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Abstract

Szemerédi’s regularity lemma proved to be a powerful tool in extremal graph theory.

Many of its applications are based on the so-called counting lemma: if G is a k-

partite graph with k-partition Vi U---U Vg, |Vi] = -+ = |Vi| = n, where all induced

bipartite graphs G[V;, Vj] are (d,e)-regular, then the number of k-cliques K in G
k

is d2)nk(1 £ o(1)).

Frankl and R6dl extended Szemerédi’s regularity lemma to 3-graphs and Nagle
and Rodl established an accompanying 3-graph counting lemma analogous to the
graph counting lemma above. In this paper, we provide a new proof of the 3-graph
counting lemma.
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1 Introduction

Szemerédi’s regularity lemma [20] is a powerful tool in combinatorics with
many applications in extremal graph theory, combinatorial number theory, and
theoretical computer science (see, e.g., the excellent surveys [8,9] for some of
these applications). The lemma asserts that all large graphs can be decom-
posed into constantly many edge-disjoint, bipartite subgraphs, almost all of
which behave “random-like” (see Theorem 1 below).

The broad applicability of Szemerédi’s lemma to graph problems suggests that
a regularity lemma for hypergraphs might render many applications. Frankl
and R&dl [1] established such an extension, hereafter called the FR-Lemma,
of the regularity lemma to 3-graphs or 3-uniform hypergraphs. (A 3-uniform
hypergraph H on the vertex set V is a family of 3-element subsets of V,
ie, H C (g) Note that we identify hypergraphs with their edge set and we
write V(H) for the vertex set.) The FR-lemma guarantees that any large 3-
graph admits a decomposition into constantly many edge-disjoint, tripartite
subsystems, almost all of which behave “random-like.” Applications of the
FR-lemma to 3-graphs can be found in [1,4-6,10,11,15,16,18,19].

Most of the applications of the 3-graph regularity lemma are based on a struc-
tural counterpart, the so-called 3-graph counting lemma, which was first ob-
tained by the first two authors [12]. As a cogent example, the counting lemma,
working within the framework of the FR-lemma, gives a new proof of Sze-
merédi’s theorem for arithmetic progressions of length four (see [1]) and its
multidimensional version restricted to four points (see [19]).

In this note we give an alternative proof of the 3-graph counting lemma, The-
orem 5. This result was originally obtained by the first two authors [12] and
follows also from the work of Peng, Skokan and the second author [14]. (In this
latter reference, the authors show that hypergraph ‘regularity’, defined pre-
cisely in Definition 3, is suitably preserved on complete underlying subgraphs,
which then implies the counting lemma.) The proof presented here is substan-
tially different. It is based on Szemerédi’s regularity lemma and is somewhat
simpler than the earlier proofs. The statement of Theorem 5 requires some
notation and we begin by stating Szemerédi’s regularity lemma precisely.

1.1  Szemerédi’s reqularity lemma

In this paper we write x = y 4+ £ for reals x and y and some positive £ > 0 for
the inequalities y — £ < x < y + €. Szemerédi’s lemma pivots on the concept
of an e-reqular pair. Let bipartite graph B be given with bipartition X UY.
We say the pair (X,Y) is (d, €)-regular if for all X’ C X and Y’ C Y where



| X’| > ¢ X| and |Y’| > €|Y|, we have dg(X',Y’) = d + € where dp(X",Y’) =
|E(B[X",Y'D||X'|7'Y’|! is the density of the bipartite subgraph B[X’, Y”|
of B induced on X' UY’. We say the pair (X,Y) is e-regular if it is (d, €)-
regular for some d. In this paper, we use a well-known variant of Szemerédi’s
regularity lemma for k-partite graphs G, and therefore present Szemerédi’s
lemma in this context. Let k-partite graph G be given with k-partition V =
V(G) = V1U...UV,. We say a refining partition WiU.. .UW/ =V; 1 <i <k,
is t-equitable if [W]| < ... < |W{| < |W{| + 1. We say a t-equitable partition
Wiu...UW!=V;, 1<i<k,ise-regularif for all 1 <i < j <k, all but &t
pairs (Wi W7), 1 < a,b < t, are e-regular. Szemerédi’s regularity lemma (for
k-partite graphs) can then be stated * as follows.

Theorem 1 (Szemerédi’s regularity lemma) Let integer k > 1 and ¢ >
0 be given. There exist positive integers Ny = Ny(k,e) and Ty = To(k,¢)
such that any k-partite graph G on the verter set V.= Vi U --- U Vy with
Vil, .., [Vi] = No, admits an e-reqular and t-equitable partition Wi U ... U
W} =V; for 1 <i <k, wheret <Ty.

Central to many applications of Szemerédi’s regularity lemma is the assertion
that any subgraph F' of constant size may be embedded into an appropriately
given collection of “dense and regular” pairs from an e-regular and t-equitable
partition. This observation is due to the counting lemma for graphs. For a
graph G, we denote by K2 (G) the set of all s-tuples from V(G) spanning
cliques K@ in G.

Fact 2 (Counting lemma) For every integer s > 2 and constants d > 0
and v > 0 there exists € > 0 so that whenever G is an s-partite graph with
vertex partition V1 U- - -UV; satisfying that all induced bipartite graphs G[V;, V;],
1 <i<j<s, are(d,e)-regular and |Vi| = --- = |Vi| = n for sufficiently large
n, then |[K@(G)| = d@ns(1 £ 7).

