Let r = 2 or v = 3 and let F be the hypergraph of
the Fano plane. Then for every 6 > 0 there exists ng = ng(r,d) such that every
hypergraph H = (V, E) on n > ng vertices with ¢, p(H) > r*Br) admits a partition
V = XUY of its vertex set with e(X) +e(Y) < én®.

Proof. We prove the lemma only for r = 3, as the proof for r = 2 is very similar.
Let 6 > 0 be given. Let h(z) := —xlogax — (1 — x)log(l — z) for 0 < z < 1 be the
entropy function. Fix  sufficiently small with 0 < v < 1 such that

0
1337 4 66h(6v) < 3 and 44y + 22h(67) < €'(5/2), (4)

where €'(§/2) is given by Theorem 3. Note that such a « exists, since h(6y) — 0
as 7 — 0. Let ¢ = ¢(y) > 0 with € < /2 be such, that Lemma 6 is satisfied.
Moreover, let tg = max{1/e,¢'}, where t' is sufficiently large, so that (2) holds,
ie., ex(t,F) = e(By) for every t > t/, and so that Theorem 3 holds for ¢/2 for all
hypergraphs on at least ¢’ vertices.

Let Ty = To(3,t0,¢) and Ny = No(3,t0,e) be according to Theorem 4 and let
mo = mo(y) be according to Lemma 6. Finally, set ng := max{No, Ty - mo}.
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Let H = (V, E) be a hypergraph on n > ng vertices, which admits at least 3¢(5»)
Fano plane-free 3-colorings of the set of hyperedges. Let us denote the colors by
red, blue and green.

Consider any fixed Fano plane-free 3-coloring of the set of hyperedges of H. By
Theorem 4 for r = 3 there exists a positive integer Ty = To(3, to,£) and there exists
a partition V(H) = V1U...UV; of the vertex set V(H), tg < t < Ty, which is e-
regular with respect to each color class, where |V;| < [n/t], 1 < i <. To simplify
the calculations, we assume in the following that |V;| = n/t € N, 1 <4 <¢. This
does not change our asymptotic analysis.

Let Hyed(7); Hplue(7) and Hgreen () be the corresponding cluster-hypergraphs on
the vertex set [t] = {1,...,t}, i.e., Heo1(7y) corresponds to all those hyperedges with
color col € {red,blue,green}, which are contained in e-regular triples of density
at least . By our assumption and by Lemma 6 each hypergraph Hc,(7) is Fano
plane-free, hence each contains at most ex(t, F') = e(B;) hyperedges.

We count the number of 3-colorings of the set of hyperedges, which yield the
partition V(H) = V,U- - - UV, of the vertex set and the cluster-hypergraphs Hyeq(7),
Hyplue(7), and Hgreen(y). To do so, first we bound from above the number of
hyperedges e € E(H), which intersect some set V;, 1 < i < ¢, in at least two vertices,
or are contained in a triple (V;, V}, V) which is not e-regular, or for one color class
are contained in a triple (V;, V;, Vi) of edge-density less than v, 1 <i < j <k <t.

The number of hyperedges e € E(H), which intersect one of the sets Vi,...,
in at least two vertices, is at most

n/t 1 4
t —n”. 5
( 5 >n < 5n (5)
The number of hyperedges e € F(H), which are contained in one of the at most
35(;)) e-irregular triples (V;,V}, Vi), 1 <i < j <k <t,is at most

()2 < g

The number of hyperedges e € E(H ), which for one of the three color classes are
contained in triples (V;, V}, Vi) of density less than v, 1 <i < j <k, is at most

t n\? _ Y 3
3<3>” (5) <3 @)
With t > tg > 1/e and € < 7/2, the total number of all these hyperedges is by
(5)—(7) less than
yn3. (8)
These hyperedges can be chosen in at most

(©) < (e

ways — here we used (a"n) < 2Me)n for 0 < o < 1 — and can be colored by red, blue
or green in at most

