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Abstract

In the case of the disc D?, the annulus A = S* x [0, 1] and the torus T? we will show that
if a sequence of natural numbers satisfies a certain growth rate, then there is a weak mixing
diffeomorphism that is uniformly rigid with respect to that sequence. The proof is based
on a quantitative version of the Anosov-Katok-method with explicitly defined conjugation
maps and the constructions are done in the C°°-topology. Beyond that we can deduce a
similar result in the real-analytic topology in the case of TZ.

Introduction

In [GM] the notion of uniform rigidity was introduced as the topological analogue of rigidity in
ergodic theory:

Definition 1.1. 1. Let T be an invertible measure-preserving transformation of a non-atomic

probability space (X, B, u). T is called rigid if there exists an increasing sequence (7, ),,cn
of natural numbers such that the powers T™™ converge to the identity in the strong operator
topology as m — oo, i.e. ||foT™ — f|l, — 0 as m — oo for all f € L? (X, ). So rigidity
along a sequence (n,y,),,cy implies p (T AN A) — p(A) as m — oo for all A € B.

. Let (X, B, 1) be a Lebesgue probability space, where X is a compact metric space with met-

ric d. A measure-preserving homeomorphism 7' : X — X is called uniformly rigid if there
exists an increasing sequence (n.,),,cy of natural numbers such that d, (7"™,id) — 0 as
m — oo, where dy, (S,T) = do (S,T)+do (S74,T71) with do (S,T) := sup,ex d (S (z), T (z))

is the uniform metric on the group of measure-preserving homeomorphisms on X.

Remark 1.2. Uniform rigidity implies rigidity. In [Ya], example 3.1, an example of a rigid, but
not uniformly rigid homeomorphism of T? is presented. Thus, rigidity and uniform rigidity do
not coincide on T2.

In [JKLSS]|, Proposition 4.1., it is shown that if an ergodic map is uniformly rigid, then any

uniform rigidity sequence has zero density. Afterwards, the following question is posed:

Question 1.3. Which zero density sequences occur as uniform rigidity sequences for an ergodic
transformation?
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Under some assumptions on the sequence (nm)meN measure-preserving transformations that

are weak mixing and rigid along this sequence are constructed by a cutting and stacking method
in [BJLR]. Recall that a measure-preserving transformation T : (X, B, u) — (X, B, u) is called
weak mixing if for all A, B € B: 25:1 | (T"ANB)—p(A) - p(B)] —0as N — oo.
K. Yancey considered Question in the setting of homeomorphisms on T? (see [Yal]). Given a
sufficient growth rate of the sequence she proved the existence of a weak mixing homeomorphism
of T? that is uniformly rigid with respect to this sequence: Let ¢ () = 2 If (Mm) ey 18 an
increasing sequence of natural numbers satisfying m+1 > 1 (ny,), there exists a weak mixing
homeomorphism of T? that is uniformly rigid with respect to (m),,en- In this paper we start
to examine this problem in the smooth category.

11n(n+1)"+°

Theorem 1. Let ¢y (n) = 4+2"" . (n + 2)!)11(n+2)n+6 -exp (100n?) ~and M be D?,

A or T2, If (Gn)nen @5 a sequence of natural numbers satisfying

~ ~6. n+1
Gnt+1 > 1 (n) - q2 (n+1) ;

then there exists a weak mizing C*°-diffeomorphism of M that is uniformly rigid with respect to
(qn)nEN'

We note that our requirement on the growth rate is less restrictive than the mentioned
condition in [Ya], Theorem 1.5.. In fact, the proof in [Ya] shows that a condition of the form

4n2,+20
"TT“ > N mnt is sufficient for her construction of a weakly mixing homeomorphism, which is

uniformly rigid along (n),,cy- Our requirement on the growth rate is still weaker.

The aimed diffeomorphisms are constructed with the aid of the so-called “approximation by
conjugation-method” introduced in [AK]. On every smooth compact connected manifold of
dimension m > 2 admitting a non-trivial circle action S = {S;},.s1 this method enables the
construction of smooth diffeomorphisms with specific ergodic properties (e.g. weak mixing ones
in [AK], section 5, or [GK]) or non-standard smooth realizations of measure-preserving systems
(e.g. JAK], section 6 and [ESW]). These diffeomorphisms are constructed as limits of conjugates
fn=H,0S 1 where a1 = ’;”i €Q, H, = H,_10h, and h,, is a measure-preserving
diffeomorphism satlsfylng S 10 hyp = hy o S L. See |[FK]| for more details and other results of
this method.

Our specific constructions are inspired by the construction of weak mixing diffeomorphisms with
prescribed Liouvillean rotation number by B. Fayad and M. Saprykina ([FS]): Basically, we use
the same criterion for weak mixing and the conjugation maps are supposed to have the same
effect on the partition elements. In [FS| the conjugation maps are based on a “quasi-rotation” ¢,

Qg1 ©

us

on the unit square [—1,1]%, which is the rotation by Zon [—1+4+2¢1— 2¢]* and coincides with
the identity in a neighbourhood of the boundary. It is designed with the aid of “Moser’s trick”
and it does not admit a norm estimate with explicit dependence on the parameter . Since the
parameter € depends on n and we require precise norm estimates of the conjugation maps in
order to deduce a sufficient growth rate of the uniform rigidity sequence, the construction of the
conjugation maps has to be modified. We give further details on these modifications and outline
our constructions in section [l

Remark 1.4. In the case of the torus, we can apply essentially the same method and obtain
the following result:
Let p > 0. If (Gn) ey 5 @ sequence of natural numbers satisfying ¢ > p + 1 and

(jn_H22n,642_7r4,n4_626.exp(4ﬂ.n.qg.exp(zﬁ.gi.(1+n.qn)))’
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then there exists a weak mizing Diff?)-diffeomorphism of T2 that is uniformly rigid with respect

to (Gn)pen-
We do not include the detailed proof because the method of reparameterized linear flows as in

[Fa] seems to be a more appropriate approach.