1.2 The counting lemma for 3-graphs

In this section we introduce the notion of regular 3-graphs and state the 3-
graph counting lemma. We omit a formulation of the FR-Lemma since its

* There are other k-partite formulations of Szemerédi’s regularity lemma. A pos-
sibly more common formulation would define ¢t-equitable partitions as Wg uwiu
e UWE =V, 1 <i <t where [W{| <tand [Wi| == |Wi| (W}, 1<i<t,is
often referred to as a ‘garbage’ class). Then e-regular, t-equitable partitions would
be defined otherwise the same as we did for Theorem 1; for each 1 < i < j < k,
all but et? pairs (W;,Wg ), 1 < a,b < t, are e-regular. These two notions of ¢-
equitable e-regular partitions are the equivalent, however, up to a slight change
in €.



formulation is somewhat technical and, in fact, is not needed to state the
corresponding counting lemma. The following definition generalizes the notion
of regular graphs to regular 3-graphs.

Definition 3 ((0,7)-regularity) Let a positive integer v > 1 and constants
d >0 and 6 > 0 be given along with a 3-graph H and a 3-partite graph
P = P2y PBuUP?B. We say that H is (d,d,r)-regular with respect to P if
for any family Q = {Q1,...,Q.} of r subgraphs of P with

i

U £¥(@)

=1

> 0|KP(P)| we have  |dy (Q) —d| < 6

where

HAl )T k2 (Q; : T
HOU;, K5 (Q0)] if ‘Uizllci(f)(@i) >0,

dy (Q) =4 U, k@)l
0 otherwise.
is the density of H on Q. We say H is (0, 7)-regular with respect to P if it
is (d, 6, r)-regular with respect to P for some d > 0.

In most contexts where H is (d, §,r)-regular w.r.t. P, we actually have H C

lCéQ)(P). This assumption, however, is not needed to state Definition 3. More-
over, we note that Definition 3 allows some members @Q); of @ to be empty.

While Szemerédi’s regularity lemma decomposes the vertex set of a graph, the
3-graph regularity lemma partitions not only the vertex set, but also partitions
the set of all pairs between any two such vertex classes into edge-disjoint bi-
partite graphs. In that environment, the concept corresponding to an e-regular
pair is that of Definition 3, where the three bipartite graphs P2, P'3, and P?3
are also regular (in the sense of Szemerédi). Consequently, a corresponding
generalization of Fact 2 takes place in the following environment.

Setup 4 Let positive integers k, r and n and positive constants ds, d3, dy and
09 be given. Suppose

(1) V=WVU...UVg, IVi| =... = |Vi| = n, is a partition of vertex set V.
(2) P =Ui<icj<r P7 is a k-partite graph, with vertex set V and k-partition
above, where all P = P[V;,V;], 1 <i < j <k, are (dg,d2)-regular.

(3) H = Uicheicj<x H" C K3(P) is a k-partite 3-graph, with vertex set V
and k-partition above, where all H"7 = H[V}, Vi, Vi], 1 <h <i<j <k,
are (ds, 83, 7)-reqular with respect to P" U Py P,

The counting lemma estimates the number of hypercliques, i.e., complete 3-
graphs, K¥ in H. We denote by K\ (H) the set of all k-tuples from V (H)
spanning hypercliques K ,23) in H.

Theorem 5 (Counting lemma [12]) Let k > 3 be an integer. For every



v >0 and d3 > 0 there exists 03 > 0 so that for all dy > O there exist integer
r and 6y > 0 and n sufficiently large so that with these constants, if H and P
are as in Setup 4, then

KO ) = a1 £ ).

Proving Theorem 5 is the content of this paper. The first proof of Theorem 5
appeared in [12] and another proof by Peng, Skokan, and one of the authors
was given in [14]. The proof we present here is shorter than the previous
ones and we believe it is also simpler. We present our proof in Section 2 and
conclude this introduction with the following remarks.

The main problem of proving Theorem 5 is working with the given quantifica-
tion of constants: Vv, d3, 303 : Vds, 309, Ir. This quantification, consistent with
the output of the 3-graph regularity lemma, allows for the graph P to be rela-
tively “sparse” compared to d3, the measure of regularity of the 3-graph H. If
the quantification of constants were allowed as Vv, ds3, ds, 03 = s, then such a
“dense” version of Theorem 5 is simpler to prove and was proved in [7]. In the
present paper, we use Szemerédi’s regularity lemma, Theorem 1, to overcome
those difficulties arising from the quantification of constants in Theorem 5.

Recently Gowers [2,3] developed a regularity lemma and a corresponding
counting lemma for ¢-graphs for general ¢ > 3. The approach in [2,3] is dif-
ferent and, e.g., for £ = 3 the notion of 3-graph regularity there differs from
that in Definition 3. A regularity lemma for (-graphs (¢ > 3) extending the
notion of (4, r)-regularity was proved by R6dl and Skokan [17] and the current
authors [13] proved an accompanying ¢-graph counting lemma for that regu-
larity lemma. The proof of the general counting lemma in [13] was inspired by
the main idea presented here, i.e., it uses the regularity lemma for ¢-graphs
to overcome difficulties, which are similar to those indicated in the previous
remark.
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2 Proof of the 3-graph counting lemma

It was shown in [12] that the full statement of Theorem 5 can be deduced from
just the lower bound. Hence it suffices to prove the lower bound of Theorem 5
only.

Our proof of Theorem 5 proceeds by induction on k > 3. The base case k = 3
is trivial. Indeed, by Definition 3, H = H'* has (relative) density dz + d3
with respect to P = P2 U P23 U P, Fact 2 implies that (with §, < )
K (P)| = d3n3(1 4+ ~/2) and the lower bound of Theorem 5 for k = 3 then
follows from 03 < ~.

