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Abstract

On any smooth compact connected manifold of dimension m > 2 admitting a smooth
non-trivial circle action & = {St}t€R7 St+1 = St, preserving a smooth volume p we construct

weakly mixing C°°-diffeomorphisms in Ay (M) = {ho Sqoh~1:h € Diff* (M, )} for
every Liouvillean number a € S' whose differential is ergodic with respect to a smooth
measure in the projectivization of the tangent bundle. The proof is based on a quantitative
version of the “approximation by conjugation”method with explicitly defined conjugation
maps, partial partitions and tower elements.

Key words: Smooth Ergodic Theory; Conjugation-approximation-method; almost isome-
tries; weak mixing diffeomorphisms; projectivization of tangent bundle.

AMS subject classification: 37C40 (primary), 37A05, 57R50, 53C99 (secondary).

Introduction

Let M be a smooth compact and connected manifold of dimension m > 2 with a non-trivial circle
action § = {St},cp, St+1 = St preserving a smooth volume p. In their influential paper [AK70] D.
V. Anosov and A. Katok introduced the so-called “approximation by conjugation”method which
enables the construction of smooth diffeomorphisms with specific ergodic properties (e. g. weakly
mixing ones in [AKT0], section 5, and weakly mixing diffeomorphisms that are uniformly rigid
with respect to a prescribed sequence satisfying a growth condition ([Kuld])) or non-standard
smooth realizations of measure-preserving systems (e. g. [AK70], section 6, [Bel3| and [FSW07]).
These diffeomorphisms are constructed as limits of conjugates f, = Hj, 0 Sy, ., o H L where
Qpt1 = Qn + ﬁ €Q, H, = H,_1 o h, and h,, is a measure-preserving diffeomorphism

)

satisfying S1 o h, = h, o S1 . In each step the conjugation map h, and the parameter k,
are chosen s({fch that the diffe(é)nmorphism fn imitates the desired property with a certain preci-
sion. Then the parameter [,, is chosen large enough to guarantee closeness of f, to f,_1 in the
C*°-topology and so the convergence of the sequence (fy), oy to a limit diffeomorphism is pro-
vided. It is even possible to keep this limit diffeomorphism within any given C'*°-neighbourhood
of the initial element S,, or, by applying a fixed diffeomorphism ¢ first, of g o S,, 0o g~!. So
the construction can be carried out in a neighbourhood of any diffeomorphism conjct)logate to an

element of the action. Thus, A(M) = {hoS;oh=! : t €S, h € Diff° (M, )} is a nat-
ural space for the produced diffeomorphisms. Moreover, we will consider the restricted space
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Ao (M) ={hoS,oh=1 :he€Diff* (M,n)}  for a €S

As mentioned above Anosov and Katok proved that the set of weakly mixing diffeomorphisms
is generic (i.e. it is a dense Gs-set) in A (M) in the C° (M)-topology. In extension of it R.
Gunesch and A. Katok constructed weakly mixing diffeomorphisms preserving a measurable Rie-
mannian metric in [GKa00]. Actually, it follows from the respective proofs that both results are
true in A, (M) for a Gs-set of a € S'. However, both proofs do not give a full description
of the set of @ € S! for which the particular result holds in A, (M). Such an investigation is
started in [FS05]: B. Fayad and M. Saprykina showed that if a € S! is Liouville, the set of
weakly mixing diffeomorphisms is generic in the C* (M)-topology in A, (M) in case of dimen-
sion 2. Generalising these results Gunesch and the author proved in [GKul5| that if o € R is
Liouville, the set of volume-preserving diffeomorphisms, that are weakly mixing and preserve a
measurable Riemannian metric, is dense in the C*°-topology in A, (M). Recently, it has been
proven that for every p > 0 and m > 2 there exists a weakly mixing real-analytic diffeomorphism
f € Diff; (T™, u) preserving a measurable Riemannian metric ([K1J).