37n’® (10)

ways.
Next we consider the set of all remaining hyperedges in H, i.e., those, which
are contained in e-regular triples (V;,V}, Vi) of density at least v for every color
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class, 1 < i < j < k. If {i,j,k} is a hyperedge in exactly s, 1 < s < 3, of the
cluster-hypergraphs Hyed (), Holue(7), Hgreen(7), then in the hypergraph H every
remaining hyperedge in the e-regular triple (V;, V;, V%) is colored by one of s possible
colors. As e(V;, V;, Vi) < (n/t)3, we can color these hyperedges in at most

s(n/t? (11)

ways. Let e; be the number of triples {¢,j,k}, 1 < i < j < k < t, which are
hyperedges in exactly s cluster-hypergraphs. Hence, the number of 3-colorings,
which yield the partition V/(H) = V;U- - - UV, of the vertex set V(H) and the cluster-
hypergraphs Hyeq (7)) Hblue(ﬁ)/)v ngeen('}’), is by (9)_(11) with 6(%7 Vjv Vk) < (n/t)ga
1<i<j<k<{t, at most

oh(67)n’/6  gyn® (19 262363)(n/t)3 — oh(67)n®/6  gyn® (262363)(n/t)3 _ (12)

None of the cluster-hypergraphs contains a Fano plane, and hence they have at
most e(B;) hyperedges, i.e., e(Heo1(7)) < e(B;) < t3/8 for col € {red, blue, green}.
Observe that

262 + 363 S er + 262 + 363 = e(Hred('—Y)) + e(Hblue(’Y)) + e(ngeen('}/))

thus

3t3 363
< 2 T2
€2 > 16 ) ) (14)

and we infer by using 2 < 37/11 that
9¢2 | ges (g‘) 23263/167363/2 .36 < 3(7/11)(3753/167363/2) .38 < 321t3/176+63/22' (15)

Assume that for every choice of a Fano plane-free coloring of the set of hyperedges

of H we obtain s

t
es < g~ 44~t3 — 221(67)t°.

Then, we have
9¢ez . 3€3 (l<5) 3t3/8—2’yt3—h(6’y)t3. (16)

Recalling that there are at most n0 partitions of the vertex set V' into at most Tp

T
classes and that there are at most 23(%) < 2T% choices for the cluster-hypergraphs
Hica (), Hotue(7), Hgreen(7), we infer from (12) and (16) that the total number of

such 3-colorings of H is at most
nTg . 2T03 . 2h(6’y)n3/6 . 37n3 . (3t3/8—27t3—h(6'y)t3)(n/t)3

— pTo . 9T . oh(6y)n®/6  gyn® gn®/8—2yn®—h(67)n®

< nTo ,2Tg .3n3/8—'yn3—5h(67)n3/6 < 3¢(Bn)

for sufficiently large n, which contradicts our assumption.
Hence, there exists a Fano plane-free 3-coloring of H, which yields a partition
V(H) =WU---UV, t <Tp, and cluster-hypergraphs Hrea(7), Holue(7); Hgreen ()

such that s

t ,
e3> g~ 44~t3 — 221(67)t3. (17)
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We infer
(13),(17)
e1+ey<e+2o < 1329t% + 66h(6y)t3. (18)
Let Hj3 be that hypergraph on the vertex set [¢], which consists of all hyperedges,
which are contained in all three cluster-hypergraphs. Let H’ be the subhyper-
graph of H, which contains all those hyperedges from H, which correspond to the
hyperedges in Hs, i.e., {i,j,k} € E(Hs) if and only if E(V;,V;,Vy) C E(H').
Due to (17) and (4), by Theorem 3 there exists a partition [t] = AUB such that

e, (A) +em, (B) < gtf’). (19)

Set X =;jcaVjand Y = ;.5 Vj. Then, it is

en(X) Fen(V) S (/e (4) + ey (B) 41 + ea)
(18%(19) yn3 + (n/t)* (6t /2 + 132+t® + 66h(67)t?)
< yn® 4+ 6n®/2 + 132yn3 + 66h(6v)n>
(i) on3,
which yields the desired partition V(H) = XUY. O