To proceed to the induction step, we assume that Theorem 5 holds for k — 1.
Recalling the quantification of Theorem 5, which is Vv, d3, dd3 : Vdy, 309, I,
we may assume that

1 1
% dz > 63 > min{ds, dy} > 52, - >> — (1)

holds. Then for

k
a given graph P and a 3-graph H as in Setup 4, we show
i )| =

F(1 =)

We now refine the hierarchy in (1) and introduce some further auxiliary con-
stants. Let g9 > 0 and integer ' > 0 be chosen so that both ey, 1/r" <
min{ds, 03}. Let Ty = Ty(k — 1,0) be the constant guaranteed by Szemerédi’s
regularity lemma, Theorem 1. We choose d; > 0 so small and integers r and n
so large (which complies with the quantification of Theorem 5) that the hier-
archy (1) extends to

1 . 1 1
77’77d3 > 53 Z mln{537d2} > €0, ;7 =

1 1
82, — > —. 2
k T0>>2’T>>n 2)

Before going into the precise details of the induction step, we first give an
informal description of the proof.

2.1 Qutline of the induction step

The so-called link graphs of ‘H play a central role in our proof of the induction
step. In the context of Setup 4, consider a vertex v € V; and fix 2 <1 < 5 < k.
The (i, j)-link graph LY is defined T as L4 = {{v;,v;} € P {v,v;,v;} € H}

 Note that L¥ has vertex set Npi(v) U Npi;(v) where, for example, Np1i(v)
is the Pl-neighborhood of the vertex v. Note that Ly is a subgraph of Py,



and the link graph L, of v is then set as L, = Up<;<j<x LY. (Note that L, is
a (k — 1)-partite graph.)

A natural place to consider applym% the induction hypothesis on the counting
lemma is to enumerate cliques K| v in the (k — 1)-partite hypergraph H N
IC:(),Q)(LU) (with the (k — 1)-partite graph L,), where v € V; is a ‘typical’
vertex. (Indeed, a clique K 1&37)1 in HN lCi(f)(Lv) corresponds to a clique K| 23)
in H containing the vertex v.) For this, one would need to check that the
hypothesis of the counting lemma is met (for (k — 1)) by H N K (L,) and L,
(replacing ‘H and P, as in Setup 4). Unfortunately, this won’t often be the
case. Indeed, one may show that while the density of the bipartite graphs LY
(for most v € V1), 1 <i < j <k, is about dyds, the regularity of LY depends
on d3. As we see in (2), d3 > dsds, and to apply the induction hypothesis, we
would need it the other way around.

The main idea of our proof is to apply the Szemerédi regularity lemma, The-
orem 1, to the link graphs L,, i.e., we ‘regularize’ the links. With ¢y < dads
(cf. (2)), we will regularize each L, to obtain eqo-regular partition P, given by
Vi=WP'U---UWY, 2 < i < k, where t,, < T, for the constant T, appearing
in (2). We will then show that for each 2 < i < j < k, for most v € V;, most
of the pairs W2 W7 1 < a,b < t,, will have density in L¥ close to dads (see
part (i) of Claim 7). (Of course, most of these pairs W2 W,/ are gy-regular
where ¢y < dads.) Showing this will involve using the (ds,ds, r)-regularity
of H' w.r.t. P U PY U PY and the choice r > T,. We will then show that
for all 2 < h < i < j < k, for most v € Vi, most triples Wg’h,W;’i,WC”’j,
1 < a,b,c < t,, will satisfy that H"7 N IC:())Q)(LU) is (ds, 53/% 1')-regular
w.r.t. LW W' Woi] (see part (i) of Claim 7). Showing this will in-
volve using the (ds, ds,r)-regularity of H"’ w.r.t. P" U P U PY and the
choice r > max{r’, Ty }.

From the two observations above, we then infer that for most v € V;, most
(k—1)-partite graphs L,[W2%2 ..., W;’ék], 1 <as,...,a; <t,, and correspond-

a2 !

ing 3-graphs H N KP (L L,[W22, ... ,W2H) satisty the hypothesis (for (k —1))
of the counting lemma. (That is, after the adjustment of regularizing the

links, we are in a position of using the induction hypothesis (within the
pieces).) We then use the induction hypothesis to count the cliques K, (3 )
in H N KL [I/V’“2 ..., WZF). We then add over all suitable choices of

az
indices 1 < ag,...,a;, < t, and then add over all suitable choices of ver-

tices v € V7.

We now formalize the details sketched above.

where P = PU[Npui(v), Npij(v)] is the subgraph of P% induced on the neigh-
borhoods Npii(v) and Npi;(v).



2.2 Transversals and their properties

Let the constants be fixed as in (2) and a k-partite graph P and a 3-graph H
be given as in Setup 4. We first regularize the link graphs. For every vertex
v € Vi, we apply Szemerédi’s regularity lemma, Theorem 1 with gy, to the
(k — 1)-partite link graph L, to obtain an eg-regular and t,-equitable partition
P, of V(L,), where t, < Ty (see (2)). In other words, P, refines the partition
Npi2(v) U -+ U Npie(v) = V(Ly), i.e., we obtain Wy U--- U W' = Npu(v)
for i = 2,...,k, where for all pairs 2 < i < j < k all but at most gyt? pairs
(a,b) € [t,] x [t,] satisfy that L¥[W2% W] is eo-regular.

For a fixed v € V; and a fixed (k — 1)-vector a, = (ag,...,ax) € [t,] X -+ X
(t,] = [t,)*"! we denote by L,(a,) the subgraph of L, induced on the sets
we2 Wk e

az agp

Lo(a) = | LV [Wo wei| =Ly [We,.. Wit (3)

a2 ?
2<i<j<k
Similarly, we define for all 2 < h <i < j < k and (an, a;,a;) € [t,]?

