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1. a) Prove that the linear map A : R2 → R
2 associated to the matrix

A =

(
a b
c d

)
satisfies A2 = −1 if and only if d = −a and ad− bc = 1.

b) Deduce that the subset J ⊆ SL(2,R) ∼= Sp(2,R) of all such maps has two
connected components, one containing Jst and the other containing −Jst.

c) What is the condition on a map A as above to be tamed by ωst? To be
compatible with ωst?

2. A diffeomorphism φ : Q → Q′ between manifolds lifts to a diffeomorphism
Φ : T ∗Q→ T ∗Q′ given by the formula

Φ(x, α) :=
(
φ(x), α ◦ (φ∗,x)

−1
)
,

where φ∗,x : TxQ→ Tφ(x)Q
′ is the differential of φ at x ∈ Q.

a) Prove that Φ∗(λ′can) = λcan, and so Φ is a symplectomorphism from T ∗Q to
T ∗Q′!

b) Let Y : Q → TQ be a complete vector field, and denote by ψt its flow. Let
X : T ∗Q → T (T ∗Q) be the vector field generating the corresponding flow
Ψt on T

∗Q. Prove that X is the Hamiltonian vector field associated to the
function H : T ∗Q→ R defined as

H(x, α) := α(Y (x)).

3. Show that if φ :M →M is any symplectomorphism of (M,ω) and H :M → R

is smooth, then the Hamiltonian vector fields of the functions H and H ◦ φ−1

are related by
XH◦φ−1(φ(x)) = φ∗(XH(x)),

where φ∗ : TM → TM is the differential of φ.

Please turn!



4. A diffeomorphism of a symplectic manifold (M,ω) is called an autonomous Ha-
miltonian diffeomorphism if it is the time one map of the flow of a Hamiltonian
function H : M → R. The support of a diffeomorphism φ : M → M is the
closure of the set of all points with φ(x) ̸= x.
In this exercise, we consider the special case (M,ω) = (R2n, ωst).

a) Prove that for every pair of points x, y ∈ R
2n there exists an autonomous

Hamiltonian diffeomorphism φ : (R2n, ωst) → (R2n, ωst) such that φ(x) = y.

b) Prove that for every point x ∈ B2n(0, 1) there exists an autonomous Hamil-
tonian diffeomorphism φ : (R2n, ωst) → (R2n, ωst) with suppφ ⊆ B2n(0, 1)
such that φ(0) = x.


