Uniform rigidity sequences for weakly mixing
diffeomorphisms on D", T" and S' x [0,1]""

Philipp Kunde

University of Hamburg
Department of Mathematics
Bundesstrasse 55, 20146 Hamburg, Germany
E-mail: Philipp. Kunde@math.uni-hamburg.de

Abstract

In continuation of [Ku] we construct weakly mixing and uniformly rigid dif-
feomorphisms on D™, T™ as well as S! x [0,1]"" (m > 2): If a sequence of
natural numbers satisfies a certain growth rate, then there is a weakly mix-
ing C*°-diffeomorphism that is uniformly rigid with respect to that sequence.
The proof is based on a quantitative version of the Anosov-Katok-method with
explicitly defined conjugation maps.
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1. Introduction

To begin, we recall that an invertible measure-preserving transformation 7'
of a non-atomic probability space (X, B, u) is called rigid if there exists an in-
creasing sequence (7.,),,.y of natural numbers (a so-called rigidity sequence)
such that the powers T™™ converge to the identity in the strong operator topol-
ogy as m — oo, i.e. ||[foT™ — f|l, — 0 as m — oo for all f € L? (X, u). So
rigidity along a sequence (n,y,),,cy implies p (T"m AN A) = pu(A) as m — oo
for all A € B. In [BJLR] the authors examine conditions on a sequence (7, ),,cy
which ensure that it is a rigidity sequence for some weakly mixing systems. In
this paper, we study the notion of uniform rigidity introduced in [GM] as the
topological analogue of rigidity in ergodic theory:

Definition 1.1. Let (X, B, 1) be a Lebesgue probability space, where X is a
compact metric space with metric d. A measure-preserving homeomorphism
T : X — X is called uniformly rigid if there exists an increasing sequence
(kn) ey in N such that d,, (T*,id) — 0 asn — oo, where d,, (S,T) = do (S, T)+
do (71, T71) with do (S,T) == sup,ex d (S (z),T (x)) is the uniform metric on
the group of measure-preserving homeomorphisms on X.
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In [JKLSS], Proposition 4.1., it is shown that if an ergodic map is uniformly
rigid, then any uniform rigidity sequence has zero density. Afterwards, the
following question is posed:

Question 1.2. Which zero density sequences occur as uniform rigidity se-
quences for an ergodic transformation?

Ergodicity is implied by the weak mixing property. Recall that a measure-
preserving transformation 7' is called weakly mixing if for all A, B € B we have
+ 27]2121 lw(T"ANB)—pu(A)-u(B)] = 0as N — oo. An equivalent char-
acterization is deduced by M. Sklover ([Skl]): There is an increasing sequence
(M), of natural numbers such that lim,, o0 [ (BNT ™" (A)) — p(A) - (B)| =
0 for every pair of measurable sets A, B C X.
K. Yancey considered Question 1.2 in the setting of homeomorphisms on T? (see
[Ya]). Given a sufficient growth rate of the sequence she proved the existence of
a weakly mixing homeomorphism of T? that is uniformly rigid with respect to
this sequence: Let 1 (z) = 2@ If (kn),cn is an increasing sequence of natural

numbers satisfying % > 1 (ky,), there exists a weakly mixing homeomorphism

of T? that is uniformly rigid with respect to (ky),, cy- In her Phd thesis Yancey
asked about genericity of weakly mixing and uniformly rigid homeomorphisms
on an arbitrary compact manifold of dimension at least 2 ([Yab], Question 5.1.2).
In [Ku] we started to examine this problem in the smooth category. As a start-
ing point we used the construction of weakly mixing diffeomorphisms with a
prescribed Liouvillean rotation number on 2-dimensional compact connected
manifolds admitting a non-trivial circle action undertaken in [FS]. Hereby, we
were able to construct smooth weakly mixing diffeomorphisms on D?, T? and
A = S! x [0, 1] that are uniformly rigid with respect to a given sequence under a
condition on the growth rate of this sequence. This condition was less restrictive
than Yancey’s. Actually, the constructed diffeomorphisms were C'*°-rigid.

Definition 1.3. Let M be a smooth compact connected manifold and k €
NU {oo}. A Ck-diffeomorphism f : M — M is called C*-rigid, if there exists
a sequence (ky),cy in N such that f*» converges to the identity map in the
C*-topology.

Amongst others, C*-rigidity of pseudo-rotations on the disc D? is studied in
[AFLXZ].
On the other hand, for every Liouvillean number a € S' we were able to
prove the genericity of weakly mixing smooth diffeomorphisms in A, (M) =

{hoS,oh=1 : heDiff* (M,v)}  on any smooth compact connected man-
ifold M of dimension m > 2 admitting a non-trivial smooth circle action
S = {Si};cqr preserving a smooth volume v ([GKu], Corollary 1). These
constructions were based on the “conjugation by approximation”-method in-
troduced by D. Anosov and A. Katok in their fundamental paper [AK]: Dif-
feomorphisms are constructed as limits of conjugates f, = Hy 0 S,,,, o H 1
where a, 41 = f;:—j: €Q, H, =H,_10h, and h, is a measure-preserving dif-
feomorphism satisfying S Lo hp =hpoS L. While the sequence of conjugation




maps H,, does not have to converge in general, one obtains that the sequence
fn is a Cauchy sequence by choosing «a;,+1 so close to a,, that

fn=H,o0S oH'=H, 10h,08,,08

-1 —1
=Hp108,0hy085a,,1—a, oh, o H,~4

-1 —1
QAn41 Q41 —CQn o hn o Hn—l

is close to fp—1 = Hp—1 084, © H;_ll. Using that method Anosov and Katok
were particularly able to answer the long-standing question on the existence
of an ergodic diffeomorphism on the disc D? affirmatively ([AK], section 3).
Nowadays, this method is one of the most powerful tools for constructing smooth
diffeomorphisms with ergodic properties or non-standard smooth realizations of
measure-preserving maps (e.g. [Be]). See [FK04] for more details and other
results of this method.

In comparison to the original construction of weakly Qrcnixing diffeomorphisms
in A(M) :={hoS;oh=1 : t €Sl heDiff* (M,v)} in [AK], section 5, the
constructions with a prescribed Liouvillean rotation number « in [GKu] required
more explicit conjugation maps and finer norm estimates in order to guarantee
convergence in A, (M). Unfortunately, these estimates are not sufficient for our
purpose because the dependence on the parameter &, = ﬁ occurring in the
conjugation map in [GKu] built with the aid of “Moser’s trick” is not examined.
This dependence is important in order to deduce a sufficient growth rate of the
uniform rigidity sequence. Therefore, we need even more explicit conjugation
maps and precise norm estimates. Such a construction is provided in this paper.
Hereby, we can prove the subsequent theorem:

Theorem 1. Let m > 2, M be D™, St x [0,1]™"" or T™ and ¢(n) be the
expression

) n+3 (n41)"+2
(m + Tl)' m-(n+2) Qn)! 1) oy 10-(n41)° m-(n+ Dyt
((m_l)l : T'W(Jr) ((n+ 1)1 exp (400n7)) 2 (m=1)-(nF1)"+*

—~

If (Gn)pen 05 a sequence of natural numbers satisfying

N o2, n+3
ni1 > @ (n) - gem (D

)

there exists a weakly mizing C°-diffeomorphism of M that is uniformly rigid

(actually C*-rigid) with respect to (Gn),cn-

In [Ku], Theorem 1, we have obtained a similar condition on the growth rate
of the uniform rigidity sequence in case of m = 2. In section 9 we deduce a
rougher but more handy statement:

Corollary 1. Let m > 2, M be D™, St x [0,1]"7" or T™. If (4n), ey i5 @
sequence of natural numbers satisfying

g1 >m?*-2%-exp (400)  as well as  Gny1 > G2,
there exists a weakly mizing C°°-diffeomorphism of M that is uniformly rigid

(actually C*°-rigid) with respect to (Gn),cn-



We note that our requirement on the growth rate is less restrictive than the

mentioned condition in [Ya], Theorem 1.5. In fact, the proof in [Ya] shows that

.. kn 4k2 420 . . .
a condition of the form TH > kn » 20 4¢ sufficient for her construction of a

weakly mixing homeomorp?lism7 which is uniformly rigid along (k) Our
requirement on the growth rate is still weaker.