Ly an, ai, a5) = Ly' [Wo", War| U L [Wort, Wl JU L [We Wl (4)

ap ? ap

Moreover, we set H(a,) to be equal to the 3-graph H induced on the triangles
of L,(a,), i.e.,

Hia,) =HNK (Lo(a)) = U H'"(a,), (5)

2<h<i<j<k
where H"i(a,) = H"i 0 K$ (LM [ay, a;, ;).

We refer to the objects H(a,) and L,(a,) as transversals of the partition P,
(see Figure 1).

Note that as L, was regularized, we infer that all but aokgt’qj_l vectors a, =
(ag,...,ar) € [t,)F7! satisfy that all (k;1> bipartite graphs Ly/[Wg-, W],
2 <1< j <k, are gg-regular.

It follows directly from the definitions in (3) and (5) that

K= Y KL H@)|. (6)

VEVL ay Efty ]k

In our proof of the induction step we will use the following well-known fact
about the size of typical neighborhoods in do-regular graphs (see, e.g., [8,
Fact 1]).



v

Fig. 1. A transversal of the partition P,,.

Fact 6 For all but 2kdsn vertices v € Vi, we have |Npui(v)| = (dg £ d9)n, for
all2 <1 < k.

For future reference, we set
Vi ={v e Vi:|Npi(v)| = (dg £ 2)n, for all 2 <i <k} (7)

so that Fact 6 implies |V/| > (1 — 2kds)n.

The following claim is the key observation for the proof of Theorem 5. While
technical looking, part (i) of Claim 7 follows from standard arguments, which
we present in Section 4. The proof of part (iz) is given in Section 5.

Claim 7 For all but 63 *n vertices v € Vi (see (7)), all but 5§/20k3t§*1 vectors
a, = (ay,...,a;) € [t,]F71 yield transversals L,(a,) and H(a,) satisfying that

(4) for all 2 < i < j < k the bipartite graphs LyJ[W,»*, W] have density
dods(1 £ 55/ Y and (due to regularization) are eq-regular,

(i) for all2 < h <i < j <k the 3-partite 3-graph H"(a,) is (d3,531,/20,r’)—
reqular with respect to the 3-partite graphs L' [ay,, a;, a;], where v’ is given
in (2) (recall the notation in (4)).

Let V/*P denote the set of “typical” vertices v € Vi to which Fact 6 and
Claim 7 refer. For each v € V{*?, let [t,]f;; denote the set of “typical” vectors
a, € [t,]F7! to which Claim 7 refers.



2.8 The induction step

We conclude from Fact 6 and Claim 7 above that for any vertex v € V;*® and
any a, € [t,|i;, the transversals H(a,) and L,(a,), satisfy the hypothesis of
Setup 4 with the constants k — 1, ds, 531,/20, dads, o, ' and don/t,. Indeed, as
in Setup 4, observe that H(a,) replaces H, L,(a,) replaces P, k — 1 replaces
k, ds remains ds, 5§/ 20 replaces d3, daods replaces ds, g replaces do and don/t,
replaces n. (We'll take /2 to replace )

Due to the hierarchy of the constants in (2), we may assume that

1 v 1/20 . (1720 1 ty
E_1’ 57 d3 > 53 > mln{53 ,dgdg} > €o, ; > dgn' (8)

As such, for fixed v € V{*” and a, = (as, ..., a;) € [t,]i;;', we may apply the
induction hypothesis to the transversals H(a,) and L,(a,) and infer

k-1 - N
W@mwmuwzé3>uﬂ9u>(z> (1-7)

= (12T

v

Consequently, by (6) we have

K = XY K(H(aw)

vEVI ay Efty]kT

ftolies'|

k—1
tv

g) dgg)dgg)nkfl (1 _ g) Z

veryp

By Fact 6 and Claim 7, |[V*?| > (1 — 63/* — 2kéx)n > (1 — 203'*)n and

toltp | > (1 — K365/ 0)tk=1 for every v € V;*P. Hence we conclude (due to the

hierarchy in (8)) that

k

k k k
K| > ORI (1 - ;) (1— 2641 — 364 > dPd i (1 — ).
This concludes our proof of Theorem 5. a

10



3 Proof of Claim 7

In this section, we outline our strategies for proving parts (i) and (i) of
Claim 7. To begin, we find the following notation helpful to discuss Claim 7
and use it in the remainder of this paper.

Definition 8 Fix v € Vi. For fired 2 <i < j <k and 2 < h <1, set

LY

U oa@) = {(a,0) € [t,]?: LE W2 W) is (d, eo)-regular for d = dads (1% 65"},

LM () = {(a,b,c) € [tu]*: (a,b) € LI 4(v), (b,c) €LY ((v), (a,c) € LY 4 (v)},
Hgf)]od(v) = {(a,b,¢) € [t,]3: H"I is (d3,63/ ) -regular w.r.t L"a, b, c]},

where L [a, b, c] was defined in (4). Finally, set

Lgood (v) = {au € [t)571: (ai,a;) € LZa(v) for all 2 <i < j <k},
Heooa(v) = {av € [t)f 1 (an,ai,a) € Hgof)d( ) forall2<h<i<j< k} :

We also define corresponding “bad” sets and fix

L g () = L2\ LY 4(v), Ly (v) = [6P \ L2 4 (v), HEY (v) = [t,]° \ HE (v),
Lpad(v) = [tv]k ! \ Lgood(v), and Hpaa(v) = [tv]kil\Hgood( )-

In the notation above, Claim 7 asserts that all but 5§/ *n vertices v € %4
(see (7)) satisfy

|Lbaa(v)] + [Hyaa(v)| < 85/t5 2,
We consider the sum on the left hand side of the inequality above. Observe
that

|Lbad(v)| + [Hpaa (v)] = |Laa(v)] + [Hpad(v) N Lgood (v)| + [Hpaa(v) N Liaa (v)]
< 2|Lpaa(v)] + [Hpaa (v) N Lgooa (v)]-

Moreover, observe that

Lbaa(v)] < 6573 >

2<i<j<k

Liza(v)|

and
[Haa(v) O Lygoa(v)] <8574 37 [HEZ (0) V1L, (v)]

2<h<i<j<k
hold for all v € V/. We may therefore give reformulations of parts (i) and (i)
from Claim 7 in the following form.