2 Definitions and notations

In this chapter we want to introduce advantageous definitions and notations. In particular, we
discuss topologies on the space of diffeomorphisms on the considered manifolds.

2.1 (C*-topology

For defining explicit metrics on Diff* (T?) and in the following the subsequent notations will be
useful:

Definition 2.1. 1. For a sufficiently differentiable function f : R? — R and a multiindex
@ = (a1,a2) € N2

olal
Dgf = ————Ff,
af 0z 0xs?
where |d| = a1 + as is the order of a.

2. For a continuous function F : (0,1)> — R

[Fllg:== sup [F(2)].
2€(0,1)2

For f,g € Diff* (T?) let F,G : R? — R? denote their lifts. Furthermore, for a function
F : R? — R? we denote by [F]; the i-th coordinate function.

Definition 2.2. 1. For f,g € Diff* (T?) we define

o (£.9) = g { it 117 - G, + o1,

1,2
as well as

di (f.9) = max {do (£,9), |Da[F = Glfly : i=1.2, 1<l <kj.

2. Using the definitions from 1. we define for f, g € Diff* (T?):

i (f,9) = max {dy (f,9)  d (/" 97"}

Obviously dj, describes a metric on Diff* (TQ) measuring the distance between the diffeomor-
phisms as well as their inverses. As in the case of a general compact manifold the following
definition connects to it:

Definition 2.3. 1. A sequence of Diff>® (T?)-diffeomorphisms is called convergent in Diff> (T?2)
if it converges in Diff* (']I‘Q) for every k € N.
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2. On Diff** (T?) we declare the following metric

& di (f,9)
deo (f59) *’;Qk.(ﬁ—dk (f,9)

It is a general fact that Diff>° (TQ) is a complete metric space with respect to this metric do.
Moreover, we add the adjacent notation:

Definition 2.4. Let f € Diff* (’]I‘Q) with lift F' be given. Then

[Dfllg = max |[D;[F]

ije{1,2} illo

Iflle = max{im; Ifi =g, 1 Dafill : ¢ = 1,2,d multiindex with 1 < |d] < k‘}
; e

and

AN = max {[[ £l [ £ -

Remark 2.5. Since for h € Diff** (T?), every multiindex @ with |@ > 1 and every i € {1,2} the
derivative Dgh; is Z2-periodic, it holds for any diffeomorphism g¢:

sup [(Dghi) (9 (2))| < [[Ih]l])a)-
z€(0,1)™

Analogously we can define the same expressions in the case of the annulus A = S x [0, 1].
In the case of the disc the Diff® (D2)—topologies are defined in a natural way with the aid of the
supremum norm on the disc.
Concerning the composition of functions the next result is useful:

Lemma 2.6. Let M be D?, A or T?. Moreover, let g,h € Diff** (M) and k € N. Then for the
composition g o h it holds

k
lg o hll, < (k+ Dt lglly - IRl and llg o hlllx < (k+ 1) [[lglllk - 112111

Proof. By induction on k € N we will prove the following observation:
Claim: For any multiindex @ € N} with |@| = k and i € {1,2} the partial derivative Dz [g o h],
consists of at most (k + 1)! summands, where each summand is the product of one derivative of
g of order at most k and at most k derivatives of h of order at most k.

o Start: k=1
For iy1,i € {1,2} we compute:

Dzil [g0 h]z (w1,72) = Z (Dzjl [g]i) (h(z1,22)) - Dzil [h]jl (z1,22) .

Hence, this derivative consists of 2! = 2 summands and each summand has the announced
form.

e Induction assumption: The claim holds for & € N.

e Induction step: k — k+1
Let i € {1,2} and b € N2 be any multiindex of order

5’ =k + 1. There are j € {1,2} and
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a multiindex @ of order |@| = k such that Dy = D, ,Dz. By the induction assumption the
partial derivative Dz [g o h|, consists of at most (k + 1)! summands, at which the summand
with the most factors is of the subsequent form:

Dz, [g]; (h (z1,22)) - Dg, [R];, (z1,22) - ... - Dgyy [R];, , (T1,22),

Ek+1 [ Th41

where each ¢; is of order at most k. Using the product rule we compute how the derivative
ij acts on such a summand:

2
Z Dy, De, [g]; 0 b Day [B];, Da, [hl;, - - Dayyy [h]ik+1 +
Jji=1
Dgl [g]z o} h . Dsz52 [h]Lz teest D5k+1 [h]ik+1 + ..+
D€1 [g]z oh- D52 [h]w Tt Dsz5k+1 [h]ik+1

Thus, each summand is the product of one derivative of g of order at most k41 and at most
k+1 derivatives of h of order at most k+1. Moreover, we observe that 2+k summands arise
out of one. So the number of summands can be estimated by (k4 2) - (k + 1)! = (k + 2)!
and the claim is verified.

Using this claim we obtain for i € {1,2} and any multiindex @ € N3 of order |a| = k:
k
1D g o hlillg < (k+ D! llgll - 1Al -
Applying the claim on h™! o g~ ! yields:
1 k
[Da [h= o g™ Iy < (B + 1)1 llgllc - IRl -

We conclude
g o Alllx < (k+ 1) [[lglllF - [1IAI117-

2.2 Analytic topology

Real-analytic diffeomorphisms of T? homotopic to the identity have a lift of type
F(@,T) = (0+f1 (9,7’),7"+f2 (G,T)),

where the functions f; : R? — R are real-analytic and Z2-periodic for i = 1,2. For these functions
we introduce the subsequent definition:

Definition 2.7. For any p > 0 we consider the set of real-analytic Z2-periodic functions on R2,
that can be extended to a holomorphic function on A% := {(6,7) € C* : |imf| < p, |imr| < p}.