Such diffeomorphisms preserving a measurable Riemannian metric are called IM-diffeomorphisms.
In [GKa00], section 3, IM-diffeomorphisms and IM-group actions are discussed comprehensively.
In particular, the existence of a measurable invariant metric for a diffeomorphism is equivalent
to the existence of an invariant measure for the projectivized derivative extension which is ab-
solutely continuous in the fibers. Hence, it is a natural question to study the ergodic properties
of the projectivized derivative extension with respect to such a measure. Actually, the construc-
tions in [GKa00] as well as [GKul5| are as non-ergodic as possible: Their projectivized derivative
extensions are isomorphic to the direct product of the diffeomorphism in the base with the triv-
ial action in the fibers so that each ergodic component intersects almost every fiber in a single
point. In this paper we realise the other extreme possibility by constructing IM-diffeomorphisms
whose differential is ergodic with respect to such a smooth measure in the projectivization of the
tangent bundle:

Theorem 1. Let M be a smooth compact and connected manifold of dimension m > 2 with
a non-trivial circle action S = {Si},cp, St41 = S, preserving a smooth volume p. If o € R
is Liouville, there exists a volume-preserving weakly mizing diffeomorphism in A, (M), whose
projectivized derivative extension is ergodic with respect to a measure in the projectivization of
the tangent bundle which is absolutely continuous in the fibers.

Moreover, for every Liouvillean number o € R the set of such diffeomorphisms is dense in the
C*>-topology in As (M).

This construction provides the only known examples of measure-preserving diffeomorphisms
whose differential is ergodic with respect to a smooth measure in the projectivization of the
tangent bundle.

1 Preliminaries

1.1 Definitions and notations

We refer to [GKuld], section 2.1., for useful definitions and notations. In particular, we recall
the notion of a partial partition which is a pairwise disjoint countable collection of measurable
subsets of the manifold.

Additionally, we want to introduce the invariant measure for the projectivized derivative exten-
sion: Let f : M — M be a smooth diffeomorphism. On the tangent bundle T'M we consider
the derivative extension (f,df). Let p € M. We can naturally identify the tangent space T, M
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with R™ which can be equipped with m-dimensional spherical coordinates (r, 1, ..., 0,,—1), where
reRY 01,..,0,_2 € [0,7] and 0,,_1 € [0,27). If z; are the Cartesian coordinates, then

x1 =1-cos(b1)

1—1
T, =7- Hsin(Hj) -cos(0;) fori=2,..,m—1
j=1
m—1
Ty =T+ sin (0;)
j=1

Next, we consider its projective space PR™ and introduce the notation [a1,b1]X...X [@m—1,bm—1] C
PR™ which describes the allowed values for the spherical coordinates 64, ...,6,,—1. This yields
the projectivized tangent bundle which will be denoted by PT'M. In particular, we will use the
notation ¢ x [0, %]m_l C PTM with ¢ C M for the set in PT'M with base points = € ¢ and spher-
ical coordinates 6; € [0, %] On the projectivized tangent bundle we consider the projectivized
derivative extension of a diffeomorphism f : M — M. By misuse of notation we will denote it
by (f,df) again.

Following the lines of [Ch97|, chapter 5.1, we consider the cotangent bundle T*M and the pro-
jection maps m : TM — M as well as mo : TM* — M. Then we define the canonical 1-form
w on TM* by w|, = 737, where w|, denotes the 1-form w evaluated at 7 € TM*. Additionally
we define the canonical 2-form 2 on TM* by ) = dw, which is symplectic. In the next step,
let M be a Riemannian manifold and V' : M — R be a function. Then we examine the La-
grangian L : TM — R given by L(§) = % —Vom(€), where |¢] is computed with respect to the
Riemannian metric. To this Lagrangian we associate a bundle map F'L : TM — TM* defined
by FL(¢)(n) = & (L(E+1tn))—g for p € M, {n € T,M. Hereby, we define © = FL*Q and
v=FLw.

In [Ch97], chapter 5.1, the differential form v A ©™~! on the unit tangent bundle SM is con-
sidered. It is proven that it is the local product, up to a constant multiple, of the Riemannian
volume on M with the Lebesgue (m — 1)-form on the unit tangent spheres of M with respect to
the Riemannian metric. In particular, for any v A ©™ l-integrable function g on SM we have
“integrations over the fibers”

| gvnemt—cm)- [ avolw) [ gls,u du,
SM M S, M

P

where Vol is the volume form induced by the Riemannian metric and p, is the Euclidean (m—1)-
measure on the tangent sphere S, M with respect to the Riemannian metric.

By the same approach we can deduce the same formula for the constructed invariant measurable
Riemannian metric wy, and for any integrable function on PT'M. The corresponding measure
will be denoted by fi. Moreover, we point out that in our constructions the measure induced
by the measurable Riemannian metric ws, coincides with the measure p on M. Since wy, is
f-invariant, we conclude that [ is (f, df)-invariant.