If we consider only C*-diffeomorphisms for any k& € N, we can weaken our
requirements on the uniform rigidity sequence in section 8.

Corollary 2. Letk € N, m > 2 and M be D™, S' x [0,1]™ " or T™ and ¢y (n)
be the expression

neN"

k!

m-(k+2)* m-(k+1)3
<(m + k”) : ((%)! DT (k4 1)! - exp (400n2))10'(k+1)5) 2 (m=1)- (k41"

(m—1)!
If (Gn)pen is a sequence of natural numbers satisfying

~ ~D. 2. . 4
Gna1 > @k(n) 'q721m (n+1)-(k+1) ,
there exists a weakly mizing C*-diffeomorphism of M that is uniformly rigid
(actually C*-rigid) with respect to (Gn),cy-

2. Preliminaries

2.1. Definitions and notations

In this chapter we want to introduce advantageous definitions and nota-
tions as in [GKu]. Initially, we discuss topologies on the space of smooth
diffeomorphisms on the manifold M = S! x [0,1]™"". Note that for diffeo-
morphisms f = (f1, ..., fm) : S' x [0,1]™" — S x [0,1]™"" the coordinate
function f; understood as a map R x [0, 1]7”_1 — R has to satisfy the condition
fi1@4+n,r1,.stm_1) = f1(0,r1,...;7m—1) + [ for n € Z, where either | = n or
I = —n. Moreover, for i € {2,...,m} the coordinate function f; has to be Z-
periodic in the first component, i.e. f; (0 +n,r1,...;Tm-1) = fi (0,71, ...;"m-1)
for every n € Z.
In order to define explicit metrics on Diff* (Sl x [0, 1]m_1) and in the following

the subsequent notations will be useful:

Definition 2.1. 1. For a sufficiently differentiable function f : R™ — R and
a multiindex @ = (a1, ..., am) € NI

olal
Daf = — 2
af Ozt ...0xn

f;
where |@] = >°" | a; is the order of a.
2. For a continuous function F : (0,1)™ — R

[Fllg == sup [F(2)].
z€(0,1)™



Diffeomorphisms on S! x [0,1]™"" can be regarded as maps from [0,1]™ to
R™. In this spirit the expressions | f;||, as well as || Dgz fi||, for any multiindex a

with |@| < k have to be understood for f = (f1, ..., fm) € Diff® (Sl x [0, 1]m71).

Since such a diffeomorphism is a continuous map on the compact manifold and
every partial derivative can be extended continuously to the boundary, all these
expressions are finite. Thus, the subsequent definition makes sense:

Definition 2.2. 1. For f,g € Diff* (81 x [0, 1]m71> with coordinate func-
tions f; resp. g; we define

i (1.9) = o {iut 17 = 9),+ ol }

i=1,..,m

as well as
i (f.9) = max {do (£.9),1Da (f = g),llg = i=1Lom, L<|a| Sk}

2. Using the definitions from 1. we define for f, g € Diff* (Sl x [0,1]™ )

i (f,9) = max {di (£,9) . dx (£ 71071}

Obviously dj, describes a metric on Diff* (Sl x [0, 1]m71) measuring the dis-
tance between the diffeomorphisms as well as their inverses. As in the case of a
general compact manifold the following definition connects to it:
Definition 2.3. 1. A sequence of Diff> (S1 x [0, 1]m71)—diffeomorphisms is
called convergent in Diff> (Sl x [0, 1]m71> if it converges in Diff (81 x [0, 1]m71)
for every k € N.
2. On Diff* (Sl x [0, 1]m71> we declare the following metric

deo (f,9) = ; % (1+du(f.q)

It is a general fact that Diff> (Sl x [0, 1]m_1> is a complete metric space
with respect to this metric dy
Again considering diffeomorphisms on S! x [0,1]™ " as maps from [0, 1]" to R™
we add the adjacent notation:
Definition 2.4. Let f € Diff® (Sl x [0, l}m_l) with coordinate functions f; be
given. Then

D = D, i s
IDfly = max D5l

Ifll, = max{ing Ifi = plly, |1 Dafilly = i=1,...,m, @ multiindex with 1 < |a| < k}
pe



and

1111k = max {1 £l £}

Remark 2.5. By the above-mentioned observations for every multiindex @ with
|@d| > 1 and every ¢ € {1,...,m} the derivative Dzh; is Z-periodic in the first
variable. Since in case of a diffeomorphism g = (g1, ..., gm) on S* x [0,1]""
regarded as a map [0,1]™ — R™ the coordinate functions g; for j € {2,...,m}
satisfy ¢; ([0,1]™) C [0, 1], it holds:

sup [(Dzhi) (9 (2))] < [[[All])a-
z€(0,1)™

Analogously we can define the same expressions in the case of the torus T™.
In the case of D™ the Diff*(D™)-topologies are defined in a natural way with
the aid of the supremum norms. Subsequently, M is S' x [0, 1]m71, D™ or T™.
Concerning the composition of functions the next results are useful:

Lemma 2.6. Let s € N and g, h be C*°-functions on M. Then we have

W gl - I1A12-

Proof. By induction on k € N we will prove the following observation:

Claim: For any multiindex d € N* with |d| = k and i € {1,...,m} the partial
derivative Dg [g o h]; consists of at most % summands, where each sum-
mand is the product of one derivative of g of order at most k and at most k

derivatives of h of order at most k.

lgohl, <

e Start: k=1
For i1,i € {1, ...,m} we compute:

Dy, [gohl; (z1, ... ) = Z (Day, [g];) (B (21, ooy @m))- Doy, (B, (21, 00y )

(m+1-1)!

=11 summands and each sum-

Hence, this derivative consists of m =
mand has the announced form.

e Induction assumption: The claim holds for k € N.

e Induction step: k — k+1
Letie {1,..,m}and b e N§* be any multiindex of order ‘5‘ = k+1. There
are j € {1,...,m} and a multiindex @ of order |G| = k such that D; =
D,,;Dg. By the induction assumption the partial derivative Dz [g o h];
consists of at most %
most factors is of the subsequent form:

summands, at which the summand with the

Dgl [g]z (h (.’1,‘1, ,,’Em)) - Dgz [hLQ (371, 7.’Em) " ee ” D5k+1 [h]ik-H (l‘l, ,.’L‘m) s



where each ¢; is of order at most k. Using the product rule we compute
how the derivative D, acts on such a summand:

Z ijl D51 [g]z oh- DIJ‘ [h]jl D52 [h‘]w Tt D5k+1 [h]

j1=1

Dz [g), 0 h- Dy, D, [h],, - .- D

io Crt1 [

+

Tk41

h} +...+Dgl [g]iOhuDgz [h] .

Tkt1 iz

Thus, each summand is the product of one derivative of g of order at most
k+ 1 and at most k + 1 derivatives of h of order at most k£ + 1. Moreover,
we observe that m 4+ k summands arise out of one. So the number of
summands can be estimated by (m + k)- (77:5;)1!)! = E:Zflf;: and the claim

is verified.