Proposition 9 (Claim 7 part (i)) Let P and H satisfy Setup 4 with con-
stants as in (2). Then all but 21{:2631,/271 vertices v € V| (see (7)) satisfy that
LY ()] < 3632 for all 2 <i < j < k.

11



Proposition 10 (Claim 7 part (ii)) Let P and H satisfy Setup 4 with con-
stants as in (2). Then all but k363 *n vertices v € VI (see (7)) satisfy that

LI (0) NVHP (0)] < 26583 for all 2 < h <i < j <k

Propositions 9 and 10 together imply that all but 2k25§/2n + k35§/4n < 5§/4n
vertices v € V] satisfy

2|Lpaa(v)] + [Hpaa(v) N Lgood (v)|
<oth S L@+t Y [HRE ) N L, )]

2<i<j<k 2<h<i<j<k

< 665/ (g) th=1 4 20,/ (g) ol < 53 P03

as promised by Claim 7.

We give the proofs of Proposition 9 and Proposition 10 in Section 4 and
Section 5, respectively.

4 Proof of Proposition 9

Let P and 'H be given as in Setup 4 where the constants satisfy (2). Moreover,
let {P,},e1, be the family of ep-regular, ¢,-equitable partitions obtained in
Section 2.2. We prove that all but 2]{:25;/271 vertices v € V' (see (7)) satisfy
LY q(v)] < 36542 for all 2 < i < j < k. Let us clarify this goal. Fix 2 <
i < j < k. Since P, is eg-regular for every v € Vi, at most got? < 531,/415% pairs
(Wt Wy?), 1 <a,b<t, can be irregular. Hence we only have to verify the
density assertion of Proposition 9, namely, for all but 255/ ’n vertices v € %8

dyss (W2 W) = dyds(1 4 63/),

holds for all but 383 *£2 pairs (W, Wy,
We begin with the following definition.

Definition 11 Let L C P be bipartite graphs with bipartition Uy U Us and let
d,§ > 0 and integer r be given. We say L is (d,d,r)-regular with respect to
P if every family B = {By, ..., B.} of r induced subgraphs B; C P satisfying
| Uiy Bs| > 6| P| also satisfies |L NUL_y Bs| = (d £0)|U._; Byl

The following fact appeared (in slightly different language) in [1, Claim A] (see

also [12]). It asserts that for H and P as in Setup 4, most vertices v € V; satisfy
that their links Lf)j , 2 <1 <7 <k, are regular in the sense of Definition 11.

12



Fact 12 (most links are (d3,25§/2,r)-regular) Let k, ds, 03, dy and r be
given as in (2). Then for H and P are as in Setup 4, all but 2k25§/2n vertices
v € VY (see (7)) satisfy that for all 2 <i < j <k, L is (ds, 265'%, r)-regular
with respect to P¥ = P[Npui(v), Npu (v)].

Fact 12 is essentially the same as Claim A from [1]. For completeness, we
sketch a proof of Fact 12 at the end of this section.

As in Fact 12, we say that a vertex v € V/ is a good vertex if for all 2 <
i < j <k, LY is (ds, 265 r)-regular with respect to P¥. Let VE*! =
VU k. dy, 03, dy, 62, 7) be the set of all good vertices v € V7.

PROOF of Proposition 9. Fact 12 ensures us that almost every vertex
v € V] is a good vertex. Now, fix 2 < ¢ < j < k. The key observation is
that every good vertez v € VE°! satisfies that all but 25§/ 4t3 pairs W2 W
1 <a,b<t,, have density dyds(1 + 5§/4).

Indeed, let v € VE°! but suppose { (Wi, W )} apyer is a collection of pairs,
each with density, say, smaller than dads(1 — 5§/4), such that |I| > 531,/425%. We
claim the family B = {P¥[W2¢ W7]: (a,b) € I} contradicts the (ds, 265, r)-

regularity of LY with respect to P,

Note that (2) gives that r > T¢ > t2 > |I| = |B|. The set B is therefore a
family of r induced subgraphs of PY = P[Npi:(v), Npi;(v)]. We claim B is a
family of r induced subgraphs of P¥ satisfying

> 265/

Py (10)

U e g

(a,b)el

and

yn U P wetwy|
(a,b)erl

< (ds — 2657

U 7w vy

(ab)el

(11)

Once (10) and (11) are established, we see that B contradicts the (ds, 25§/2, r)-
regularity of L% with respect to P. This will prove Proposition 9. We first
verify (10). Observe that

U Pty

(a,b)el

- ¥

(a,b)erl

PI Wyt Wyl (12)

Fix (a,b) € I. Recall that d; < 1/Ty < 1/t, in (2) and since v € V/

Npu
_ [Npu(o)] P; Cl ey (dgi%g)tﬁ,

v v

v,1
’Wa’

13



(recall (7)). Consequently, the (da, d2)-regularity of P¥ implies that

v 7j
W

PI W2 W) | = (dy £ 6) [

— (20 (1 £20) ") = (dy £ 20" (13)

t
The (dy, d)-regularity of P¥ also implies (recalling v € V/ (cf. (7))

Pl = (dy + 6,) ((d2 + 52)n>2 — (dy + 6,)°n”. (14)

Consequently, with |7| > 6372, (12), (13) and (14) establish (10).