1.2 First steps of the proof

By the same arguments as in [GKulb], section 2.2., constructions on S! x [0,1]™ " equipped
with Lebesgue measure p and standard circle action R = {Rq},cs1 comprising of diffeomor-
phisms R, (0,71, ...,rm—1) = (0 + a,71,...,7m—1) can be transfered to a general compact con-
nected smooth manifold M with a non-trivial circle action S = {S;},.p, St41 = Si. Moreover,
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the density of the constructed diffeomorphisms follows if for every ¢ > 0 the parameters in the
construction can be chosen in such a way that do (f, Ry) < €.

1.3 Outline of the proof

The constructions are based on the “approximation by conjugation”method developed by D.V.
Anosov and A. Katok in [AK70]. As indicated in the introduction, one constructs successively a
sequence of measure-preserving diffeomorphisms f,, = H, 0 Ry, ,, o H,, 1 where the conjugation
maps H,, = H,_1 o h, and the rational numbers a,, = 22 are chosen in such a way that the
functions f, converge to a diffeomorphism f with the aimed properties.

Similar to the constructions in [GKul5| we will start by defining two sequences of partial par-
titions, which converge to the decomposition into points in each case. The first type of partial
partition, called 7, will satisfy the requirements in the proof of the weak mixing-property. On
the partition elements of the even more detailed second type, called (,, the conjugation map h,,
will act as an isometry and this will enable us to construct an invariant measurable Riemannian
metric. Afterwards, these conjugating diffeomorphisms h,, = g, o i, o ¢, will be constructed.
In comparison to [GKul5], the construction of the map g, is modified and an additional map
in is introduced in order to prove the ergodicity of the projectivized derivative extension. On
the one hand, the map g, shall introduce shear in the f-direction. On the other hand, the map
gn 0 iy has to be an isometry on the image under ¢,, of any partition element I,, € ¢,,. Likewise
the conjugation map ¢, will be built such that it acts on the elements of (,, as an isometry and
on the elements of 7, in such a way that it satisfies the requirements of the aimed criterion for
weak mixing. This criterion is established in section [4f and bases upon the notion of a (v, d, €)-
distribution of the map ®,, = ¢, o Rgm o ¢, 1 with a specific sequence (Mn), ey of natural
numbers (see section . It is similar to the criterion in [GKul5|, section 5, but modified in some
places because of the new conjugation maps g,, and i,,.

In section [5 we will show convergence of the sequence (fy), oy in Aq (M) for a given Liouville
number « by the same approach as in [FS05|]. For this purpose, we have to estimate the norms
[||Hn|||x very carefully. Furthermore, we will see at the end of section [5| that the criterion for
weak mixing applies to the obtained diffeomorphism f = lim,, .~ f,. By the same approach as
in [GKul5] we will construct the aimed f-invariant measurable Riemannian metric in section [6]
Finally, we will prove the ergodicity of the projectivized derivative extension. This proof bases
upon the general method of approximation of measure-preserving transformation in Ergodic The-
ory which is outlined in subsection [7.I] In order to apply this method, we have to show that
(f,df) admits a sufficiently fast approximation on PT'M with respect to the measure fi. There-
fore, we define a tower explicitly and examine the speed of approximation in subsection For
these examinations we use the same techniques as in [K2]. In particular, we require the map iy,
to act as a rotation by a different angle on different parts of the tower element.

2 Explicit constructions

We present step n in our inductive process of construction. We assume that we have already
defined the rational numbers o, ...,a, € S! and the conjugation map H,,_; = hyo...0 h,_1 €
Diff> (M, ).
First of all, we choose k, € Z large enough such that for every subset ¢ C M of diameter
diam(c) < 5= and every set d = {(r,01,...,6im—1) : 7 €R, 0; € [a;,b;]} with b; — a; < é we
have

{dpHp—1(d) : p€c} CRX [e1,d1] X ... X [em—1,dm—1],
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where d; — ¢; < 5 for every i € {1,...,m — 1}.

2.1 Sequences of partial partitions

In this subsection we define the two announced sequences of partial partitions (1), .y and

(Cn) e Of M =St x [0,1]™ 1.