Using this claim we obtain for ¢ € {1,...,m} and any multiindex @ € Nj* of
order |@| = k:

(m+k—1)!
1Dalg o blilly < = =57 - gl IBIE
O
Lemma 2.7. Let s € N and fi, ..., fi be C®-functions on M. Then we have
(m+s—1)! = s s
[fro...ofilly < <(m_1). Al W fimalls e AN
Proof. By several applications of Lemma 2.6 we conclude:
(m+s—1)! s
[fio...ofill, < T [fio...ofoll - [If1lls
(m+s—1)! (m+s—1)! s s
(m+s—1N\"" s
< ((m—l)‘ Al W fall e AN
O

Lemma 2.8. Let s € N and fi,..., fi be C*-diffeomorphisms on M. Then we
have

— N\t
oo filll < (TEETE) Al - LA

Proof. Applying Lemma 2.7 on f;o...o f; as well as ffl 0..0 ffl yields the
statement. O

.-D,

D

J

Crt1 [

h]

Q41



2.2. Qutline of the proof

Let St x 0, l]m_1 be equipped with Lebesgue measure ; and smooth circle ac-
tion R = {R;}, .1 comprising of the maps R; (0,71, ..., 7m—1) = (0 +1,71, ..., "m_1).
The aimed diffeomorphisms are constructed as limits of conjugates f, = H, o
Ry,py 0 H ' where a1 = 5:% €Q, H, = H,,_1 o h,, and h,, is a measure-
preserving diffeomorphism satisfying R1 o h,, = h,, o R1 . In each step the
conjugation map h,, is composed of two. measure—preservz;lg diffeomorphisms:
hn = gn © ¢,. The step-by-step defined map ¢,, is constructed in section 3 with

the aid of several maps. In fact, ¢, = 7&? 5, 0O (E&ll) 5, is a composition

of maps d?g\]% =Cy'o &gj) o Cy, where C (0,71, ..., mm—1) = (A 0,71, ..c;Trm—1)

causes a stretch by A in the first coordinate and QNS((;] )is a “quasi-rotation”, i.e.
a measure-preserving diffeomorphism that coincides with the rotation by 7 in
the x1 — x;-plane in the interior and with the identitity in a neighbourhood of
the boundary of [0,1]™. Descriptively, gf_)g\]fs maps a cuboid of z;-length I; and
z;-length I; onto one with z1-length A\='/; and z;-length Al;. Additionally, we
introduce a sequence of partial partitions 7, converging to the decomposition
into points in subsection 3.6. These constructions are exhibited in such a way
that ®,, == g0 R | o, ! with a specific sequence (M), ey of natural numbers
(see section 4) satisfies the requirements of a criterion for weak mixing based
on the notion of a (v, 4, €)-distribution. This criterion is stated in section 5 and
is similar to the one deduced in [GKu]. In order to apply it, the map g, shall
introduce shear in the #-direction. Therefore, we choose

gn (0,71, s tm—1) = (0 4+ 1 Gn - 71,71, ey Trn—1) -

Moreover, ®,, has to map each element of the partial partition 7, on a set of
almost full length in the rq, ..., 7, _1-coordinates in an almost uniform way. In

order to produce such a mapping behaviour, there will be n different sections in

a fundamental domain [O, qi} x [0,1]™~! with carefully chosen parameters \;

of the map ¢,, and shapes of partition elements in 7,,. This can be described as
an “adaptive version” of the approximation by conjugation-method and is the
novelty in the constructions of [GKu].
In our case, the sequence of rational numbers will be

pn+1 o (079

Apt1 = =0y — ————,
dn+1 dn " dn+1

where a,, € Z, 1 < a,, < g, is chosen in such a way that G, +1-p, = a,, mod g,.

_ 1 i . — Int+1Pn _ Gn —
Hereby, we have~|an+1 | < o and gp41-Qpy1 = . = 0 mod 1,
dn+1

which implies f,"*" = id. Hence, (¢n), oy Will be a uniform rigidity sequence of
f =lim, o frn under some restrictions on the closeness between f,, and f (see
subsection 6.3), which depend on the norms of the conjugation maps H; and

the distances |a;11 — a;] < 5'11 for every i > n. In the course of the paper, we
will face the following conditions:
dn+1 Z Tl2 : qzl<n+2. (A)



q
IDHn-ally < =5 (©)

Thus, we have to estimate the norms |||H,|||n+1 carefully. This will yield the
subsequent requirement on the number §,41 (see the end of section 6.2):

- 9. 2_ n+3
Gni1 > @ (n) - g2m (tY

)

where ¢ (n) is defined as above. This is a sufficient condition on the growth rate
of the uniform rigidity sequence (gn), ¢y and we prove that f is weakly mixing
using the before-mentioned criterion.

Since all the constructed diffeomporphisms coincide with the identity in a neigh-
bourhood of the boundary, we can use these constructions on the torus T™ as
well. In section 7 we transfer our constructions to the case of D™.

3. Explicit constructions

In the first subsections we aim for a measure-preserving diffeomorphism on
[-1,1]™ that coincides with the rotation by 7 in the zi-z;-plane on [—1 +
50,1 — 56]™ and with the identity in a neighbourhood of the boundary. In
[GKu], Lemma 3.6, we constructed such a pseudo-rotation ¢s1,; with the aid of
“Moser’s trick”. Since we need precise norm estimates on the parameter 8, we
have to find a new construction.

3.1. Bump functions
We use the smooth map

xp (— =%
o= {7

First of all, we find norm estimates for this function j:

Lemma 3.1. For every s € N:

; — -(t) < 2s | 1.5s | 1\
151l - t;g}ggmrg[gg}\y (2)] < 3% 15 (s = 1)L

Proof. By direct calculation, see [Ku], Lemma 5.2. O

Using the map j we define the bump function

j(b—x)
jl@—a)+jb—=)

ka,b (m) =

where a,b € (0,1). We examine this bump function k, ;:



Figure 1: Qualitative shape of the bump function k, 3

Lemma 3.2. For every s € N:

2
2
||ka7b||s S 28—1 . 3232-‘,-28 . 81582"’_1'53 A S!S+2 - exp . (S + 1) .
b—a

Proof. By direct calculation and induction arguments, see [Ku|, Lemma 5.3.
O

In our constructions we use a = 1 — 3§ and b = 1 — 26. We denote the
corresponding map by ks. In an analogous manner we define the map

e jd-a)
Jh—0)+j@—a) j@—c)+jd—a)

Va,b,c,d (T)

The map v, is introduced in case of a = —1+¢, b= —1+42¢, c = 1 —2¢ and
d=1—¢e. We find the same norm estimate.

3.2. The map .5, ;
In case of j € {2,...,m} we define the smooth diffeomorphism

1/)5)5,j (9,1‘2, ...,l‘jfl,?“, .Z’jJrl, ...,.’Em)

T
= (9 + 5 ks (1) - ve (x2) - e (j—1) - Ve (Tjg1) + Vs (m) s T2y ooy T, T T g1 oo

We choose € = 2.5 - § and denote the resulting map by 5 ;. As a direct conse-
quence of the previous section we conclude:

Lemma 3.3. For every s € N:

) 2
[[[W5,5][]s < - 2971 337 Lo LR get2 oy ((a) (s + 1>> '

10



a b

o 4
o,

Figure 2: Qualitative shape of the bump function v p ¢, 4

3.3. The map ks

In the construction of our conjugation map ¢, there is an angle-dependent
dilation. In order to make this angle-dependence smooth we use the bump
functions. We define the smooth map ks:

e On [O, g]
1 1
ks(0)=kx_s5s .5 (0 +(1—kx_s =, (0
(O =ka-pa0 O )y (11943 ®) (sin (9))
. On [3.7]
s (0) = k 0 — o+ (1-k 0) —
= R3x _ 35 37w, ¢ — R3x _ 6 3n 49 .
o Tt (sin (6 )2 T T te (cos (0))
. On [r, 7]
1 1
ke (0) = ksx _s 52,5 (0 + (1 —ksx_os 5,05 (0
Okt O g+ (=Rt 0) G

ot
(sin (9))*
Remark 3.4. We note: x5 (0 + %) = k5 (6).