Observe that (11) is equivalent to

S |Ld wet wyd]| < (ds - 265%) S
(ab)el (a,b)el

Py [wpd wyd]|. (15)

Fix (a,b) € I. Our assumption is that

v 7j
W

LI (Wi, Wi | < dads (1 — 03/) W2

which, with (13), implies

(1—38")
(1—dady ")
< (ds —265") [P W, ]|

L7 (Wi, wp]| < dy

Plfj [W;Z, W;J} ‘ (16)

where the last inequality follows from dy < ds, 05 in (2). As (16) holds for each
(a,b) € I, (15) follows. O

PROOF of Fact 12. It suffices to consider just the case k = 3, for which we
prove all but 203/ *n vertices v € V{ (see (7)) satisfy that L2 is (ds, 263/, r)-
regular w.r.t. P?>. We note that while the constants ds, d3, ds, 02 and r satisfy
the hierarchy in (2) (due to the quantification of the counting lemma), all
that is required to enable the present sketch is that 0 < d = d9(ds) < dy is
sufficiently small.

For each fixed vertex v € V{ (see (7)) for which L?3 is not (ds, 263, r)-regular
w.r.t. P2 fix a family B, = {B,, ..., By} of r induced subgraphs B,, C P?,
1 < s <r, for which

P23

v

> 263/

(17)

\ U B,
s=1

14



but for which either

U Busl.

s=1

LB Bys| > (ds+253%)

s=1

LJ E%s

s=1

L2 N Bus| < (ds —265%)

s=1

or

Let V™ be the set of such vertices v € V{ for which the first condition holds
and let V;© be the set of such vertices v € V] for which the second condition
holds. We claim |V;"| < 63/°n and |V;*| < 63/*n. The proofs of these two
inequalities are symmetric, so w.l.o.g., we prove only the first.

Assume, on the contrary, that |V~ | > 591,/ ’n. We show V;~ leads to a contradic-
tion with the (d3, d3, 7)-regularity of H'?* w.r.t. P U P3U P?3. In particular,
we show the set V;~ implies the existence of a family Q = QVf ={Q1,...,Q,}
satisfying

)| > 05 [ (P2U PP UPE)| and  dys(Q) < ds — d5. (18)

Indeed, fix v € Vi~ and fix 1 < s < r. Define Q12 C P2 (respectively

vSs

QL C P') as the set of all edges of P'? (resp. P') containing vertex v
and define Q% = B,,. Set Q,, = Q2 U Q2 U Q* and Q, = User- Qus:

vs vs vs vs

Set Q@ ={Q1,...,Q,}. Note that

Q)= > |U Bus (19)
veV™ s=1
and ‘Hmﬂ U K@= 3 |20 | Bus (20)
s=1 UEVf s=1

Note that the second inequality of (18) is trivial. Indeed, using both equalities
n (19) and (20) and the definition of Vi, we have

U 2(Q.)

s=1

LJ E%s

s=1

LZP N Bus| <

s=1

>

veV

(d —251/2) 3

veV]

— (d3 — 263/ 2)

so that dyp2s(Q) < d — 263/% < d3 — 85 follows.

To see the first inequality of (18), we use (17) to see

> 30 26,7\ P2 > 2057 (da — 6) ((da — 02)m)” | V7|

veV]

> |UB.

veV; 18

where the last inequality follows from v € V{ (as in (14) cf. (7)). Then our

15



assumption about V|~ implies

2(51/2 (dg ‘V ‘ > 2(53 dg 52)

Since &, < do, Fact 2 implies |KC{ (P12 U P8 U P23)| < (3/2)d3n?, and so the
first inequality of (18) follows from (19) and from dydy ' < dy in (2). O

5 Proof of Proposition 10

We show that all but k36, *n vertices v € V/ (see (7)) satisty |Lg00d( v) N

HY (v)]| < 205/ %°t3 for all 2 < h < i < j < k. In the remainder of this paper,
we fix 2 < h < i < j < k. It suffices to prove that all but 621/471 vertices v € V{

satisfy |Lgé{)d( YN HY (0)] < 251/20153 for the fixed indices 2 < h <i < j <k.

Remark 13 In the remainder of this paper, the indices 2 < h <i < j < k
are fized.

Assume, on the contrary, there exists a set A"/ C V/ of size

1AM > 55/ (21)
consisting of vertices for which
hi hij 1 20
’Lgo]od m Hba]d( )‘ > 26 / (22>

We show that (21) leads to a contradiction to our hypothesis of Setup 4 that
the triad H" is (ds, ds, 7)-regular with respect to P" U P¥Y U Ph. We outline
our approach in the following remark.

Remark 14 Fix v € A" and fix (a,b,c) € L'

good

(v)NH, (v). Since (a, b, c) €
H}'”, (v), we appeal to Definitions 3 and 8 to infer that there exists a family
Q" = {QM (p):1<p<r'}, QM (p) C Lhila,b,c] (see (4)), satistying

vabc vabe \P vabe\P
/<:<2> Quite(P))| > 85" |5 (L4 [a,b, )| (23)
but
i (Quate) — da| = 65/ (24)

In (32), we collect a witness Q" for each (a,b,c) € Lgé{;d( ) N H! (v) and

v € AM to create a “big witness” Q" that will contradict the (ds, d3,7)-
regularity of H" with respect to P" U PY U Ph,

16



In the process of collecting the witnesses Qs over (a,b,c) € Lgé{)d( )OH, (v)
and v € A" we do not need the entire set A"/ and in fact, we need only
a small subset thereof. Over two steps, we refine the set A" into two nested
subsets C" C Bhi C AMi where the final subset C" produces the big

witness Q" promised.