2.1.1 Partial partition 7,

Remark 2.1. For convenience we will use the notation [];~, [a;, b;] for [az,bo] X ... X [ap., by

Initially, n,, will be constructed on the fundamental sector [O, qi} x [0, 1]m71. For this purpose,

we divide the fundamental sector in n sections:

nqn’ Nqn

eIncaseof ke Nand 2 < k <n—1on [k'_l k } % [0,1]™"" the partial partition 7,

consists of all multidimensional intervals of the following form:

(1 ((m—1). &L
k-1 s it I I )
R e e - n2 . jpt L ghtme D
1
+

1 1-{—(7n—1)'7<k+1)"v ’
10-%6'(]”,1-/{:{7' *dn 2

_ 1), (k1) -k
k-1 s it + .t jl((m D)
negn o n? kT g n2 kTN g pmet Lm0
1

_1). (et 1)-E
1006 - gy - kL gut T

m

(1 (k+1 (1 (k+1
2 [ gt 260t gu it dn gt 260t gn1-qgn |
where s € Z and 0 < s < nk™™ ! — 1 as well as jg) € Z and [mgﬁ] <
Qn — [mnfjﬁ-‘ —1forl= 1,...,(m—1)-w as well as jfl) € Z and [wngﬁ-‘ < ji(l) <

qn_[L—‘—1forz':2,...,mandlzl,.--,k+1-

10n%gn 1

’ negn n-qn’ q7

e On [O L} x [0,1]"" as well as [”*1 1 ] % [0,1]™" there are no elements of the partial

partition 7n,.

As the image under R/, with [ € Z this partial partition of [O, i} x [0,1]™ " is extended

to a partial partition of St x [0, 1],

Remark 2.2. By construction this sequence of partial partitions converges to the decomposition

into points.
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2.1.2 Partial partition ¢,

As in the previous case we will construct the partial partition (, on the fundamental sector

[O, qi} % [0,1]™" initially and therefore divide this sector into n sections: In case of k € N and

1<k<non [Z;l, L} x [0,1]™"" the partial partition ¢, consists of all multidimensional
‘qn ' M-qn

intervals of the following form:

—1 L (nt1)-m
k-1 51 j§1) jl((m )- )
- - +..t (n+1)n
n-qn n2 .k 1 “n n2.-km 1, q721 n2. k,rln71 .(]7114_(7”_1).f
4 131 n 1
—1). nelndl) oy n(ntD 0
n2 - gn_1 - Em-l. q711+(m 1)- 2% 516 - qg_l et qulJr(m 1) 2dntd)
(1 ((m—1). &tn
k—1 $1 j§ ) - Jf )
n-qn n2. anL@—l “Qn n2. kZL—l . q% n2 . k;”_l .quLJr(m,D.w
n t1+1 1
_ 1+(m—1  n(n+1) - _ 14 (m—1 _ne(n41)
nQ'Qn—l'k;Ln 1'QH (m=1) 2 5n6'q72L—1'k;Ln 1'qn (m=1) 2
(1 (1+(m—1). =D
X 2 ﬁ + 4 .]z( § ) + Si
eee ). (nt1) .\ n(ntD)
i—9 qn q711+(m 1) —5— n2 . k;{t—l . erer(m 1) )
I 123 + 1
_q).n(n+t1) _1).n(n+1) 7
n2 - qu_1 - kglfl . q,rll""(m )= 5n6 _q271 Sl q71l+(m =5
i, ti+1 - 1
B 1+ _1 .n-(nt1) _ 1+ 1 n(nt+1) |7
n n2 - qgp_1- kW l'C]n (m—1)-=5 5716'%%_1']%‘21 1'Qn (m—1)-—5—
where

hd ]il) €7, ’7,143:71—‘ < ]il) < gn— [ In —‘ -1 forl=1,.., (m - 1) ’ n'(’f;+1)

nign_1

jz,(l) € 7, L#Z”_l—‘ < jfl) < gn — {”4371—1—‘ —1,forl =1,...,(m—1)- % + 1 and
1=2,...,m

° 31€Z,0§slgnk,’{“1fl
5, €7,0<s; <n?km 1t —1 fori=2,...m
e t, €7, 1<t;<gn1—2fori=1,..,m.

Remark 2.3. For every n > m the partial partition (, consists of disjoint sets, covers a set of

measure at least 1 — ;'—Tl and the sequence (), oy converges to the decomposition into points.