4. PROOF OF MAIN RESULT

Proof of Theorem 1. We prove only the case r = 3, as the proof for two colors is
similar. We first fix all constants needed for the proof. Let &, o, and ¢ be defined
by the following equations

30 -1=3% 3" -1=3"¢ and (3h(20)+1)(1+8¢)logs(2) =1-¢, (20)

where h(z) := —zlogz — (1 — z)log(1l — ) is the entropy function. Recall that
h(z) — 0 as * — 0 and, since logs(2) < 1, there exists such a ¢ > 0 satisfying the
above such that (3h(27) + 1)(1 4 8v)logs(2) <1 — for all 0 < v < (. We set

[ & ¢ 1 o’
= 2l d 5= 21

7 mm{moo’ 2f =25 ™ 1000’ 1)
For the main steps of the proof it is sufficient to keep in mind that

<oy« C.

no

Let ng = ng(3,0) be given by Lemma 7 and set n, = n3 > ng + (%

large.

The proof is similar to that in [I] and proceeds by contradiction. Assume that
we are given a hypergraph H on n > ng vertices with c3 p(H) > 3¢(Br)+m for some
m > 0. We show the following claim.

Claim 8. If cs p(H) > 3¢(Br)tm for some m > 0 and H is not the balanced,
complete, bipartite hypergraph B,,, then there exists an induced subhypergraph H'
on n' vertices withn’ > n —3 and c3 p(H') > 3e(Bus)+m+l,

) sufficiently

Inductively, we arrive at some subhypergraph Hy with at least ng vertices that
admits at least 3¢(Bro)+(%)+1 Fano plane-free 3-colorings of the set of hyperedges,
which is impossible and yields the desired contradiction and it is left to verify
Claim 8. 0
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Proof of Claim 8. Let H be a hypergraph on n vertices, H # B,, and c3 p(H) >
3¢(Br)+m with m > 0. Clearly, this implies e(H) > e(B,,). Without loss of general-
ity we may assume that §;(H) > §;1(B,,). Otherwise let v be a vertex of minimum
degree in H and consider H' := H — v. Since e(B,_1) = e(B,) — 61(Bn) <
e(By) — 61(H) — 1 we have

CS’F(H) € n)— m e _ m
c3r(H') > S =3 (Ba)=01(H)+m > ge(Bu_y)+m+1,

In view of (3), from now on we may assume &;(H) > 6;(B,) > 3n?/8 — n.
Consider a partition of V(H) = XUY, which minimizes e(X) + e(Y). Because of
Lemma 7 we know that e(X) + e(Y) < én® and, hence

e(H) < e(B,) + 6n®
and it follows from e(H) > e(B,,) that
e(X,Y) > e(B,) —on® > n®/8 —n?/4 —on?,
which in turn implies
n/2 —2Von < |X|,|Y| < n/2 +2Vén. (22)

Our argument splits into two cases depending on the link(graph). For a vertex
v of H define its link L(v) := {{u,w}: {v,u,w} € E(H)}, which is a graph on
V(H). First (in Case 1) we will assume that there exists a vertex v with at least
yn? link edges in its “own” partition class.

Case 1 (H has the property that 37 € {X,Y} and v € Z: |L(v) N (§)| > yn?).
Without loss of generality we may assume v € Y with |L(v) N ()2/)| > yn?. The
minimality of e(X) + e(Y) implies, that |L(v) N ()2()| > yn?, as otherwise we could
move v to X decreasing e(X) + e(Y).

We split the Fano plane-free colorings of H into two classes C; and Cy = Cj.

Let C; be the set of those colorings for which there exist Lj, C L(v) N (g) and

L’y c L(v)N ()2(), of size at least yn?/4 each, and all hyperedges of the form {v}U f
with f € L'y U L}, have the same color.