Lemma 3.5. For every s € N:

ko (0) = kzz_5 225 (0) -

: 4
g, < 205F2 - 32572 gpet L gLOsTHLSS o, (52 (s+ 1))

Proof. By direct calculation and induction arguments based on the quotient
rule, see [Ku], Lemma 5.6. O

11



3.4. Map ¢s

We consider the disc D? equipped with symplectic polar coordinates (,r).
For r1,r2 € (0,1) we define the map

Orira.5 (0,7) = (0, ks (0) - r% +r— 1"1) on B (ry,rs),

where B (r1,7r2) = {(0,7) : 0 € R/27Z,r € [r1,72]}. In our constructions we
use 11 =1 — 49 and ro = 1 —§. The corresponding map is called p;.

3.5. Conjugation map ¢n,

The coordinate change from symplectic polar coordinates to cartesian coor-

dinates is given by:
ren=()= (06 )

A direct computation yields |det (JP)| = % except at the origin.
With the aid of the maps introduced in the previous subsections we construct the
smooth diffeomorphism ¢s on R? equipped with symplectic polar coordinates

0,71):

0+ 7%,7) inside of o5 (R/27Z x {r1})
¢5(0,7) = Qs otsa0ps (0,7) on s (B(r1,ra))
@,7) outside of ps (R/27Z x {ra})

Recall that the domain ¢ (B (r1,72)) is invariant under the rotation about arc

5 due to Remark 3.4. By our choice of r; the map ¢s is the rotation about
s

the angle 7 on [~14 50,1 — 56]2. Moreover, it coincides with the identity in a

neighbourhood of the boundary of [—1,1]%.
For (0,7) = s (6,71) we have

¢s (0,7) = @5 0 s (0,71) = @5 (0+ g ks (7‘1),7'1) = <0+ g,F)

and for (0,7) = ¢s (0,72) we have
T
05 (0.7) = 95 052 (0,72) = 05 (0+ 5 - ks (12) 72 ) = (0.7).
Since r1 < a < b < 79 these equalities hold true on a neighbourhood of the

points. Thus, ¢s is a smooth diffeomorphism. Furthermore, ¢s is measure-
preserving because the maps ¢s and 152 are.

Lemma 3.6. For every s € N:

3 2 4 3 2 3 2 4 3 2 4
|||¢6|||s S 71_5.248 +3s +3s+3.325 +4s5°+4s +23_s!s +4s +4s+4_81.5s +3s5°+3s +1.55_exp (62 . (83 + 282 —|—2S—|— 1))

12



Proof. With the aid of the chain rule and the previous norm estimates, see
[Ku], Lemma 5.7. O

We examine the coordinate change P on B (rq,r2):
Lemma 3.7. For every s € N:

2s—2) 1
||P||S,B(r1,r2) S (S _ 1)] ’ 2370.5

Proof. By direct calculation, see [Ku], Lemma 5.8. O
For the inverse P’1|p(B(T1)T2)) we have the subsequent estimate:
Lemma 3.8. For every s € N:

(1l <M (s - 1)

s,P(B(r1,r2)) —

Proof. By calculation and induction arguments based on the quotient rule, see
[Ku], Lemma 5.9. O

In higher dimension we define analogously in case of j € {2,...,m}:

(4)
5 (9,:627 ...71’]'_1,7", Ij+1, 7l‘m)

(9 + %7.%‘2, ey Xj—1, T, Tj41, ...,mm) inside Of [%2Fy (R/QT{'Z x RI72 x {7‘1} X Rm_j)
== (p(;ow(;,jogoﬁ_l (9,5{?2,...,l‘j_l,T,Ij_H,...,J)m) on Qs (B (7"1,’/“2))
(0,22, ey Tj1, Ty T g1y ey T outside of ps (R/27Z x RI™2 x {ry} x R™~7)

where B (r1,72) = {(0, %2, ... Tj— 1,7, Tj41, ., Tm) 0 € R/20Z, 2, € R, € (11,72)}.
Again, we observe that qi)gj ) is a smooth measure-preserving map which coincides
with the rotation in the #-z;-plane in [—1 + 5,1 — 56)™ and with the identity

in a neighbourhood of the boundary of [—1,1]™

In the next step we consider the measure-preserving map qAS((;j )= Po ¢§j ) o
P~! where the coordinate transformation P acts in the coordinates 6 and z;:

Let s > 2. Lemma 2.6 yields for ¢ := q’)((sj) op~ L

- ( - 1)! j -
R VT (21 PR L NP

(m -
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Again using Lemma 2.6 we obtain

(m+s—1)! s
= O 1P 91

(m+s— 1N\ O p-1
o ) I L PR 1 P

+1
(m +s— 1)' ° . (28 B 2)' . 7_(_52 . 2434+653+52+25+0.5 . 3235—4—454—&-453-&-252.
- (m—1)! (s—1)!

4 3 2 . 5 4 3 2 4 2
S!‘S +4s°+4s5°+4s 81.55 +3s8"+35°+1.58" | exp (52 . (84 + 283 —|-2S2 + S)) . (S _ 1)|a

B

+1
< ((m +s— 1)' ° . (28 - 2)' . 7T52 . 24s4+653+52+25+0.5 A 9s5+234+253+52.
(m—1)! (s—1)!

4 3 2 5 4 3 2 4
gls +4s8°+55"+4s S1.53 +35"+35°+0.557 | exp (52 . (84 + 283 +282 + S))

Let S be a dilation by factor 2 and a translation such that gf;gj )= 510 gf)((sj VoS
is a measure-preserving diffeomorphism on [0, 1]"*. Then we have

2

I a4

.
Since 2 < s < sl and 9 < exp (5%) we continue in the following manner:
e

(m4+s—DN"" (25—-2)! 2 15 yssti13s5 16,56 465405 L5 4 3 9
<( =) . 1) .5 gl +8s"+ + +65+ - exp 6—2(3 + 6s™ + 10s° 4+ 9s —|—4s)

S

Due to s > 2 we have 1.55% + 8s* + 13s% + 6.5s2 + 65 + 0.5 < 10s° as well as
s° 4+ 6s* + 1053 + 952 + 45 < 8s°. Thus, we proved the following statement:

Lemma 3.9. For every s € N, s > 2:

181 < <w>* R - ((;»

For A € N we use the map Cy (21, ...,2m) = (A - 21,22, ...,y ). Hereby, we
define the measure-preserving diffeomorphism

=510 i) 00y
For the sake of convenience we use the notation:
d—)E\J) _ 20

1 .
/\’ 20n

14



Then we construct the conjugation map ¢,, on the fundamental sector {0, qi} X

[0,1]™". On {L @} x[0,1]™ " in case of k € Z, 0 < k < n — 1:

nqn’ N-qn

_ =(m) (3) 7(2)
On = ¢n‘qi-(m—1)-(k:+1) ©...0 ¢n'qi-2-(k+1) © (én'qi-(k-#l)

Since ¢,, coincides with the identity in a neighbourhood of the boundary of each
individual section, ¢, is a smooth map. It is extended to a diffeomorhism on
St x [0,1]™" or T™ by the description ¢, o R1 = R1 o ¢y,.

an an

3.6. Partial partition n,
Remark 3.10. For convenience we will use the notation [, [a;, b;] for [az, ba] x
o X [Gpmy i

Initially, n,, will be constructed on the fundamental sector [O, qi} x [0, 1]m_1.