2.2 The conjugation map g,

Let 0.25 < ¢ < 0.5. On the one hand, the map g, shall introduce some kind of shear in the
¢-direction as the map gjngz) (0,71, -, "m—1) = (0 + [ng;] - 71,71, ..., Tm—1), Which is helpful in the
proof of the weak mixing-property. On the other hand, g,, must be an isometry on i, o0 ¢, (fn) for
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all the partition elements I,, € ¢, in order to admit the construction of a f-invariant measurable
Riemannian metric.

Inspired by the constructions in [Bel3|, section 4.1, let a,b € N, € > 0 satisfying % € Z and
p: R — R be a smooth increasing function that equals 0 for x < —1 and 1 for = > 0. Moreover,
we consider § > 0 such that + € Z and a-§ = r € N. Then we define the map Vapes: 0,1 =R
by

~ b-r x r b L (a i b-(r+1) x a-—r
Gasca )= (T- )4 00 2 w2 g ) R (2.

i=r+1

—a] =

-

Note that 1/~)a’b_’5’5|[07g]u[1_%71] =0 mod 1and forevery r < i < a—r—1 we have g p - 5 2,5

a

b- i Furthermore, we can estimate "Dl¢a7b7575"0 < E—b, . HDlpHO.

Besides this map ’(Za’b’evg we use a smooth map o5 : R — [0, 1] satisfying o5 (z) = 0 for z < %,
o5 (z)=1for 6 <z <1—¢and o5 () =0 for z > 1— 3. Then we define the measure-preserving
diffeomorphism g, 4.5 : S x [0,1]™ 7" — S! x [0,1]™ " by

Gapes (0,71, 0, Tm—1) = (9 + Papes (1) 05 (12) - 05 (Pme1) , 715 -ors Tmfl) .

We emphasize that the maps o5 are introduced to guarantee that g,p.s coincides with the
identity in a neigbourhood of the boundary.
In our concrete constructions we will use

1 1
nge|, —s———, —————
ol q"]’60n4qn,1 >30n?q,, 1

gn = gn2-k;"*1»q;+(WL71)'%

Since 30n*q,_; divides ¢, due to Lemma the condition ad € N is satisfied. Moreover, we
observe g, 0 Ry = R 1 0g, and |||gallli < Crng, .k, - (3], where the constant Ciug, i
an

n

an
depends on I, n and ¢,,_1.

2.3 The conjugation map 1,

In this subsection we define the so-called “inner rotations” i, which will allow us to prove er-
godicity of the projectivized derivative extension. For the construction we need the subsequent
Lemma:

Lemma 2.4. Let c € N, ¢ > 3, ¢ € (0, %] and B2, ...,0m € [0,7]. Then there is a smooth
measure-preserving diffeomorphism Ve g, ., :[0,1]" — [0,1]™ satisfying the following prop-
erties:
® Yocp,.. .5, coincides with the identity on [0,1]™\ [e,1 —e]™.
o On every cube [[, [£F5, ZE1=5] with 1 < j; < ¢ — 2 the map Yeep,,...5, is equal to
a composition of a translation and the rotations by arc [B; around a new center in the
r1 — x;-coordinates.

Proof. Similar to [GKul5|, Lemma 3.4., such a measure-preserving diffemorphism is constructed
with the aid of Moser’s trick. O

Using the dilation D, : [O, é]m — [0,1]", Do (21,0, @) = (a-1,...,a-x,y,) for a € Z we
define the map Ya,c.e6,...8, * [0: 5] = [0:2]"s Yaeie,parpn = Dat 0%ese ... © Da- Since
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it coincides with the identity in a neighbourhood of the boundary, we can extend it to a smooth
diffeomorphism on S! x [0,1]™~! equivariantly by the description
al a a1 Q.
wa,c,s,ﬁg,...,ﬁm (1'1 + ;7 vy T, + 77)1) = (;7 ey 7m> + ¢a,c,e,ﬁz,...,[3m (xh ...,Qﬁm)

for ai,...,am € Z.
For the sake of convenience, we introduce the notation

¢n,ﬁ2,~-ﬁm =9

n-(nt1) .
1 l4(m—1). 2D
n2-kn' l-qn 2 ,Qn—l,mug%mvﬁm
i i+1 m—1 . .
On T n2~k1{"1~qn] x [0, 1] we define for j € {2,...,m}:
. ST . 7/
ﬁim = _—— incase of s = {3—2-‘ mod k,
n kn

as well as R

in =Y, g gm-
Since each map coincides with the identity in a neighbourhood of the boundary, we can piece
them together in order to get a smooth diffeomorphism on S! x [0, 1]™~1.
On the elements of the partial partition 7, introduced in subsubsection the diffeomorphism
i, satisfies the subsequent property which will be useful in the proof of Lemma