For a fixed coloring from C; there exist matchings My C Ly and My C L,
and min{|Mx/|, |[My|} > yn/5. For three link edges f1, f2, f3 with f1 € My and
fo, f3 € My let t1,ta,t5,ts € () be four triples (not necessarily hyperedges of H)
such that {{v} U fi: i =1,2,3} U{t1,...,ts} forms a Fano plane. Note that each
of the triples t1,ts,ts,t4 contains precisely one vertex from f; C Y and precisely
one vertex from each of fy and f3 C X. (In fact, there are two different sets of
four triples t1,...,t4 for any given f1, fo, f3 and we just fix one of those two sets.)
Since {v} U f; are of the same color either one of the triples ¢; must be missing
in H or there are only 3* — 1 ways to color t1,t,t3,t4. Since |Mx|,|My| > yn/5
there are at least %* (7"2/ 5) possible choices for f1, fs, f3 and since there are at most
dn3 < 43n3 /1000 hyperedges absent between X and Y, there are at least v3n3 /500
such Fano planes present in H for a fixed coloring in C;. Furthermore, note that for
two different choices of f1, fa, f3 and f1, f3, f4 the corresponding sets {t1,...,¢4}
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and {t},...,t,} are disjoint. Hence we obtain the following estimate on |C4|
[X] Y] e(H
en<a( G Y (L)) 30 a pprtutsso
yn2/4) \An2 /4 ) 347°n?/500

2<0) 3. 2n2 . 3e(Bn)+6n374w3n3/500+(479)'y3n3/500
(2D g gn®  ge(Bn)—on®

Consequently, for large enough n we have
|Cy| < 3e(Bn)—1,

Let Cy be the Fano plane-free edge colorings of H which do not belong to Cy,
i.e., the family of those colorings for which there does not exist L{, C L(v) N (}2/)
and Ly, C L(v)N ()2(), of size at least yn?/4 each, and such that all hyperedges of
the form {v} U f with f € L’y U L have the same color. We have just shown that

Cy > 3e(Bn)+m—1 ]

Next we estimate the number of colorings of the set of hyperedges incident to v,
which can be extended to a coloring in Cy. For a set W C V(H) we say e € E(H)
is a hyperedge from v to W if v € e and (e \ {v}) C W.

For any coloring from Cs, by definition, for every col € {red, blue, green} there is
a vertex class Voo € {X, Y} such that there are at most yn?/4 hyperedges from v
to Veol, since otherwise the coloring would belong to C;. Note that because of (21)
and (22) the size of (Vg") is at most n?/8 + yn? and, consequently, there are at
most

(“2/8 + 7n2> < Qh(%)(us«y)n?/s (2<l) 2h(2’y)(1+8’y)n2/8
e )T -
ways to choose the hyperedges of color col between v and V).

Since |L(v) N ()2() [, IL(v)N (}2/)| > yn? it is impossible that Vieda = Viiue = Vereen-
Hence for two colors, say red and blue, there will be at most yn?/4 hyperedges
from v to, say, X = Vied = Vbue (the case Y = Vied = Vie is symmetric here
and the analysis is independent from the earlier assumption v € Y'). Then for the
remaining third color there will be at most yn?/4 hyperedges of color green from v
t0 Y = Vgreen. Now we can color the remaining hyperedges from v to X only green,
and we can color the remaining hyperedges (there are at most n?/8 + yn?) from
v to Y with two colors, red and blue. We also had only 6 different possibilities to
choose Vied, Vblues Vareen € {X, Y} in such a way.

Finally, there are at most n?/4 hyperedges, that contain v and intersect both
X and Y, and they can be colored arbitrarily, so in total in at most 3n*/4 ways.
Summarizing the above, we can estimate the number of possible colorings of the
hyperedges incident with v (which extend to a coloring in Cs) from above by

6. 93N (1+87)n2/8  o(1487)n2/8  gn®/4 _ g 3(3h(27)+1)(1+87) logy(2)n? /8+n /4

(20)

< 32+(177)n2/8+n2/4 _ 33n2/87'yn2/8+2 ©)

301(Bn)—2
Setting H' := H — v we obtain

A N b
cap(H') > 301(Bn)—2 = 361(Bn)—2

__qe(Bp_1)+m+1
— 3¢( 1) ,
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which proves Claim 8 for hypergraphs H satisfying the assumptions of Case 1.