5.1 Refining the set AMJ

We obtain the intermediate subset B"/ C A"J using Fact 15 below. This fact
states that from A"/ we may find a subset of vertices B"/, every pair from
which has the “right” shared P'-neighborhood, q € {h,i,j}.

Fact 15 Set

5215
did3’
Assuming (21), there exists a set B C AMi of size |B"I| = 2f such that for
each q € {h,i,j} and for every distinct vertices u, v € B"J |

f=128—2— (25)

| Npia(u) N Npia(v)| = (da % 65)*n. (26)
Fact 15 is not difficult to prove and was shown, in a slightly different context,
in [1, page 155]. For completeness, we prove Fact 15 in Section 5.5.

To identify the subset C*7 C B"J we use the following considerations. Fix
v € B" and set

LH(0) = {(a,b,¢) € Lifha(0) N HEA(): dro( QL) < ds = 0™}, (27)

LH, () = {(a,b,0) € Lithy(0) N MR (0): (@) > ds + 03} (29)
Moreover, we define

Bl — {v € B"i: |LH_(v)| > ’ng){)d( )HH%(U)‘}’

o o o ol

good

Clearly, one of |B"?| > 1|B"i| = f or |B?7| > 1|B"/| = f holds. In our
proof, it does not matter which holds as the cases are symmetric. We assume,
without loss of generality, that the former holds and we fix some set

CMi c BM C BMi such that |C"M| = f. (29)

17



We construct the witness Q"™ from C". Before doing so, however, we state
the following fact for future reference.

Fact 16 Let v € C"J. From (22) and the definition of Ty (see (2)), we infer

65/t < - |[Lisa(v) N Hyh(v)| < |[LH-(v)] < ) < T3 (30)

DN | —

For each (a,b,c) € LH_(v), we recall from (24) that dy (thj ) <ds— 5§/20,

vabc
and so,

/

U icé2><@ﬁz;%c<p>>‘. (31)

p=1

H A KP(QM.(p))

p=1

< (dg — 531)/20>

5.2 Constructing the witness

With the set C"4 above, we proceed to construct the promised witness Q.
Define

Q" ={Qi.(p): veC™, (a,bc) eLH (v), andp=1,....r"} . (32)

vabe

We assert Q" is the promised family witnessing the (ds, 03, r)-irregularity of
H"I with respect to P" U P4Y U Ph,
We first claim that Q" has at most » members. Indeed, we have

2/5 (g

g (30) S
Q"' E ST LH_(v)] < T8 B 128r T <
veChii d3d2

as desired.

Now, as Q" has at most r members consisting of subgraphs from P" U P
P" the following observation, Claim 17 and 18, provide a direct contradiction
to the (ds, ds,r)-regularity of H"J with respect to P" U P¥ U P". For that
set

K@) = U{KS (Quige(p): v € CM, (a,b,) € LH (v), p=1,....1"}.
Claim 17 [K§?(Q"7)| > 63 |K§” (P U PV L PM)] .

Claim 18 [H"/ N K§(Q")| < (ds — 63) |K5(Q")] .

Since Claims 17 and 18 provide a contradiction to the (ds, d3, r)-regularity

of H"J with respect to P U P% U P our proof of Proposition 10 will be
complete upon proving these two claims.

18



5.8 Proof of Claim 17

Inclusion-exclusion gives
’/C Q") ‘ > > ‘U{/C(Q ( Qi ( )) : (a,b,c) € LH_(v), p = 1,...,7"}’
veChij
U{KS (@) N K Qi) }] . (33)

v#£v! EC’”J

where the last union runs over all (a,b,c¢) € LH_(v), (a/,,) € LH_(v'), and
p, P =1,...,7". We bound the two terms on the right hand side of (33) in the
following two facts®.

Fact 19 For every v € CMJ

1/10
’” . _ 3 3 6.3
’U{ vajbc )) (Cl,b, C) € LH—(U)a b= 1a cee 77'}’ Z 198 d3d2n .

Fact 20 For all distinct vertices v, v’ € C"J

(UK (@) N KR QUi @) ¢ (a,b,c) € LH_(v),

(' b, ) e LH_(v), and p,p' =1, ... ,r’} < 16dyn® .

Facts 19 and 20 conclude the proof of Claim 17.

PROOF of Claim 17. Applying Facts 19 and 20 to (33), we obtain the
lower bound

61/10 d3d361/10
‘K@) thg)‘ d6 3 16<f>dgn3 > d§n3 f 8f2dg '

128 128

Inserting the value f = 12862/ /(d3d3) from (25), we infer the further lower
bound

91
‘/C;(:?)(thj)‘ > d§n3 (51/2 o d664/5> 51/2d3n3 ( d6 53/10)

> 51/2d3n3, (34)

where the last inequality follows from the fact that d3 < d3 from (2). On the
other hand, since dy < ds in (2), we conclude from Fact 2, the counting lemma

! These two facts will also be useful in our proof of Claim 18, as will the inclusion-
exclusion of (33).
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for graphs, that
K5 (PP U P PR | < 2din’.

Comparing this inequality against (34) proves Claim 17. O
Thus, it remains to verify Facts 19 and 20.

PROOF of Fact 19. Fix a vertex v € C"J. Observe from (32) that
’U{ Z;]bc (p)): (a,b,c) € LH_(v) and p =1, ...,r}’
= > UK®(Z& p))

(a,b,c)€LH_(v) |p
> > &K (Lha,b,d)|. (35)

(23)
(a,b,c)eLH_ (v)

We further estimate (35) by appealing to Fact 2.