For this purpose, we divide the fundamental sector in n sections:

e Incaseof ke Nand 0 < k<n-—2on {L kL1 o, 1]7”_1 the partial

n:qn’ Nqn
partition 7, consists of all multidimensional intervals of the following form:

(1 (2:m-(k+1)—1
R o S S
noan - q% - qi.m.(lﬁ-l) om2 . qz.m.(kﬂ) )
k ]él) - j§2~m-(k+1)71) 11 B 1
ng n-g - qi.m.(kJrl) 2. q72l~m.(k+1)
m (1 (2 . .
" Jf)+J§) Y s S
q q2 on-q2’ 2 2n-q2 |’
=2 n n qn qn qn qn

Wherej(l) € Zand |1 Sjl) <g,—|L&|-1forli=1,...,2.m-(k+1)—1
1 2n 2n

(

1
as well as ji(l) € Zand [&] < j-(l) <qp—[&]—1fori=2..,mand
1=1,2.

e On {%, qi} x [0, 1]7"71 there are no elements of the partial partition 7,.

As the image under R;/, with [ € Z this partial partition of [0, qi} X
[0,1]™" is extended to a partial partition of S' x [0,1]"" or T™.

Remark 3.11. By construction this sequence of partial partitions converges to
the decomposition into points.

4. (v, 9, €)-distribution

We introduce the central notion of the criterion for weak mixing deduced in
the next section:

15



Definition 4.1. Let ® : M — M be a diffeomorphism. We say ® (7,4, ¢)-
distributes an element I of a partial partition if the following properties are
satisfied:
o 7 (q) 1)) is a (m — 1)-dimensional interval J, i.e. J = I; X ... X Ij_
with intervals Iy C [0,1],and 1 -6 < A (I;) < 1for k=1,...,m—1. Here,
77 denotes the projection on the (71, ..., 7, —1)-coordinates.

e (f) is contained in a set of the form [c,c+ 7] x J for some ¢ € S'.

e For every (m — 1)-dimensional interval J C J it holds:

(108 @) ()] ()
O )

m—1

where p(™=1 is the Lebesgue measure on [0, 1]

In the next step we define the sequence of natural numbers (my,),, N

. . 1 k
mn:mln{m<qn+1 : méeN, inf m-lﬂ— + —| < Qn}
kez dn+1 n-dn dn dn+1
. 1 2
:min{mgqnﬂ : meN, inf m-m—f—i—k < n }
kEZ dn+1 n dn+1
2

Lemma 4.2. The set {m <gny1 : meN, infrey ’m~ q"q'p%“ - % + k‘ < qqﬁ
is nonempty for every n € N, i.e. m,, exists.
Proof. The number «, 1 was constructed by the rule ’q’"ﬁ = b — Pt g
where an, € Z, 1 < an < Gn, 1.6, Ppy1 = P - Gui1 — an and ¢uy1 = Gn -
Gni1- SO % = % and the set {j . % D j= 1,2,...,qn+1} contains

—__ 1 (different equally distributed points on S'. Hence, there are at
ged(Pn+1,dn+1)

least % = q;% different such points and so for every x € S' there is a
Jj€{1,...,¢ns1} such that

) 2
inf | '.%MM’S G|
keZ An+1 Gn+1
In particular, this is true for z = % O

Remark 4.3. We define
1 1
b, = (mn Y ol ) mod —
dn+1 n-gn dn
By the above construction of m,, it holds that |b,| < qZ—: Due to the before

-.
mentioned condition A we have ¢, 11 > 8-n?-¢2"*! particularly. Thus, we get:

1
Ibnlsig.nlqgn.
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Our constructions are done in such a way that the following property is
satisfied:

Lemma 4.4. The map @, = ¢, o Ry'", o ot with the conjugating maps én,
defined in section 3.5 (# L1 ) -distributes the elements of the partition n,,.

g nn

Proof. The proof is analogous to the one of [GKu], Lemma 4.5. We consider a
partition element I,, 5, on [n_iqn, 7’%}1} % [0,1]™". When applying the map ¢-1
we observe that this element is positioned in such a way that all the occuring

~r\ —1 ~
maps ((;5((;3 )> act as the respective rotations. Then we compute ¢, (In,k):

1 1 1
v+ , V1 + - — -
2.2 ,qTQL‘(’er?) n- qi (k+2) o 2. quL (k+2)]

-n
m—1
1 1 1
< I (vi+ —sgmz v+ 5009 — :
izl_IQ 5 . qi.(kn) q%(k+2) 2.1 qTQL (k+2)]
o + 1 + 1 1
Um — 53 s Um . - . ’
m - q721-(k+1) qi (k+1) m - q721 (k+1)
where
(1 L(2k+1 (1 (2
S S | SN | A S i
n-qn n - quL n- qrzll(k—s-l) n- q7214(k+1)+1 n- qrzl.(k-+2)
(2-(i—1)-(k+1 (243 (k+1)—1 (1 (2
1}-:1—]5 (@ )(+))7”_,]§Z(+) )7 ]i(+)1 7‘71(+)1_|_1
] an qi~(k+1) qTZL.(k+1)+1 q%-(k+2)
L(2-(m—1)-(k+1 (2-m-(k+1)—1
U:lfﬁ(m )(+))7 7]£m(+))+1
m 4% qi.(k+1)

By our choice of the number m, the subsequent application of R | yields

n

a translation by ﬁ modulo qi except for the “error term” b, introduced in
Remark 4.3. In particular, R'" o ot (fnk) is positioned in another domain
of definition of the map ¢y, namely ¢, = ") ¢ 1y iz © - 0 O 5s 1yay ©
n-qn n-qn
¢(2)2_(k+2). With the aid of the bound on b,, from Remark 4.3 we can compute
ndn

the image of fnk under ®,,:

1 1 1
ot 2n? .qi(m—l)'<k+2)+2(k+1) v nqﬁ(m—l)'(k+2)+2(k+1> Con2. qi(m_l)'(HQHQ(kH)]
1 2.(k+2) 1 2-(k+2) 1 1

17



where

Ckt1 . j£1) - j£2~(k+1)71) . jél) . jéZ) . j§2<(k+1)) .
= o ~ q,% . qi (k+1) n- qi~(k+1)+1 n- q%.(k+2) n- qi.(k+2)+1
:(2) :(2:(m—1)-(k+1)) S(2:m-(k+1)—1)
+ Jm I I —) .
n- q72L (m—1)-(k+2) n - qi-(mfl)-(k+2)+1 n- qi-(mfl)(k+2)+2-(k+1)

Thus, such a set ®,, (fn) with I, € 7, has a 6-witdth of at most
Moreover, we see that we can choose ¢ = 0 in the definition of a (v,4,¢)-
distribution: With the notation Ag := mg (<I>n (fn)> we have ®,, ( ) =AgxJ
and so for every (m — 1)-dimensional interval J C .J:

p(fnest (s1x ) p(@n (L) NS xJ)  X(Ag)-utm 0 (J)  utm=b (7)

(1) p(e. (1)) A D) ~ ()

- qu .

because ®,, is measure-preserving. O

5. Criterion for weak mixing

In this section we will state a criterion for weak mixing on M = S*x[0,1]""
or M = T™ in the setting of the beforehand constructions. Its proof is analogous
to the one in [GKul, section 6. The only difference occurs in comparison to
Lemma 6.3. which in our case will be formulated in the subsequent way:

Lemma 5.1. Consider the sequence of partial partitions (n,,),,cy constructed in
section 3.6 and the diffeomorphisms g, (0, T2, ..., Tm) = (0 + 1 - qpn - T2, Tay ooy Tpy).
Furthermore, let (H,),y be a sequence of measure-preserving smooth diffeo-
morphisms satisfying
q
IDHnally < =5 (©)

for everyn € N and define the partial partitions v,, = {Fn =H, 109, (}) : fn e nn}.
Then we get v, — €.
Proof. By construction 7, = {IA; ti € An}, where A,, is a countable set of

indices. Because of 7, — ¢ it holds lim,, oo 1 (UleA Ii) = 1. Since H,_1 09,

is measure-preserving, we conclude:
(U ) = (U e (8)) = g (o0 (U 1)) =0
1€ML, i€A, €A,

For any m-dimensional cube with sidelength [,, it holds: diam(W,,) = v/m - 1,.
Because every element of the partition 7, is contained in a cube of side length

18



q%, it follows for every i € A,: diam(ffl) < ym- qii' Hence, for every I}, =

H, 109, (I}L) we observe:

diam (T,) < | DH, 1y - | Dgall, - diam (f;) <Inin.g,. \@ < vm
n qz n

We conclude limnﬁoodiam(F;) = 0 and consequently v, — €. O
Now we are able to formulate the aimed criterion for weak mixing.

Proposition 5.2 (Criterion for weak mixing). Let f, = H, o R, ,, © H!
and the sequence (my,), oy be constructed as in the previous sections. Suppose
additionally that do (f™, f'") < 5= for every n € N, |DH,_1|l, < % and
that the limit f = lim,,_, o f, exists.

Then f is weakly mixing.

Proof. We just give a sketch of the proof which is analogous to the one of
[GKu], Proposition 6.6.

As above, we consider the partial partitions v, = Hy,—1 0 gy, (1),) defined with
the aid of 7, constructed in section 3.6. By Lemma 5.1 this sequence converges
to the decomposition into points. In order to prove the weak mixing property
of f it suffices to check that for every m-dimensional cube A and for every € > 0
there exists N € N such that for every n > N and for every I';, € v,, we have

o (T ™ (A)) = p(Ta) - (A)] < B-e-pn(Ta)-u(A). (1)

Due to the proximity of f™= and f"~ it is enough to check (1) for f,,. Moreover,
we consider m-dimensional cubes S, of side length ¢, (instead of ¢, 7 as in
[GKu]) and observe for sets C,, = H,,_; (S,,) that

2
diam (C,,) < | DH,_]|, - diam (S,) < L2 . vm
n

— 0 asn — oo.
n2

Thus, we can approximate any cube A by a countable disjoint union of sets

C,, = H,_1(S,) with given precision for n sufficiently large and so we can
examine |p (Ty, N f,™ (Cn)) — p(Ty) - 1 (Cy)| in order to check (1). Since
fmn = H, 10¢g,0®,09,10 H_ _, and g, as well as H,_; are measure-

preserving, we get

[ (T 0 ™ (Cn)) = (D) 1 (C)| = ‘u (fn ne,'og,! (Sn)) —u (In) 1t (Sn)

with I, € Nn. By Lemma 4.4 @, (n,qlgm ) %, %)—distributes the elements of the
partition 7,. Then a partition element is “almost uniformly distributed” un-

der g, 0 ®,, on the whole manifold M due to the shear induced by g, (see [GKu],
Lemma 6.5, for a detailed proof of this fact). So ‘,u (fn Nd tog ! (Sn)) — i (fn) -1 (Sn)
0 as n — oo.

—
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Remark 5.3. In [GKu] it is demanded |[DH,_1|, < ln(s") instead of require-
ment C. We did this modification because the fulfilment of the original condition
would lead to stricter requirements on the uniform rigidity sequence: In partic-
ular, it would require an exponential growth rate.

6. The case of T™ and S x [0,1]™!

We aim for precise requirements on the growth rate of the uniform rigidity
sequence to guarantee convergence of the sequence of diffeomorphisms f, =
H,oR,, o H 1. For this purpose, we need norm estimates on the conjugation
maps.

6.1. Properties of the conjugation maps
Lemma 6.1. We have for every s € N, s > 2:

Py 5\ (m—1)-s
m+s— )N\ "TDETDT fog oy, 1)) o m)s?
lienll, < (222510 (&= (e (55 (g
! ! 2

Proof. Obviously, we have for qgg\jzs = C;l o qggj) oCly:

118D51s < A - 11165 ]s-

Lemma 2.8 yields

— 1) m—2 ~ s - s
lionlls < (V2R ) (e GlL) e (35 i)

(m

_ ((m+51)!

m—2
) 0 I,

By our explicit constructions in subsection 3.5 we obtain
A(m—1)- (m—2).- . —1 2nXt mAT—
Ao Ao Sn'QZ(m 1)n'n.qrr2l(m 2)n.m.n.q72Ln:nm 1'(]721,n2l:1 _ (n.q;n,n)m 1.

With the aid of Lemma 3.9 we conclude

lllnllls

(m+871)' m—2+(m—1)-s-(s+1) e (m—1)-5 (2872)' 2 1 10s®
(" N e A N

O

(m—1)-s

As a direct consequence we conclude for the composition h,, = g, © ¢y,:
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Lemma 6.2. We have for every s € N, s > 2:

Anllls <

m—1)-(s+1)2 10s® (m—1)-s
5. (m+s—1)! (=1 () [ (25 —2)! 5 sl exp 1 (2 qm~n+1)(m—1)~82 .
(m—1)! (s—1)! 02 "

Proof. At first, we estimate for the composition

hallls €2+ (ngn)” - llgnllls = 2-n° - g - [||dnllls
We conclude with the aid of Lemma 6.1:

Anllls <

2 5\ (m—1)-s
m—1)-(s+1 10s
9. (m+s—1)! ( S ) (25 —2)! N exp 1 . (n2 . qm~n+1)(m—1)‘32 '
(m —1)! (s —1)! 02 "

O

Under another condition on the growth rate of the sequence (qn), oy We
deduce a norm estimate on the conjugation map H,:

Lemma 6.3. Assume
Gni1 =n* g (A)

Then we have for every s € N, s > 2:

m—1).s"+1!
Hallls < @(s,m) - (n2 - gp-nt2) Y

n 9

at which ¢(s,n) is the expression

m-(s+1)%-n.s" "1 m—1)-n-s" m—1)-n-10-s"+2
grean (((m s = D™D (25 =21\ et (o (1 (m—1)
(m —1)! (s—1)! SO 52 '

Proof. We prove this result by induction on n € N:

Start n = 1: Lemma 6.2 yields the statement for H; = h;.

Induction assumption: The claim holds true for n € N.

Induction stepn — n+1: We apply Lemma 2.8, Lemma 6.2 and the induction
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assumption on the composition H, 11 = H, o hyy1:

| Hnt1llls
(m+s—1)! . .
< L - Wbl

m-(s+1)2-n-s™ (m—1)-n-s™
(m+s—1)! gnes™ L (m+s—1)! (s+1) (25 =2)! i ﬂ(m_l),ssﬂ,n
(m—1)! (m—1)! (s—1)

m—1)-n-10-s" 16 s+1)2
s exp 1 oy L g (m+s—1)! ~D-(s+D)%
: 5% n+1 ( 1)|

5\ (m—1)-s2
(25 — 2)! 2 | 1 10s ( 2 m.(n+1)+1)(m71)'s3
B VAR R ) 1)? .
(G (e b 1)
m-(s+1)°-(n+1)-s™ m—1)-(n+1).s"t1
<2(n+1).571+1 ) (m + s — 1)' ( ) ( ) ) (25 — 2)' ( ) ( ) ) W(mfl)'83+n'(n+1)
= (m—1)! (5 1)
(m—1)-(n+1)-10-s"+6 _1Y).ont2
1 2 me(nt1)42)MmD
. s!-exp( )) ((n+1)"-q,
(e (5 (e - a227)
O

6.2. Proof of convergence of (fn),cn in Diff>* (M)

For the proof of convergence of the sequence (f,,)
useful:

nen the next result is very

Lemma 6.4. Let k € Ny and h be a C*H1-diffeomorphism on M. Then we get
for every a, B € R:

dic (o Rooh™',ho Ry o h™b) < Ci-[[[Bl|[E] o — B,

where Cj, = %

Indeed, this is a more precise statement than [FS], Lemma 5.6.