Next we consider the case that every vertex v has at most yn? link edges in its
own partition class.

Case 2 (H has the property thatVZ € {X,Y} and Vv € Z: |L(v)N (§)| <n?). As
still H # B,, there exists (without loss of generality) a hyperedge e = {v1, v, v3} C
Y. Let L:= (2, L(v;) N (¥). From & (H) > 81(B,) > 3n*/8 — n it follows that
L] > (1—4y)(51) > (2/3+1/6) (1) (see (21)). By Turén’s theorem and (22) we
ﬁrllld at least 5 (‘)2“) > gign? edge-disjoint Ky’s in L. Denote them by K*, ... K4,
where

> n?. 23
1= 360" (23)

Since K7 C L for every j = 1,...,q, every such K7 forms together with the
hyperedge e a Fano plane. Fixing a color for e we can color the 6 hyperedges that
correspond to the edges of every K7 in only 3% — 1 instead of 3¢ different ways.
Set H' := H — {v1,v2,v3}. Let E. denote the set of hyperedges of H which
contain at least one vertex from e = {v1, v2,v3}. Obviously, |E.| < 3yn? + 3(”2(‘) +
31X|Y|. It follows from the choice of § < v (see (21)), e(X) + e(Y) < dn?, and

e(H) > e(B,), that
|Ee| (ZSQ) gn2 + 4yn? (%) 61(Bn) + 61(Bn-1) + 61(Bn—2) + 5yn’
=e(B,) —e(B,_3) + 5yn?.
We can color the set of hyperedges of E. in at most

3l Eel
304

(35 — 1)1 29 3lEe|—¢&q

ways. Consequently,

3 F(H/) > 3e(Bn)+m—|E.|+£q > 36(Bn—3)+m—5’m2+fq (21)223) 3€(Bn,—3)+m+1’

which concludes Case 2 and finishes the proof of Claim 8. g

5. FANO PLANE-FREE r-COLORINGS (r > 4)

Proof of Theorem 2. Let H = (V, E) be the complete 4-partite hypergraph with
the vertex partition V' = V;UVaUV3UVy of almost equal size: ||V;] —|V;|| < 1 for
1 <i < j < 4. We color its hyperedges with colors from [r] as follows. The
hyperedges from E(V; UV5, Vo U V) can be colored with colors from {1,...,r — 2},
from E(V; U Vs, V3UV,) with color  — 1 and from E(V; UVy, Vo UV3) with color r.
Obviously, there are no monochromatic Fano planes, as all monochromatic induced
subhypergraphs are bipartite. It remains to verify a lower bound on the number of
possible colorings (we now assume for simplicity that 4 divides n):

e the hyperedges that intersect 3 of the possible 4 partition classes can be
colored arbitrarily (i.e., by r colors), which gives

A

colorings for those hyperedges,
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e the hyperedges from E(Vy,V3), E(V4,Vy), E(Va,V3) or E(V3,V,) can be

colored with r — 1 colors and since e(V;, V;) = 2("44) % we obtain:

(= 124
colorings for these hyperedges,
e the hyperedges from E(V1,V3) or E(V2,Vy) can be colored with 2 colors in

22‘2(%4)%
many ways.

Consequently,

cap(n) = rt 3 (- )32 592200

n3/8—0(n?)
> > (r +¢g)(Bn)

> ( Var(r—1)
for any r > 4 and for some £ > 0 and sufficiently large n. (]

We note that this lower bound on the number of Fano plane-free r-colorings can
be easily improved. For example, if one distributes the available colors for the three
bipartitions as evenly as possible, then one obtains the following for r» > 4

(%)3/47“5/4 ifr=0 mod3
crp(n) > fﬁs/gfo("%,with fr=<qrl/2 [%r] 1/2 7| Y4 ifr =1 mod3 (24)

3
172 {%r]l/zl L%rjlﬂ ifr=2 mod 3.