1. For these functions let || f[|, == supg e ae [f (6, 7)].
2. The set of these functions satisfying the condition || f[|, < co is denoted by C} (T?).

Furthermore, we consider the space Diffy (TQ) of those diffeomorphisms homotopic to the
identity, for whose lift we have f; € C}; ('H‘Q) for i =1,2.
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Definition 2.8. For f, g € Diff; (']I‘Q) we define
111, = max|lfill,

and the distance

dy (9) = myg {ing 15~ s, |
Remark 2.9. Diff (T?) is a Banach space (see [Sa] or [Ly] for a more extensive treatment of
these spaces).

3 Outline of the proof

In our constructions we consider D?, A and T? with the standard circle actions R = {R;}, .1
comprising of the diffeomorphisms R, (6,7) = (6 + ¢,7).

First of all, we will do the constructions on T? and A. Inductively, we will design a sequence of
smooth measure-preserving diffeomorphisms f, = H, o Rq,,,, o H, ! with H,, = H,,_1 o h,,. The
conjugation map h,, will be a composition h,, = g, o ¢, where g, (6,r) = (6 + [nqZ] - r,r) with
some 0 < o < 0.25 and the conjugation map ¢,, is constructed in section [5} and the sequence of
rational numbers will be

pn+1 [e7%
Qpt1 = =0p — ——=—,
dn+1 dn * gn+1
where a,, € Z, 1 < a,, < @y, is chosen in such a way that ¢,+1 - p, = a, mod g,. Therewith, we
have |ap41 — ap| < 7 1+1 and Gpi1 - Qpy1 = % — ‘;—" =0 mod 1, which implies f,"*' = id.

Hence, (Gn), ey Will be a uniform rigidity sequence of f = lim, .o fn under some restrictions
on the closeness between f,, and f (see subsection , which depend on the norms of the
conjugation maps H; and the distances |a; 11 — ;] < 111 for every ¢ > n. Thus, we have to
estimate the norms |||Hy|||n+1 carefully in subsection At the end of subsection [6.2| this will
yield a sufficient condition on the growth rate of the uniform rigidity sequence (g, ), ¢y and in
subsection we prove that f is weak mixing using a criterion similar to that deduced in [FS]
(see section

Finally, we will transform these constructed diffeomorphisms into smooth diffeomorphisms on

D?. Hereby, we will prove Theorem [1|in the case of D? in section

4 Criterion for weak mixing

In this section we will formulate a criterion for weak mixing on M = T? or M = A.

4.1 (v,6,¢)-distribution of horizontal intervals

We recall the following definitions stated in [ES]:

Definition 4.1. Let 5 be a partial decomposition of T into intervals. On M = T? or M = A
we will consider a decomposition 7 consisting of intervals in 7 times some r € [0,1]. Sets of
this form will be called horizontal intervals and decompositions of this type standard partial
decompositions. On the other hand, sets of the form {#} x J, where J is an interval on the
r-axis, are called vertical intervals.
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Hereby, we can introduce the notion of (v, d,¢)-distribution of a horizontal interval in the
vertical direction:

Definition 4.2. A diffeomorphism ® : M — M (v, d, ¢)-distributes a horizontal interval I if the
following conditions are satisfied

e 7. (P (1)) is an interval J with 1 —§ < A (J) <1,
e & (I) is contained in a vertical strip [c,c +~] x J for some ¢ € S,

e for any interval J C J we have

A(Inet(Tx ) a(J) ) _AA(J).

A(I) A(J)

4.2 Statement of the criterion
The proof of the criterion is the same as in [FS], section 3. The only difference occurs in
comparison to Lemma 3.5., which in our case will be stated in the subsequent way:

Lemma 4.3. Let (1)n),,cy be a sequence of standard partial decompositions of M into horizontal
intervals of length less than q, 1. Moreover, let g, be defined by g, (8,7) = (0 + [nq3] - r,7) with
some 0 < 0 < 0.25 and let (Hy), oy be a sequence of area-preserving diffeomorphisms such that
for every n € N:

(1) |DH,lly < %%

n
Consider the partitions vy, = {Ty, = Hp—1 (gn (In)) @ In € M}
Then n, — € implies v, — €.
Proof. For every € > 0 we can choose n large enough such that p (UIEW I) > 1—¢ and there is

a collection of squares S, = {S,.;} with side length between g, %% and ¢;, % with total measure of
the union S, := |J; Sn,; greater than 1—+/c. Then we have (Ule% In Sn) > (1—/2)-p1(Sn),

because otherwise u (Sn \Uren, I) > e u(Sy) > e (1—+/¢) and so u ("JI‘2 \Uren, I) >
Ve—e >eincaseof e < i, which contradicts p (Ulenn I) > 1—e. Since the horizontal intervals
I € n,, have length less than ¢, !, we can approximate the squares in the above collection S, for
n sufficiently large in such a way that pu (Ulenn,lcsn I) > (1 —2v€) - 1 (Sn).

In the next step we consider the sets Cy, ; := Hy,_1 (gn (Sn.i)) with S,,; € S,,. For these sets Cy, ;
we have:
diam (Cpi) < | DHp1lg - [|Dgnlly - diam (i) < n-v2- g7~

which goes to 0 as n — oo because o < 0.25. Therefore, any Borel set B can be approximated
by a union of such sets C, ; with any prescribed accuracy if n is sufficiently large, i.e. for every
€ > 0 there is N € N such that for n > N there is an index set J,,: u (BA UieJn C,”) < e. Now
we choose the union of these elements I € 7,, contained in the occurring cubes S, ; and obtain:

u(BAUHn1ogn<I>)<u<BAUcn,i>+u sS\oU T

i€Jy, Ienn,ICSy
<e+2Ve-u(S,) < 3v/e.