Lemma 2.5. For every element fn € )y, we have iy, (fn) = fn

Proof. Since 260nq,,_; divides ¢, by Lemma there is u; € Z such that

1 1
= ul .
1) +Dk ).t
10-n8 - gy - kML qul-‘r(m -3 n2 . pm-t 'quzﬂm 1). 2
and us € Z such that
1 1
= u2 . — .
26n4gn_1q5 " n2 . kmel. quﬁ(mfl).%

Hence, I, is a union of complete definition blocks of the map i,. These blocks are mapped
onto itself under the map ¢, because 7, coincides with the identity in the neighbourhood of the
boundary of each definition block. O

2.4 The conjugation map ¢,

In [GKul5), section 3.3, we constructed the smooth measure-preserving diffeomorphism @ « ; j ..5.c,
on S x [0,1]"".

For the sake of convenience, we will use the notation qbg\]) = ¢, 1 14 1 1.
© Y6ondq, 1M Tondg,, 1 22084, 1

With this we define the diffeomorphism ¢,, on the fundamental sector: On [s_;ql, ﬁ} x [0, 1]m71
incaseof ke Nand 1 <k <n:

¢n = Qg(m)

n2-k7 g

OQNS(m_D

m—1
gk n2 kT g

0...oq~5(2)

—1
gk n2-kp' " -q

1 (m—1)- =D 4 2y .k LACESS)

1+(m,71)4w+(m73)4k 14(m—1)-

,qk
This is a smooth map because ¢,, coincides with the identity in a neighbourhood of the different
sections.

Now we extend ¢, to a diffeomorphism on S' x [0, 1] "

using the description ¢,oR1 = R1 o¢,,.
an an



(7, 6, €)-distribution .

2.5 The conjugation map h,
With the aid of the previos constructions we define the conjugation map h, = g, o i, o ¢,. By

the observations in the previous subsections we have h,, o R1 = R1 o h,,.

an an

3 (7,9, ¢e)-distribution

We recall the notion of a (v, d, €)-distribution, which was the central notion of the criterion for
weak mixing deduced in [GKul5| and will be important in our proof of the weak mixing-property

as well:

Definition 3.1. Let ® : M — M be a diffeomorphism. We say ® (7, 9, €)-distributes an element
I of a partial partition if the following properties are satisfied:

o T (<I> (f)) is a (m — 1)-dimensional interval J, i.e. J = I; X ... X I,,,_1 with intervals
I, C0,1],and 1 = § < A(Iy) <1l for k=1,..,m— 1. Here, 77 denotes the projection on
the (r1, ..., 7m—1)-coordinates.

o P (f) is contained in a set of the form [c,c+ 7] x J for some ¢ € S!.

e For every (m — 1)-dimensional interval .J C .J it holds:

(i@ 10)) ()| ()
u (1) T () | S e ()

where p(™=1) is the Lebesgue measure on [0,1]™".

n-(n+1)

Let A:=780n® - (n+1)¢-¢2_, -km! -qu(m_l)' 2. Analogous to [GKul5| we define the
sequence of natural numbers (1m,,),,cy:
1 k A
mn:min{m<qn+1 : meN, inf m-m— + —1 < }
keZ dn+1 n-Qgn dn qn+1
. 1 A-
min{mgqn_H : méeN, inf m'Mf—Jrkg qn}.
keZ An+1 n n+1
Lemma 3.2. The set {m <qni1 : mMEN, infrey ‘m« q"q'p%“ — % + k" < ’;'%} is nonempty

for every n € N, i.e. m,, exists.