The next result gives an upper bound on ¢, p(n) for any fixed integer r > 4.

Theorem 9. For the Fano plane F' and integers r > 4 it is
n3/84+0(n?)
err(n) < ((3r/4)4/3) .

Proof. The arguments are similar to those used in the proof of Lemma 7. Let
v > 0 be arbitrary and set ¢ =¢(y) > 0 with ¢ < /2 such that Lemma 6 is
satisfied. Moreover, let ¢ = max{1/e,t'}, where ¢’ is sufficiently large, so that (2)
holds, i.e., so that ex(t,F) = e(By) for every t > t'. Let Ty = Ty(r,to,¢) and
Ny = Ny(r, tg, ) be given by Theorem 4 and let mg = mg(y) be given by Lemma 6.
Set ng := max{Ny, Tp-mo} and let H = (V, E) be a hypergraph on n > ng vertices.

Consider any fixed r-coloring of the set of hyperedges of H without a monochro-
matic Fano plane . By Theorem 4 there exists a partition V(H) = V1U...UV;
of the vertex set V(H), tg < t < Tp, which is e-regular with respect to each color
class, where w.lo.g. |[V;|=n/t, 1 <i<Ht.

For v > 0 and col € [r] let Heo(7y) be the corresponding cluster-hypergraphs
on the vertex set [t] = {1,...,t}, i.e., Heo(y) corresponds to all hyperedges of
color col € {1,...,r}, which are contained in e-regular triples of density at least ~.
Furthermore, for s € [r] let e; be the number of triples {i,j, k}, 1 <i < j <k <t
which are hyperedges in exactly s of the cluster-hypergraphs Heo () with col € [r].
By our assumption and by Lemma 6 each hypergraph Hc,(7) is Fano plane-free,
hence contains at most e(B;) hyperedges:

T t?’
Zses§r~ex(t,F)§r~§. (25)

s=1
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Similarly, as in (5)—(12), the number of r-colorings of the set of hyperedges of
H, which yield the vertex partition V = VjU---UV; and the cluster-hypergraphs
Hi(v),...,H.(7), can be bounded from above by

() r (#? r (3
3 3 3
(r’ygn?)) LTt <| I Ses> < 2h(6r'y)n /6 . Prmn (l I 865> ) (26)
s=1 s=1

zr:e < <t) < i
s=1 o 3) 6

we may view [[._, s® as a product of at most ¢3/6 factors. The sum of those
factors equals Y ._, ses, which is due to (25) bounded from above by rt3/8. Since
a product of positive reals with bounded sum of the factors is maximized when all
factors are equal one can show that

= () -(5) e

s=1

Since

see, e.g., [1, Lemma 4.3].

The number t of partition classes is at most Tp, hence there are at most n’°
partitions of the vertex set V into at most Ty classes. Given such a partition, we
have at most 2"(%) < 2778 choices for the cluster-hypergraphs Hi(v),..., H.(7).
With (26) and (27) we obtain

n/t)3
enp(n) < nl L 9rTS | gh(6ry)n®/6 ryn?® ((3r/4)t3/6)( /0
3 3 3 n®/8
< nTo . orTo _2h(6r'y)n /6 CpTmT ((37“/4)4/3)
n3/8+o(n?)
< (Br/a) , (28)

as vy > 0 can be chosen to be arbitrary small and the entropy h(y) — 0asy — 0. O

Remark 10. The upper bound in Theorem 9 can be slightly improved. A more
careful analysis of (27), which uses the fact that every factor of []._, s® is an
integer, yields [[/_, s% < [3r/4]% [3r/4]", where a + b = t3/6 and a = ([3r/4] —
3r/4)t3/6. This gives

cr,F(n) < (LSr/4Ja/3 |'3T/4-|b/3)"3/8+0(n3) |

where a + b =4 and a = 4[3r/4] — 3r.