Thus, B gets well approximated by unions of elements of v, if n is chosen sufficiently large. [
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Now the criterion for weak mixing can be stated in the following way (compare with [FS],
Proposition 3.9.):

Proposition 4.4. Let f, = H, o R, ., o H,' be diffeomorphisms constructed as explained in
the Outline with o < § and such that ||DH,_1|, < ¢2* holds for all n € N.

Suppose that the limit f = lim, .o fn exists. If there exists a sequence (my,), oy of natural num-
bers satisfying do (f7™, f™n) < % and a sequence (1), cy of standard partial decompositions

of M into horizontal intervals of length less than q,* such that 1, — € and the diffeomorphism
®, = ¢, 0o R™ o¢p-t ( L1 %)—distributes every interval I, € n,, then the limit diffeomor-

Qn 41 n nqgg’ n’
phism f is weak mizing.

Remark 4.5. In [ES] it is demanded | DH,,—1]|, < In (gy) instead of requirement We did this
modification because the fulfilment of the original condition would lead to stricter requirements
on the rigidity sequence: In particular, equation would require an exponential growth rate.

5 Explicit constructions

Once again, we consider M = T? or M = A. In this section we will construct the conjugation
map ¢,, satisfying the subsequent Proposition.

Proposition 5.1. There exists a smooth measure-preserving diffeomorphism ¢, : M — M
satisfying the following properties

® ppoRL =R o¢,

1 1 1 1 17. _ 1 1
* On |:8TLQ7L,2Q7L B SnQn:| X [R’l—ﬂ}. ¢n (7"9) - (m_m '972qn',r)~

e On [2;’ ,q—ll x [0,1] the map ¢, is equal to the identity.

o We have for every s € N, s > 2:

11-s” s

[16nllls < 4% (s + Y™+ (L exp (1000%)) " - g5

In order to prove this Proposition let 6 > 0. Our first aim is to construct a measure-
preserving diffeomorphism on the square A = [—1, 1]2 that coincides with the rotation by 7 on

A(50) := [-1+4 56,1 — 56]> and with the identity in a neighbourhood of the boundary, namely
A\ A(d). As announced in the introduction, in comparison with [ES] this map has to play the
role of ¢, which was constructed with the aid of “Moser’s trick”. Since we need precise norm
estimates, we have to modify the construction.

5.1 Bump functions and map s

We use the smooth map

L Jexp (—z%) forxz >0
j(x){o forx <0

First of all, we find norm estimates for this function j:
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Lemma 5.2. For every s € N:

il = (1) ’<25,1.5s. Y
Il = pax | mae [50(@)] <3705 (s~ 1)

Proof. We consider j(z) = exp (—-5) with derivative gV (z) = Z exp (— ). Differentiating
yields j®)(z) = exp (—I%) : ;% — exp (—z%) . Z%. Continuing in this way we observe for j(*) that
the number a; of summands is a; = 2-as—; (with a3 = 1) and the exponent in the denominator
is at most 3s. Hence, for € [0,1] an upper bound of |j(5) (x)| is given by

s—1

1\ 1 . 1\ 1 .
as-exp(—x?>-ﬁs-2~H(3z):eXp<—$2)-x38-2 23 (s = 1)!

i=1

For z = y/ 2 this expression has a maximum on [0, 1] and takes the value

30.53

—0.5s 2.55—1 1.5s 2s 1.5s

Using the map j we define the bump function

j(b—x)

e e ()

where a,b € (0,1). We examine this bump function kg p:

Figure 1: Qualitative shape of the bump function k, 4

Lemma 5.3. For every s € N:

[kab

2 \?2
< 9s—1 926> +2s 15874155  )s+2 - exp <<b - a) s+ 1)> .
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Proof. At first, we consider the denominator I(x) := j (x — a)+j (b — ): On [0, 1] it is minimal
for x = ‘%"b and takes the value [ (“TH’) =2-exp (—ﬁ).
In order to examine the derivatives of k,; we use the quotient rule. Hereby, we observe that

the denominator of késl)) is (I(z))*"'. Moreover, each summand of the numerator is a product

of a derivative of j (b — x) of order at most s and s derivatives of [ of order at most s. Hence,
the derivative of this numerator consists of (s + 1) - a5 summands, at which ay is the number of

summands of the numerator of k((lsl)). Then, the number asy; of summands of the numerator of

kfi;l) is at most 2- (s + 1) - as. Since ag = 1 we obtain as; = 2° - sl. We conclude:

P g P B P

 (mingepoq] l(x))SJr1  (mingep 1] l(f))SH

1 4(s+1)
< 2s | ,1.5s | —1)1.925. 252 . 1.5s2 . —1)5. 2T ) 95 gl
<3 -s (s—1) 3 s (s—1) 5+ €XP b—a)? s

O

In our constructions we use a = 1 — 36 and b = 1 — 2§. We denote the corresponding map by
ks. Hereby, we define the smooth diffeomorphism

vs (0.7) = (0+ 5 ks (7))

on R? with symplectic polar coordinates 0 e R/27Z, # € RT. This map coincides with the
rotation by Z on B(1 — 36) and with the identity on R? \ B(1 —24). As a direct consequence of
the previous results we conclude:

Lemma 5.4. For every s € N:

4
sl < 72770 327020 GOt LBe g1o2 o <5 s+ 1>) '

5.2 Maps ks and g;

In the construction of our conjugation map s there is an angle-dependent dilation. In order to
make this angle-dependence smooth we use the bump functions. We define the smooth map &s:

e On [O 7r]:

)

1
K 0:k177£,9 + 1_k1,,1,9 .
s (6) T E3 (cos (0) ( T3 ) (5111(9))2
. On [§.1]
1
ks (0) =ksxr s 3n .06 (0)- 4+ (1 —Fksr_ s 3x,06 (0
2O =k gy O (1= b4 ©) (cos (0))
. Ou [r.55)
1 1
5 (0) = keg g 544 (6 (1 ogaas 0)
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e On [3'7”,277}:

o
(sin (6))”

1

K5 (0) =k (9)) eos (O

(©) -

o
(NES
[V EY

7
It

(1= kg e

Remark 5.5. We note: s (6 + %) = ks (6).