Proof. In Lemma we will construct the sequence o, = $ ~ in such a way, that

n

B 1+(m—1)-2@=D

g =T80n° - (n—1)% - g2, kg YT g,
_1).n(n=1)

and p,, = T80n° - (n—1)0- g2, k5, T L,

with py,, G, relatively prime. Then the proof follows along the lines of [GKul5|, Lemma 4.3.. O
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Remark 3.3. We define

1 1
ay, = (mn 1 ) mod —
An+1 - dn qn

6. 6.,2 . pm—1l.
By the above construction of m,, it holds that |a,| < 780n (1) dn T 1

Lemma we will see that it is possible to choose g,+1 > 30- 780 - nl4. (n+ 1)6 . qf’rl . k%m—B .
gt m=Dm(tD)  Thus we get:

H(m,l),%ﬂ)
n

. In

1

lan] < L f2m=2 q2+(m—1)'"'(”+1) ’
n n

30-n8 - dn—1
Our constructions are done in such a way that the following property is satisfied:

Lemma 3.4. The map ®,, :== ¢, 0 Rgw o ¢, 1 with the conjugating maps ¢, defined in section
(%q;;w %, %) -distributes the elements of the partition n,.

Proof. The proof follows by the same calculations as in the proof of [GKul5|, Lemma 4.5.. In
this connection, we require the bound on a,, and that 260n%g,_, divides ¢,. Then we obtain for

a partition element fnk € 1, on {@ i} x [0, 1]77%1 that @, (fnk> is equal to:

ngn ' Ngn
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(1 ((m—1)- =22k
i + 5 .]§ : + + -]1( 2 )
nogn 02 kPt n2-kRThog2 n2 . gm1 .q;mfl).wﬂ
(1 (k
N js” he
n2. kml. qr(lmfl)»WJrz n2 . gml qr(mel),WJrkJrl
5 (k ((m—1). E=1k
js” i® i )

+

(k+1) -k (k+1)k
_ m—1)- +1 _ m—1)- = +2
’rLQ-kZLl'(Jv(L A n2~k7rln1~q,(1 )3

1) =Dk
jf(m ) =k g )Jrl jékJrl) i1
ot 1 (m—1) BEDE g (m—1). Gk o
n2 kg n2 kg
. —1). =k g ) EEEWNCES VLIPS
N Jf(m S ) ]1((m — ) 11
n2 gt gimm D e e
. . _1). ktD) -k
Y 41 AT 4y
). (itDk 1. (D) (k42)
n2 . k;Ln—l . qf:n 1) 5— +2k+3 ne . k:zn_l ) qT(Lm 1) 5
! 1
o 1y, (k+1)-(k+2) 1y, (kD) - (k+2) 3
n2 gmlgmTD T g e g mel L m ) e
(1 (k+1
k + s J§ : T Gt
R L A N (R A n2 . et gD

1

26 - nb - qn—1 - k'gl_l - q

<m1>~<’“+”;k+2>+1]
n

1 9 1 (m—1). Dk 9 1 (me1). Gk
x Lon4qn_1 +n7 kT 2 O Toniq, +n°-k) T gn 2 - an,
m
1 1
X 1-— .
Z_:H3 [26n4qn1’ 26n4qn1]
Thus, such a set &, (fn> with fn € 1, has a -width of at most W

Moreover, we see that we can choose € = 0 in the definition of a (v, §, €)-distribution: With the
notation Ag = my ((I)n (fn)) we have &, (fn) = Ay x J and so for every (m — 1)-dimensional

interval J C J:

{08 (¢ ) (o ()08 0) 3 (1) )

(i)

because ®,, is measure-preserving.

©A(Ag) - D () D ()

O

With the aid of the precedent calculations we prove the next property concerning the conju-
gation map 4, introduced in subsection [2.3}
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Lemma 3.5. For every fn € Ny, we have: iy (<I>n (fn>> =, (fn>

Proof. In the proof of the precedent Lemmawe computed &, (fnk) for a partition element

I, ;. Now we have to examine the effect of i,, on it.
Since 260n*q,,_; divides g, by Lemma there is u; € Z such that

1 1
W o n2 . kmt .q711+(m71).%
and ug € Z such that
1 1
Wnlguy 7 g rm D

Considering the 6-coordinate we observe that in case of 2 < k < n — 2 there exists uz € Z such

that
1 1
} =us- -
—1). kD) (k+2) _1).n(nt1)
2616 g, g -k tog" VT2 n? kg gy TN

Incase of k = n — 1 we use ——p—
26nqn—1

D, (fnk) lies in the domain where 4,, coincides with the identity. O

<e= By the bound on a, the boundary of

1
5ntqn_1°

4 Criterion for weak mixing

We will prove a criterion for weak mixing on M = S' x [0,1]""". In [GKul5], Lemma 5.2.,
we deduced the subsequent characterisation of the weak mixing-property in the setting of the
beforehand constructions.