6. CONCLUDING REMARKS

The following generalization of the function cs k,(n) for graphs was studied by
Balogh [2]. For a fixed k-uniform hypergraph F', an integer r, and an r-coloring x of
the hyperedges of F', which uses all r colors, we denote for a k-uniform hypergraph
H by ¢y, r(H) the number of colorings of the set of hyperedges H with r colors
which do not contain a copy of F' that is identical to y up to permutation of
the color classes. We call such colorings of H (x, F)-free. Similarly, as before
we set ¢ rp(n) = maxc,, p(H), where the maximum runs over all k-uniform
hypergraphs on n vertices.
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6.1. Forbidden 2-colorings of the Fano plane. In [2] Balogh studied ¢z . x,(n)
and showed that ¢, ,(n) = 2%("5¢) On the other hand, for three colors (r = 3),

it is easy to see that ¢z, Kk, (n) > 2(%) > 3”2/4, since trivially no 2-coloring of K,
admits a triangle with 3 colors. We can prove a similar result for 2-colorings in the
special case, when F' is the Fano plane.

Theorem 11. For every 2-coloring x of the hyperedges of the Fano plane F', which
uses both colors, there exists an ng such that for all n > ng we have ca p(n) =
20X F) and the only 3-uniform hypergraph H on n vertices with o r(H) =
2ex(m.F) s B,,.

The proof of Theorem 11 follows the lines of the proof of Theorem 1 and we
discuss the required adjustments below.

Proof of Theorem 11 (sketch). First an analogous extension of Lemma 7 is proved.
Again the weak hypergraph regularity lemma yields cluster-hypergraphs H,.q and
Hyje. Lemma 6 implies that for every 2-coloring, which does not contain a x-
colored copy of F', the number e(Hsz) of hyperedges which appear in both cluster-
hypergraphs satisfies e(Hs) = |E(Hyed) N E(Hplue)| < e(Bt), where ¢ is the num-
ber of vertex classes of the regular partition. Now a simple calculation (similar
to (12-16) shows that if e(Hz) < (1 — o(1))e(By) for every (x, F)-free coloring
of H, then this contradicts the assumption that ¢, p(H) > 2¢(Bn) - Thus there
must be a (x, F)-free coloring of H with e(Hs) > (1 — o(1))e(B;). Now the sta-
bility theorem for Fano plane-free hypergraphs yields a partition AUB = [t] with
|Ep,(A) U Eg,(B)| = o(t?), however, we still have to bound the number of hy-
peredges of Hy = ([t], E(Hyea) AE(Hplue)), which are completely contained in A
or B. For that we note that E(H;) U E(H3) cannot contain a copy of F' with
precisely one hyperedge in F(H;). Since then again Lemma 6 yields a copy of F
which has the same coloring as x. (Here we use the assumption that y is indeed
not a monochromatic coloring of F.) But since ey, (A, B) > (1 — o(1))e(B;) this
implies eg, (A) + exq, (B) < o(t?) by a simple counting argument, which gives the
appropriate extension of Lemma 7.

In the second part, one follows the arguments from Section 4. Again the proof
goes by induction and we show that if ¢o, p(H) > 2¢(Br)tm and H # B, then
there exists a subhypergraph H' on n’ > n — 3 vertices such that ¢y, r(H') >
2¢(Ba)+m+1 The proof follows the lines of Section 4 (adjusted for the case r = 2).
We only have to change the definition of the set C; in Case 1. Here we let C; be
those (x, F)-free colorings of H such that the link graph L of v contains many
(yn?/3) blue and L’y contains many red edges or vice versa. With this adjustment
the proof is verbatim. (I

6.2. Forbidden 3- and 4-colorings of the Fano plane. We close this note with
the observation that Theorem 2 can also be extended to this setting. More precisely,
Cr,F > r¢(Br) for r = 4. In fact, similar to the example of Balogh for K3 above,
we have ¢,y p(n) > (r — 1)(3) > re(Bn) for r > 4.

This leaves the case r = 3 open. However, the similar question is also open for
graphs F' with more than 3 edges, e.g., to our knowledge it is not known whether
3.k, (1) 3> 327°/3 or if equality holds.
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