Lemma 5.6. For every s € N:
4
s, < 24542 . 3257425 | o438 Los™+15s oy (52 s+ 1)> .

Proof. In a first step, we examine the map v(z) := m with derivative v")(z) = %

The next derivatives are computed with the aid of the quotient rule. The denominator of v(*) (x)
is (cos(x))*? with degree ny, = s + 2 and the numerator consists of z, summands, where each
summand is a product of py factors sin(x) and cos(z) respectively. Then, the quotient rule yields
Ps+1 =ps + 1 and 2511 = (ns + ps) - 2. Since z;1 = 2 and p; = 1 we obtain p; = s and

Zep1 =25 (25 +2) =2,.1-2-5-2-(s+1)=2°T1 . (s + 1)L.
Hereby, we conclude for z € [—%, %], i.e. cos(z) > 0.5:

(s) ‘ < Zs <95 . gl. 952 _ 92542 g
v (z s! sl.
‘ (@) (cos(x))s+2 B

By the same arguments we obtain the same bound on the derivatives of m for x € [%, %}

An estimate deduced from the product rule yields

kslly <27 - ll&sll, - lloll, +2° 1 = ksl -

T T
373

’ 1
(sin(x))?

™ 5T
Sx[a’?]

<2k, - ol

_m 1]-
373

The same holds true on the other particular domains. Then we find the claimed estimate

2
”H(;”s S 2s+1 . 25—1 . 3232+2s . 81'582+1‘58 . S!S+2 - exp <<§> (S + 1)) A 225+2 . gl

< gist2 . g28742s  (155TH15s | 943 o (4' (Z;‘ 1)) .
O

Once again, we consider R? equipped with symplectic polar coordinates (5, F). For ri,ry €
(0,1) we define the map

Ory ro,6 (Qf) = (é, K¢ (é) iy - r1> on B(ry,r2),

where B (rq,r3) = {(é, F) : 0 e R/27Z, 7 € [rl,rg]}. In our constructions we use r; = 1 — 44

and ro =1 — §. The corresponding map is called gs.



Explicit constructions 12

5.3 The map ¢s

With the aid of the maps introduced in the previous subsections we construct the smooth dif-

feomorphism (;35 on R? equipped with symplectic polar coordinates (é, F):

(9~ + g,f) inside of g (Sl X {7“1})
(55 (5, F) = { g5 01)s 0 <p5_1 (é, f) on s (B (r1,72))
(é, f) outside of ps (S* x {r2})

Recall that the domain s (B (r1,72)) is invariant under the rotation about arc 7 due to Remark
0.0l
For (0,7) = 5 (6,71) we have

b5 (0,7) = @5 0 s (0,71) = ps (9+g'ka (7“1),7"1) = (94-%77*)

and for (0,7) = ¢s (0, r2) we have

T
¢s (0,7) = @5 05 (0,72) = s (9+ 5 ks (r2) 77“2) = (0,7).
Since 1 < a < b < ry these equalities hold true on a neighbourhood of the points. Thus, d;(; is

a smooth diffeomorphism. Furthermore, ¢ is measure-preserving because the maps @5 and s
are.

Lemma 5.7. For every s € N:

‘H%MS <ns. 945 35743543 925t +4s% 457 +2s | 157 +4s7HAs+4 | (15543574357 +1.5s
4
- exp <52 . (53 + 257 4 25 + 1))
Proof. On s (B (r1,72)) we have
6 0) = (545t 47 0) )
s (54 Tk (175 (8) 1)) o s (9) )

In a first step we consider K4 (é, f) = ks (7‘1 + 7 — Ks (5) . r%) With the aid of the chain rule
we compute

1l

(K, < s (ks - Imslls -
Again using the chain rule we obtain for K5 (é, f) = K§ (é + g - Ky (5, f)):

S

m
IKall, < st lsll, - (25 - 1Al
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By the previous norm estimates we conclude
|83 <2 1Kl < 2+ 8t sl -7 - A
S
<2-s! IIMIIS - (s |Rsll - ks ll3)

s+1 | s241 s
<2-s! " lmslly - NIkl
5. 24s3+3s +35+3 | 32s4+453+4s2+2s .8,33+432+4s+4 . 81.584+383+352+1.53

- exp <;2-(83+252+28+1)>

Since qul is of the same form, we obtain the claim. O

The coordinate change from symplectic polar coordinates to cartesian coordinates is given
by:

- x V7 - cos (0

P (e,f) - ( ) - -

Y VT -sin (6

A direct computation yields |det (JP)| = % except at the origin. Hereby, we consider the area-

preserving map ¢g5 := P o ¢~>5 o P~1. By our choice of r; the map ¢s is the rotation about the
angle 5 on [~1+ 55,1 — 55]2. Moreover, it coincides with the identity outside of [-1 + §,1 — 5]2.
In order to obtain norm estimates of ¢5 we examine the coordinate change P on B (r1,72):

Lemma 5.8. For every s € N:
H Hs B(rl ”"2) — 23 1o (5 - 1)'

Proof. The norm || P|| is determined by the derivatives of p(r) = y/r. Direct computa-

tion shows

s,B(r1,r2)

-1

s—1 4.
(s) T R 22—1_ Sz s+1'i. .
) =r—"7 (1) ] =roT (0T [Tei-.