Fix (a,b,¢) € LH_(v) C Lgffod( ) (see (27)). By the definition of Lgood( v), each
of the three bipartite graphs LW W', LI [W* W], and LM W2k W),
is gg-regular with density dsds(1 £+ 5§/ 1), where gy < dads from (2). Applying

Fact 2 to L"i[a, b, c|, we therefore conclude

K (L5]a,b,e)| = 5 (dgdz (1= 85/))” (Wt wye wes

(d3d2) d3dS n
> v.J
=16 Vel 2 908 2l

Wt [wy! (36)

where the last inequality follows from the fact that v € V/ (see (7)). Applying
(36) to (35), we conclude

U @) (a,b,e) € LH-(v) and p = 1,1}
51/20 d3d6 51/10
> S 2p3 |LH_(v)] > = @3dSn?,
128 t3 128
as claimed. O

PROOF of Fact 20 Let two distinct vertices v and v' € C" be fixed. We use
the notation P, for the subgraph of P" induced on Npix(v,v") U Npii(v,v )
where, for example, Npu(v,0') = Npin(v) N Npu(v'). Define P7, and P,
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similarly. Then,

U{E? (Q15.0) K2 (@120 ()  (a.b.¢) € LH_(v), (37)
¢,V ¢) € LH-(v)), and p.p/ = 1,....0"}| < |Ks¥ (P U P, U PL))

To bound the right hand side of (37), we apply Fact 2 to the graph Ph U
P, U P but first check that it is appropriate to do so.

v’

To see that Fact 2 applies to the graph P U P, U P", we claim that each
of P,

hi, Pl and P is (dy, 6y 2)—regular, and check this assertion for P,

Recall from (26) that each of |Npin(v,0')|, [Npii(v,0")| = (do & 02)*n > don.
Since P" is (dy,d;)-regular, and since P, is the subgraph of P" induced

on Npuw(v,v') U Npui(v,v'), we have that P, inherits® (dp,dy”)-regularity
from P,

Returning to (37), we apply Fact 2 (with 5 < ds) to obtain

K5 (Pl U P, U P3| < 243 [Npun (v,0)] [Npai(,0) [N (v,0)]

from which it follows (via (26)) that

K5 (Pl U P, U P | < 16d30°. (38)

Combining (37) and (38) proves Fact 20. O

5.4 Proof of Claim 18

The proof of Claim 18 follows largely from work of the proof of Claim 17.
First, observe that

i ﬂ/C(Q) hij ‘ Z Z

veChiJ (a,b,c)eLH_ (v)

<3<1> ( 1/20) Z Z

veChi (a,b,c)ELH_ (v)

Hwﬂuﬁﬂﬁa@ﬂ

p=1

‘s

icf (%)ﬂ

p=1

U U{ (@)}

(a,b,c)eLH_ (v) p

= (dy— ™) Y

veChii

5 As one may show, in fact, P", inherits (262/d3)-regularity from P".
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Recall that we saw the right-most sum above in our inclusion-exclusion of (33).
In particular, we may use (33) and Fact 20 to obtain the further upper bound

‘Hh,;j ﬂlcéz)(qu’j)‘ < (d3 . 631,/20) (’K§2)<thj)‘ + 16<£)d§n3) ‘

As such, we use Fact 19 and the definition of Q" in (32) to infer

f
dr(Q"7) < <d3 B 5;/20) (1 N 16(2)dgn3 )

f03 " d3dSn? /128

10 3
1/20 270 fd,

Using the value f = 12862/° /(d3d3) (see (25)), we obtain further upper bound

hij 1/20 21753/10
dn(Q") < (ds — /%) [ 1+ | <da— s,
3

where the last inequality follows from d3 < d3 in (2). This proves Claim 18.
O

5.5 Proof of Fact 15

The proof depends only on the hypotheses that the bipartite graphs P,
P and PY are each (ds, 62)-regular and that |A"| > 8y *n (as we assumed
in (21)). In particular, the hypothesis in (22) will play no réle in what follows.

We shall apply Turdn’s theorem [21] to the auxiliary graph I' = (V(I"), E(I"))
whose vertices are given by V(I') = A" C V/ and whose edges are given by
hij

B = { (v € (%) s Wen(o, )] = (@ 8 g € (s}

(where, for vertices v,v" and index ¢ € {h,i,7}, Npw(v,v') = Npia(v) N
Npua(v')). Indeed, with f = 12862/ /(d3d3) given in (25), note that we may
take the desired set B"7 C A" as the vertex set of any clique Koy in I'. Sup-
pose, on the contrary, that I' contains no cliques Ky¢. Then Turdn’s theorem

ensures ’E(F)|§<1_ 2101_1 +0(1)> (\A;nﬂ)

where o(1) — 0 as |A"I| — co. Since |A"| > §3/*n, where (2) ensures n may
be taken as large as we need, we infer

s stg) ()< (- 2) ()
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We now show that (39) leads to a contradiction with our choice of constants
in (2).

Indeed, for an index q € {h,i,j}, the (dq,ds)-regularity of the graph P
implies that all but 40,12 pairs of vertices {v,v'} € (‘;1> satisfy | Npu(v,v")] =
(dy £ 65)?n. As such,

| ARid| ) 246om2\ [|AMI|
> — > —_
|E(F)|_< , 120” > (1= e ) (7
21)

(2 (1 245,%) <|A:j|>. (40)

Now, comparing (39) and (40) and using f = 12862/%/(d3d3) from (25) yields
dads 1 1/2

et e S
A T

contradicting (2). O
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