Proof. Let i € {1,...,m} and @ € N{* be a multiindex of order |@| = k. Based
on the observations in the proof of Lemma 2.6 the derivative Dz [h oR, o0 h_lL.

consists of at most %

one derivative of h of order at most k and at most k derivatives of h~! of order
at most k.

Furthermore, with the aid of the mean value theorem we can estimate for any
multiindex @ € N3 with |@] < k and i € {1,...,m}:

summands, where each summand is the product of

Dz [h); (R o h™t (1,1, 2m)) — Da [h]; (Rs 0 h™Y (1, s 2m))| < 1Bl - o — 8]
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Since (hORa Oifl)f1 = hoR_,oh ! is of the same form, we obtain in
conclusion:

_ _ m+k—1)!
i (o R o Ry o h™) < B0 i il o
(m—1)!
(m+k—1)!
< L g o - .

O

With the aid of the subsequent lemma we are able to prove convergence of
the sequence (f,), cy under a condition on the proximity of a,,41 and ay,:
Lemma 6.5. We assume
< 1

T2 O g - ||[Hal| Zi%

(B)

|O‘n+1 — Qi

Then the diffeomorphisms f, = H, o Ry, ., o H, 1 satisfy:

n+1

o The sequence (fy),cy converges in the Diff>* (M )-topology to a measure-
preserving diffeomorphism f.

o We have for everyn € N and m < @p41:

Bo (" I7) < g

Proof. Analogous to [Ku], Lemma 6.5. O
Since |1 — an| = q”%i“ < ﬁ this requirement B’ can be met if we

demand
dn+1 22"'Cn'qn'\||Hn||Zﬂ~ (B)

By Lemma 6.3 this condition is fulfilled under the requirement

wHwW)WWHPWWHW (@m!wmﬂ%wﬂf“
. n!)

Gng1 22" Cy gy - 20D (m +n)!
nt1 = 4 (m—1)!

(17171)-'rL»lO»(’rLJrl)"'*'6
" 1 m—1)-(n n+2
=D )P ((n+1)! exp (52)) (n? - gre) U
n

Hereby, condition A is satisfied, too.
Using ¢, = qn_1 - Gn < ¢2 we can fulfill the requirement if we demand

qn+1 = @ (n) . Q‘Z'm2~(n+1)n+3’
at which ¢(n) is the expression (recall &, = 5-)
me(n+2)" "3 o\ me (1)
(M) ((27?' gD ((n +1)! - exp (400n2))10~(n+1) ) U
S n!
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This condition is satisfied by the assumptions of Theorem 1. Hence, we can ap-
ply Lemma 6.5 and obtain convergence of the sequence (f,,), ¢y in the Diff> (M)-
topology to a measure-preserving diffeomorphism f. In the following subsections
we will prove that f is the aimed diffeomorphism as asserted in Theorem 1,
namely uniformly rigid with respect to (¢n),,cy and weakly mixing.

6.3. Proof of uniform rigidity along the sequence (Gn), cn
By definition G,4+1 < ¢n+1. Hence, the second statement of Lemma 6.5
(jn-f—l

implies dy ( o, fint) < 2% Since the number «,; was chosen in such a

way that fI"*' = id, we have dj (id, f#»+1) < -k which converges to zero as
n — oo. Thus, (Gn),,cy is a uniform rigidity sequence of f.

6.4. Proof of weak mizing

In our criterion for weak mixing in Proposition 5.2 we need || DH,, ||, < 23.
This condition is satisfied if we require condition B. Moreover, the required prox-
imity do (f™, fi') < 2i is fulfilled by Lemma 6.5 for the sequence (m.,), oy
introduced in section 4. Hence, we can apply the criterion for weak mixing

deduced in section 5 and conclude that f is weakly mixing.

7. The case of M = D™

First of all, we introduce the coordinate change J : S' x [0,1]™~1 — D™,
J(0,7r1,72, ..., rm—1) = &, to m-dimensional polar coordinates:

x1 =11 - cos(mry)
i
x; =11 H sin(7r;) - cos(nrip1) fori=2,...,m—2
j=2

m—1
Tp—1 =17T1" H sin(nr;) - cos(2m)
j=2

m—1
Top =711 - H sin(7r;) - sin(276).
j=2

Then we can define a sequence of smooth diffeomorphisms f,, = J o f, 0 J~!
on D™\ {(0,...,0)}, where f, is constructed as in the previous section. Since

m—1
on S x [0 L ] , we observe for

these diffeomorphisms satisfy f, = R, s Tom

any k € N

Qn 41

- . (m—|—k—1)! k41
di (f"’f"_l) = S (m—1) |||JOH"|||1<+1,S1X[@%,1]

Under the condition |ap+1 — @] <

m—1" ‘an-i-l - O4n| .

1

2 Tt g ([ JoH || ¥
n+1‘§1><|:m,l]

we

m—1

can prove convergence of the sequence ( fn> in Diff*° (D™) as before and
neN
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the limit diffeomorphism f can be extended to the origin smoothly. This dif-
feomorphism is weakly mixing with respect to the measure J,u, where u is the
Lebesgue measure on St x [0, 1]m_1 and J,u(A) = p (J71(A)) for any Lebesgue
measurable set A C D™. By [AK], Theorem 1.2, there is a C*°-diffeomorphism
G : D™ — D™ such that (Go J), p = Gi (Jep) = A, where A is the Lebesgue
measure on D™. Hence, the diffeomorphism G o f o G~ is weakly mixing with
respect to .

In order to find estimates on [||J o Hy,||| [m-r Wwe use the same

n+1,81x [ﬁ 1
techniques and estimates as in the previous sections. In particular, we have
/1|5 51 x[0,1m-1 = 1 for every s € N. For the inverse transformation we deduce
the subsequent norm estimate:

Lemma 7.1. For any s € N

—1 4
HJ HS,J(Slx[ﬁ,l]’"*l) < sl (40n)™.

Proof. We have

S arccos <ﬁ§;i;2’1>

Vi 4.+ 22,
%arccos ———t
N Em——
J Ny, xm) = in case of z,,, > 0

x2

\/m§+‘..+r$n

L arccos
™

Tm—2

1
— arccos | —FF———
B ( Ifnﬁz?nﬁm?n)

and
1 Tm—1
1 — 5-arccos (m)
V24 .+ a2,
L arccos e
. T VA )
JTH(x1y ey ) = . . in case of z,, < 0.
—arccos | ——2——
™ a3+ +x2,
1 Tm—2
L arccos | ———2-2
i < (I/‘?n72+:1;?”71+(1/'3n )
We examine the derivatives of arccos (ﬁ) . The first partial derivative
11 lIJm
with respect to x; in case of i = 2,...,m is L1 . The further

(mf++zfn)\/zg++m%
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derivatives are found with the aid of the quotient rule. For this purpose, we

consider
Py(z1, ..., Tm)

ng bs
(@3 + .. +a22)" i+ . 422,

where P; is a polynomial of degree ds with z; summands. With the aid of the
quotient rule we see that the partial derivative of L@ with respect to

\/m§+...+z?nbs

0s(T1, ey ) =

x; 1s of the form

Py(x1, .oy )
bat 2’
VT3 + ..+ 12,

is a polynomial of degree ds + 1 with at most ds - z5 - (m — 1) + b - 25 summands.
Then the quotient rule yields

0P;

= o (21, ooy T ) (254 422 )) = Py (21, ..oy T ) -bs -

where p8+1(l'17 ey T

0, (21 ) = Poiq (21, oy m) - (23 + o+ 22) — Po(21, oy ¥n) - 20 - i - (23 + ..+ 22)
(15 ey Tpn) = ~ o )
O (22 + ...+ 22) 3+1-\/x§+...+x12n "

Hence, P, is a polynomial of degree ds+3 with at most (dszs - (m — 1) 4 bszs)-
m + zs - 2ng - (m — 1) summands. Since d; = 2, by = 1 and n; = 1 we get
ds =3s—1,bs =2s—1 and ny, = s. Hereby, we have z541 < z5-s-m-(3m+1).
By 21 = 1 this implies 25 < (s — 1)1 - m*~ 1. (3m + 1)~ L.