=0 i=1

w

Since r1 > 0.5 we obtain

12

2s-1 ]
2l (s <28 (s — 1)L

s,B(r1,7m2) S Ty 9s

For the inverse P_l\p(B(mM)) we deduce the subsequent estimate:
Lemma 5.9. For every s € N:

1P| <252 (5 1)),

s,P(B(r1,r2)) —

Proof. The inverse coordinate transformation is given by

. x
) _ arccos <$2+y2> for y > 0

$2+y2

) _ — arccos ( 2+y ) for 3 < 0

+

=St D™

P = (

=St D™

P = (
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The norm estimate is determined by the derivatives of 4 arccos ( \/z;ETgﬁ> with respect to x.
The first derivative is ¢ (z) = —ﬁ. The further derivatives are found with the aid of the
quotient rule: The denominator of q(s)(x) is (ac2 + yz)ns with exponent n, and the numerator
consists of z, summands with ps factors x or y. Then we have ng11 =ns+1, ps4+1 = ps + 1 and
Zs41 =2 25 (ps + ng). Since ng =1, p; =1 and 21 = 1 we conclude ngy1 =s+1, psy1 =s+1
as well as

Zs41 =2-25-2-8=48 2 =4s8-4-(s—1)-z5_1 =4° - sl,

ie. 2, =451 (s = 1)1 =222 (s — 1)!. Due to 22 + y*> > r; > 0.5 we obtain

Zs - 22572 . (s —1)!

<
RO

<2372 (s — 1)L

||P71||5,P(B(r1,r2))

Let s > 2. Lemmayields for ¢ == ¢50 P
191, < G+ 0t 5] NP7 pesr -

Again using Lemma [2.6] we obtain

Iosll, < (s + DV 1Pl piryrny - 19112

< (s + DY P I ey - || 9]

< ((S + 1)!)84—1 A 7_‘,52 3 2454+653+s2+4571.5 . 3255+4s4+453+252 . S!s4+453+4s2+4s

o2
s,P(B(r1,r2))

8 -1
e

; 4
. gLBs° 37 48s° 41567 exp <62 - (34 +25% 4+ 257 + s)> (s — 1)!32+1

1 2 4 3, .2 _ 5 4 3 .2
S ((8+ 1)|)s+ LS. 243 +65°+s"+4s—1.5 95 +257+25%+57 |

4 3 2
1.555 43544353 41.552 - exp <4 (S +25 +28 +S)>

4 3 2
gls H4s s s+ o
02

Since 2 < 5!, s < sland 7 <9 < exp (5%) we continue in the following mater:

l#sll

5 4 3 2
S(S"‘ 1)!s+1 A 8!1453 +8s5"+135°+7.55"+85—0.5 exp (

s® 4+ 6s* + 10s® 4+ 1052 + 48)
52

Due to s > 2 we have 1.5s% + 8s* + 13s% + 7.552 + 85 — 0.5 < 11s° as well as s° + 6s* + 10s® +
10s% 4 4s < 8s°. Thus, we proved the following statement:

Lemma 5.10. For every s € N, s > 2:

18sllls < ((s + 1)HFT <8! o <612)>11.Ss'
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5.4 Conjugation map ¢,

In the first instance, we construct the conjugation map ¢, on the fundamental sector [O, qi} X

[0,1] by the same approach as in [ES], section 5.2.2. On D} = [0, ﬁ} x [0,1] we use the affine
transformation C,, (6,7) = (4¢, -6 — 1,2r — 1) sending D} onto A. Hereby, we set

(]5,1:0;10(;5%00,”

2¢n an
coincides with the the identity in a neighbourhood of the boundary of the fundamental sector.

Hence, we can extend it equivariantly by the formula ¢,, (9 + qﬁ, r+ l) = (qi, l) + ¢n (0,7) for

every k,l € Z. Then ¢,, becomes a diffeomorphism on T? as well as A.

On D? = [ L1 ] x [0, 1] we define ¢,, = id. We observe that ¢,, is smooth, area-preserving and

6 The smooth case on T? and A

6.1 Properties of the conjugation maps h, and H,

We aim for precise requirements on the growth rate of the uniform rigidity sequence to guarantee
convergence of the sequence of diffeomorphisms f, = H, o R o H,!. For this purpose, we
need norm estimates on the conjugation maps.

Q41

Lemma 6.1. We have for every s € N, s > 2:

Anllls <247 ((s + 1)L (s - exp (100n2)) " s - g (),

Proof. Obviously, we have for ¢, = C,; 1o ¢ oCh:

lgnllls < (4gn)° -l 2 1lls-
Using the explicit definitions of the maps g, and h, = g, o ¢, we can compute

b (0,7) = ([Pn]; + [ngn] - [@nly , [Pnly)

as well as
hyt (0,7) = ([8n]y — 067 - [Pny s [Pnl,) -
Then we obtain with the aid of Lemma [5.10
s s,S s 11s° s- o
hnllls < 2+ [ngg]” - [llénllls < 2-4°n° - (s + 1)1 (sl exp (100n7)) " - g5 +),
O

In the next step we want to deduce norm estimates for the conjugation map H, = H,_10h,
under some assumptions on the growth rate of the numbers g, :

Lemma 6.2. Let k,n € N and k > 2. Assume
(A2) Gnt1 =M qgf”-
Then we have

[ Hl [ < 470" (4 1)) D (1 exp (100n2)) - (- g2

n
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Proof. Let k € N, k > 2. We proof the claim by induction on n:
Start n = 1: Lemma [6.1] yields the statement for H; = h;.
Induction assumption: The claim holds true for n € N.
Induction stepn — n+1 : We apply Lemma [2.6] Lemma [6.1] and the induction assumption on
the composition H,+1 = H, 0 hyy1:

[ Hnsa 6 < (k4 D) [[H| |1 - [P 17

. ) " k" m
< (kA4 1)L 4mEED" (g )y EEDTE L (exp (10002)) T gh
. . k® o\ k2
DR (4 1)) FEDE (R exp (100(n 4+ 1)2) T (0 g2t

n n n n+5 ntl
<4 (1) (k+1) “(k + 1)!(n+1)(l€+1) + (kj!eXp (100(n + 1)2))11( +1)k (nqrzlifly)

O

Remark 6.3. As a special case of Lemmawe observe that |[DH, ||, < 2!-[|[DHy,—1ly- | Dhnll,-
With the aid of Lemma [6.7] we can estimate:

|DH, ||, < 2! 2" 32 exp (1()0712)11 negite,
where we used condition ie. [[DH,—1]l, < ¢2%. In order to guarantee this property for
DH,, we demand:

)44 5+40

(A3) nt1 > ||DH, ||y > 64% - exp (100n2)™ - n* - ¢}

6.2 Proof of Convergence

In the proof of convergence the following result, which is more precise than [FS|, Lemma 5.6., is
useful:

Lemma 6.4. Let k € Ny and h € Diff*° (M). Then for all o, 8 € R we obtain:
dy (ho Rooh™ ko Rgoh™) < G- [[[hll[i; - la = A,
where C, = (k+ 1)

Proof. As an application of the claim in the proof of Lemma we observe

Fact: For any @ € N§ with |d| = k and i € {1,2} the partial derivative Dz [ho Ry o h™],
consists of at most (k + 1)! summands, where each summand is the product of one derivative of
h of order at most k and at most k derivatives of h~! of order at most k.

Furthermore, with the aid of the mean value theorem we can estimate for any multiindex @ € N2
with |@| < k and i € {1,2}:

|Dg [h]; (Ra 0 h™" (21,22)) — Da [B]; (Rg o h™" (21, 22))| < ||[All[5+1 - la = 6]
Since (hy 0 Ry © h;l)_1 = h, 0 R_,0h;!is of the same form, we obtain in conclusion:

di (ho Raoh™' hoRgoh™) < (k+ 1)t |llallesr - 1A - la = B
< (k+ DU I[BIET - o= 81
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Under some conditions on the proximity of a,, and «,, 1 we can prove convergence:

Lemma 6.5. We assume

1
(Al) |an+1 - an| S P .
20 - (n+1)!- g - [[[Hallln 1

Then the diffeomorphisms f, = H, o R o H, 1 satisfy:

Qp 41

o The sequence (fpn), oy converges in the Diff>* (M )-topology to a measure-preserving diffeo-
morphism f.

o We have for everyn € N and m < gp41:
m m 1
dO (f 7fn ) < 27
Proof. 1. According to our construction it holds h, o R,, = R,, o h, and hence we can
apply Lemma [6.4] for every k,n € N:
di (fas fa—1) = di (Hn 0 Rayy 0 Hy ' Hy 0 Ra, 0 Hy )
k
< O 1Hallli1 - lonsa — el

By the assumptions of this Lemma it follows for every k < n:

U di (fs For) < d (s Fa) < Con - [ H 152 ! .

: < —.
" G T 2

In the next step we show that for arbitrary k € N (f,),,cy is a Cauchy sequence in Diff* (M),
ie. limy, ;m—oo di (fn, fm) = 0. For this purpose, we calculate:

(2) lim dy (fo, f) < N Y0 di(fi ficd) = ) dic(fis fima).
i=m-+1 i=m+1

We consider the limit process m — oo, i.e. we can assume k < m and obtain from equations

[ and 2t

oo

lim dy, (fn, fm) < lim >~ 5 =0
,M—00 m~>ooi:m+1

Since Diff* (M) is complete, the sequence (fy), ¢y converges consequently in Diff* (M) for
every k € N. Thus, the sequence converges in Diff> (M) by definition.

2. Again with the help of Lemma [6.4] we compute for every i € N:

do (fI", 1) = do (Hi © Rup-ayyy © Hy ' Hi 0 Rypa, 0 H V)
< Hillly - m - evigr — il

Since m < gn4+1 < ¢; we conclude for every i > n:

1 m

i (s | TS

20-(i+ D g IIHl @

Thus, for every m < g,41 we get the claimed result:

k e "

1=n+1 1=n+1

| —

do (f7", f71) < || Hilllx - m. -

1
o<
2t —

e

(N}
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By Lemma [6.2] we have
n n (1)1
2" (n+ 1) go - |1Halll37 < o1(n) - gy 0",

n (n n n+5
at which 1 (n) i= 402" - ((n+ 2)) O e (10007) 1O

—n__ < _L_the requirement [A1l|can be met if we demand

Anqn+1 — Gn+1

. Since |apt1 — an| =

. . nt1
Gns1 = o1 (n) g T
Hereby, the other conditions [A3] and [A2] are fulfilled.
Using ¢, = gn—1 - Gn < - this yields the condition

- ~6. n+1

G = 1 (n) - @
This condition is satisfied by the assumptions of Theorem[I} Hence, we can apply Lemmal6.5]and
obtain convergence of the sequence (f,), oy in the Diff>* (M )-topology to a measure-preserving

diffeomorphism f. In the following subsections we will prove that f is the aimed diffeomorphism
as asserted in Theorem (I} namely uniformly rigid with respect to (gn), <y and weak mixing.

6.3 Proof of uniform rigidity along the sequence (G,),, .y

By definition ¢,4+1 < gn+1. Hence, the second statement of Lemmaimplies do ( S"“ , fq"“) <

%. Since the number o, 1 was chosen in such a way that fo"*' = id, we have d; (id, f‘jn“) < %,
which goes to zero as n — oo. Thus, (Gn),,cy is an uniform rigidity sequence of f.

6.4 Proof of weak mixing

By the same approach as in [FS| we want to apply Proposition For this purpose, we
introduce a sequence (m,) neN of natural numbers m,, < g,4+1 in subsection and a sequence
(n)pen of standard partial decompositions in subsection Finally, we show that the map
b, == ¢pp0 R ot (0 L O)—distributes the elements of this partition.

Qp41 n ?2n?