Analogously, we consider the partial derivative of an expression of the form

Py(z1, .y )
b n
Vad+ ..o+ 22 (2t 4 aR)”

with respect to 1 (note that in case of the first partial derivative with respect
to x1 we have by = —1):

gf: (1, ey ) - (x% + o+ xfn) — Py(x1, .oy ) - 221 - N

bs N
VIi+ .o+ x2 (22 .+ 22) ot

Hence, Psi1 is a polynomial of degree ds; + 1 with at most zs - (dsm + 2n;)
summands. We get d, < s+ 2, ny = s and z, < 2571 . sl . ms~ 1L

Altogether, we conclude an estimate for the derivative of order s of the

following form
st-m*=1. (3m+1)571!

; 25—1°
(@2 4. +22)° 22+ ...+ 22, °

Additionally, we observe on J (Sl x [ 1]m71)

40n?

m—Fk 1 2(m—k)
2 At =T H sin’(7r;) > <40n> .

=2
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Since

s kS0 Bk 4 1)1 - (40n) 27K L (40p) s = D (m=k+1) < g1 (40p)tsm

we obtain
-1 4sm
|7 HSJ(SI ML) S s!- (40m)*sm™.
O
With the aid of Lemma 2.7 and Lemma 6.3 we have
n (Mm+n-—1)!
2" 7(771 ) “Gn || J o Hn||n+1,§1x[ﬁ,1]m’l
n (m—+n-—1) (m 4+ n)! nal
N T T TR SRR S
m-(n 2.n-(n " m—1)n-(n n+tl
<on. (m+n-—1) - (m+n)! gne(nt )™ (m+n)! (n+2)-n-(n+1) ((2n)! (m—1)-n-(n+1)
- (m—1)! " (m—1)! (m—1)! n!
n m—1)n-10-(n n+6 m— n n+2
(=Dt 1)1 exp (400n2) )T DO DT (2 gmen g2y (m =1 (D)
as well as
n (m+n-—1) I
2" (m—1)! anHn oJ Hn+1,.1(81x[ﬁ,1]"“1>
(m+n—1) (m+mn)! _1jjntl
=2 W i (m H! AHHallln - HJ Hn-‘:—l,J(S1 x|z ,71]77171)
<2n ' (m+n _ 1)! . (m+ )' 2n_(n+1)n . (m+n)' m(n+2) 'n'(n+1)"*1 . (2’[’1,)! (m—l)'n'(TL"t‘l)"L
= m-1! " (m-1) (m —1)! nl
n m—1)-n-10-(n n+5 m— n n+1
rlm =D (g 1)1 exp (400n)) DI (2 gm0

(4 1)L (40p) 4D m

By the same arguments as above we find the sufficient condition on the growth
rate

n+3
q'n—i-l > 30( ) 2m -(n+1)

Since this condition is fulfilled due to our assumptions of Theorem 1, we obtain
convergence of the sequence ( f},) in Diff** (D™) to a limit diffeomorphism
~ ~ neN

f. As argued above, Go f o G~! is weakly mixing with respect to the Lebesgue

measure on D™ and uniformly rigid with respect to (g,) Hence, Theorem
1 is also proven in the case of the disc D™.

neN”

8. Proof of Corollary 2

In order to prove Corollary 2 we only need the proximity

1
i (s fr1) < Cr - [[HnllliT1 - lanss — anl < o
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which is satisfied if we demand

_ (m + k)!
gn+1 ZQHFQannH'IIEii (2)

)

We find a new norm estimate \|\Hn|||£ﬁ Since ¢, < ¢, we estimate with the

aid of Lemma 2.8, equation 2 and Lemma 6.2

(m+ k)!
H‘Hn|||k+1 = H‘anl Ohnmk+1 < m : |||Hn71|||ii% : |th|HZI% < gn- H‘hn‘HZI%
2 sy (m—1)-(k+1)2
m+ k) (m—1)-(k+2)°-(k+1) 2k)! , 1 10-(k+1)
<gn - 28T (Em - 1;) . (T') kD) (k4 1)! - exp =
: : n
(m—1)- 3 m-n (m—1)- 3
L2 =) e (ment 1) (1) (k1)

By equation 2 we conclude the requirement

4 5y me(k+1)3
. m+ k)l m-(k+2) 2k , 1 10-(k+1)
iaz (o) (G (e ()

n

2 (m=1)-(k+1)* | q;n?’-(nJrl).(kJrl)‘l

Due to ¢, < ¢> the condition from Corollary 2 is sufficient. O

9. Proof of Corollary 1

We recall the assumptions ¢ > m? - 2% - exp(400) and G,+1 > ¢4» on the

sequence (Gn),cn-

Claim: Under these assumptions the numbers G, satisfy G, > m?-(n + 1
exp (400n2).
Proof with the aid of complete induction:

)n+7 .

o Startn=1: ¢ >m?-2%. exp(400) = m? - (1 + 1)*7 . exp(400)
e Assumption: The claim is true for n € N.
e Induction stepn — n+ 1: We calculate

G > @0 > (m2 S(n+1)""" - exp (400n2))m2.(n+1)"+7
>m?- (n+ 1)(n+7)'m2'(n+l)n+7 - exp (400n2 -m? - (n+ 1)n+7)
>m? - (n+2)"" - exp (400 - (n + 1)?)

using the relation (n + l)m2 > n + 2 in the last step.
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Hereby, we have due to exp (400n2) > 14:

~ ~A, ~ 2. n+7 9 2. n+7 102, nt7
dn+1 qun 2 qufl m®:(n+1) = qim (n+1) . q312 m*-(n+1)

n 12-m?(n+1)"+7
ZCIZ'm?(n-‘rl) 7 <m2 . (n + 1)n+7 - exp (400%2))

n+7

. 10.m2. n m?-(n
~2.m? (n4+1)"*7 (n+ 1)(”+7) 10-m?(n41)"+7 exp (400n2)10 e+ - (mn+m

ZqTL
m-(n+ 1))2-m2-(n+1)"+7 (n+ 1)2477z2-(n+1)’“r7 - exp (400n

)2.m2'(n+1)n+7

)2-m2-(n+1)n+7

-m2-(n n+6
~2.m?.(n4+1)"*+7 10-m2-(n4+1)"+7 9y 10-m?-(n41)"*7 (m+n)' 2 (n+1)
>qn ((n+1))) - exp (400n?) o
m — .

2.m?2.(n4+1)"+6
' <(2n)!> ( ) . nz_mz.(n+1)n+6 ) 7rm2.(n+1)n+4
n!

92, n+3

> (n) - @™ DT

Hence, the requirement of the Theorem is met. O
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