6.4.1 Choice of the mixing sequence (my), y

By condition our chosen sequence (gy),, oy satisfies

(C2) Qi1 =1 gy
Define
1 k
mn:min{m<qn+1 : meN, inf m~pn+1— + —| < dn }
kel dn+1 2-qp dn qn+1
. 1 2
zmin{m<qn+1 : meN, inf m-w—f—&—k <qn}
keZ dn+1 2 dn+1
2

Lemma 6.6. The set {m < gny1:m € Nyinfiez mq"q'pﬁ“ -1+ k;’ < qqil} is nonempty for

every n € N, i.e. m,, exists.
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Proof. The number a1 was constructed by the rule ‘Z”ﬁ = % - %"H, where a,, € Z,
1 < an < Gn, 160 Pry1 = PnGnt1 — @n a0d Gyl = GnGnt1- So qnqp%-u = 27’7;*: and the set
{j% (i=1,2,..., an} containg m different equally distributed points on S'.
Hence, there are at least % = qz% different such points and so for every x € S! there is a
Jj €{1,...,gnt1} such that
. 2

inf £L'7j~qn Pn+1 +k’§ qn )

kel dn+1 An+1
In particular, this is true for x = % O

Remark 6.7. We define

1 1
A, = (mn-pnﬂ— ) mod —.
qn+1 2. dn dn

— Q4n+1

By the above construction of m,, it holds: |A,| < -2~ By |C2| we get: |A,| < q%.

6.4.2 Application of the criterion

The partition 7, is defined to be the standard partial decomposition of M consisting of the
horizontal intervals

J I g 1
I =Ly J 2 d
ng X A{r} [Qn 8na’ o0 2q, ann] x {r} an
1 1 i+l 1

mny

= J
1, ; x ==+ — —
g Ar} [qn * 2qn, * 8ngy,

—an] x {r},

4 8ng,

where j € Z and r € [ Lo ﬁ] Obviously, we have 7, — ¢ and the length of the horizontal

an
intervals is at most ¢, '. In order to apply the criterion for weak mixing we prove

Lemma 6.8. Let I, € n,. Then @, (0 L 0) -distributes I,,.

’2n?

Proof. Since C,, (I,,; x {r}) is located in the domain where ¢~ acts as the rotation on it,
10n

Gt (Inj x {r}) = {0} x [£,1— L] for some 6 € I, ;. By definition of the number m,, and
Remark ﬁ we have R o ¢! (I, ; x {r}) C R, (D2) for some j' € Z. Hence, ¢,, acts as

Fnt1 an
the identity on it and we have ®,, (I,,; x {r}) = {0’} x [{,1— ;=] for some ¢’ € S'.
Again, by definition of the number m,, and the bound on a,, we have

o, (I_n,j X {T}) = ¢n © Rgnfﬂ (I_n,j X {T}) = ¢n (In,j' X {T})
= {0} x {4171’1 élln}

for some j' € Z and 6 € S*.

In both cases, ®,, (I,,) is a vertical interval (hence, v = 0) and the projection on the r-axis is
[ﬁ7 1-— ﬁ] (hence, § = ﬁ) Finally, we can take ¢ = 0 because the restriction of @, to I, is
an affine map. O

on

of the requirement on the number ¢, we have (see Remark [6.3). Thus, we can apply
Proposition [£.4] and conclude that the constructed diffeomorphisms are weak mixing.

By Lemma 2. we have dg (f™", f™n) < o because m,, < ¢,41 by definition. Because
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7 The case of the disc D?

Using the polar coordinate change

[ x\ [ «fr-cos(2nh)
Po.r)= ( Y > = ( /7 - sin (270)
transforming the annulus into the disc (with |det (JP)| = 7 except at the origin) we can define
a sequence of smooth area-preserving diffeomorphisms f,, = Po f, o P~! on D?\ {(0,0)}, where
fn is constructed as in the previous section. Since these diffeomorphisms satisfy f, = R.,,, on
St x [0, 10%]’ we observe for any k € N

i (FoFor) < (4 DU P Al s —

1
27 (n4+1)!- PoH,|||" !
(n+1)tgn ||| [l T

the sequence ( fn) N in Diff* (]D)2) as before and the limit diffeomorphism f can be extended to
ne

the origin smoothly. This diffeomorphism is weak mixing because the coordinate transformation

is area-preserving (up to a multiplicative constant).

In order to find estimates on ||[P o H,[|], ., St x [ 1] We use the same techniques and estimates
’ 10n

Under the condition |a,11 — a,| < we can prove convergence of

as in the previous section. Additionally, we recall from the proof of Lemma and Lemma
respectively:

HP||s,B(r1,7-2) <7 (5 — 1)! . 7‘1—8 and ||P*1|| < 9252 (S _ 1)! LpTS

s,PB(r1,r2) —
With the aid of Lemma 2.6l and Lemma [6.2] we have

mn . (Tl+ 1)' ‘Qn ||P0Hn||n+1’81 [10 71]

<2"-(n4+ D! gn-(n+2)!- [P A Halln ity

n+1,Sl><[ﬁ,1] n+1

n2 (nt2)" n(nt1)H5 g ynt
<A ( g ) (100p2) MO s

as well as

on (’I’L"’l ||H OP71||n+1 P(SIX[1érL’1])

n+1

<2 (A D)L gu - (042 [ Hallln - (P72 o))

3:(n+1)"

11n(n+1)"te
) g

<A™ (4 2D (10002
By the same arguments as above we find the sufficient condition on the growth rate

~ ~6- n+1
dn+1 Z ¥Y1 (71) : qg (n+1) ’

" n(n n+5
at which 1 (n) = 402" - (4 2)1) 0D e (10002) 10D

Since this condition is fulfilled due to our assumptions of Theorem [T} we obtaln convergence of

the sequence ( fn) N in Diff*>° (]D)Q) to a limit diffeomorphism f. As argued above, f is weak
ne

mixing and uniformly rigid with respect to (gy)

of the disc D?.
Acknowledgements: I want to thank the referee for interesting comments.

nen- Hence, Theorem is also proven in the case
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