Lemma 4.1. Let f = lim, .o fn be a diffeomorphism obtained by the constructions in the
preceding sections and (my), cy be a sequence of natural numbers fulfilling do (f™", f') < 2%
Furthermore, let (Vn)nGN be a sequence of partial partitions, where v, — ¢ and for everyn € N v,
is the image of a partial partition 1, under a measure-preserving diffeomorphism Fy,, satisfying
the following property: For every m-dimensional cube A C S* x (0,1)"" and for every e € (0,1]
there exists N € N such that for every n > N and for every I',, € v,, we have

(1) e (Co N fm (A) = p(Tn) - (A)| <€ (D) - (A).
Then f is weakly mizing.
Concerning the partial partitions we concentrate on the setting of our explicit constructions:

Lemma 4.2. Consider the sequence of partial partitions (), cy constructed in section and
the diffeomorphisms g, from section as well as i, from section. Furthermore, let (Hy),, cn

0.25

be a sequence of measure-preserving smooth diffeomorphisms satisfying |DHp—1]| < 25;% for

every n € N and we define the partial partitions v, = {I‘n =H, 10g, 01y, <fn) : fn S nn}.

Then we get v, — €.
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Proof. By construction 7, = {f; NS An}, where A,, is a countable set of indices. Because

of n, — € it holds lim,,_, o p (UieAn f;) = 1. Since H,_1 o g, © i, iS measure-preserving, we

conclude:
lim p ( U I‘;) = lim p < U H, 10g,01i, (f;)) = lim p (Hnlognoz’n ( U f;)) =1
e i€, e i€, el i€A,

In Lemma we observed i, (fn) = fn for every fn € n,. Additionally, by the definitions of

an element fn € 1, and the map g, we observe that g, (fn) is contained in a cuboid of #-width

W +[nq3]- q% and edge length q% in the 71, ..., 7, _1-coordinates. Hence, the diameter
n=:Rn “dn n n

of gy, (fn> is bounded by %. Then we conclude for every I'), = H,,_1 0 g, 0 iy, (fn>

R 0.25 2 . o 1
diam (T',) < |[DH,_1 |, - diam (gn (In)) S [ vm J"qn] <
using that o < 1. Hence, we have lim,,_., diam (T';,) — 0 and consequently v,, — ¢. O

In the following the Lebesgue measures on S', [0, 1]m_2, [0, l]m_1 are denoted by A, pu(m=2)

and f respectively. The next technical result is needed in the proof of Lemma[4:4] For the sake
me1). D)

of convenience, we introduce the notation a = n? - k™1 . quLH A
Lemma 4.3. Given an interval K on the ri-azis and a (m — 2)-dimensional interval Z in the
(r2, ..., 'm—1)-coordinates K. ~ denotes the cuboid [c,c+ | x K X Z for some v > 0. We consider
the diffeomorphism g, constructed in subsection and an interval L = [l1,12] of St satisfying
A (L) > 3'[7;%] ]
If [ngg] - A(K) > 2, then for the set Q := 7z (Key Mgyt (L X K X Z)) we have:

7 (Q) = A(K) - A(L) - 2 (2)

s( 2 ML) + 27 +7~A(K)+W+2)-u(m‘2)(2).

[ngg] [ngg] a a

Proof. We consider the diffeomorphism g, : M — M, (0,71, ...;rm—1) — (@ +b 711,71, ..., "m—1)
and the set:

Qv =77 (Key NGy (L x K x 2))
={(r1,r2stm_1) E K X Z : (0+b-r,7F) € LXK X Z,0 € [c,c+7]}
={(r1,r2,cstm-1) E K XZ : b-r1 €[l —c—7,la —¢] mod 1}.

The interval b- K seen as an interval in R does not intersect more than b- A(K) 4+ 2 and not less
than b- A (K) — 2 intervals of the form [i,7 + 1] with ¢ € Z.

Recall that g, is constructed as a stepwise approximation of gj,4-). Obviously, g[ngs) (Kc,) may
hit (respectively leave) L x K x Z at most one :-domain on the ri-axis later than gp,q0) (Ke -)
(see figure . Thus, a resulting interval on the 7-axis of K.~ N g[;;z] (L x K x Z) and the
corresponding rq-projection of K., Mg, ' (L x K x Z) can differ by a length of at most %
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LxK

Figure 1: Qualitative shape of the action of g, as well as gjnqz1 on Kc 5.

Therefore, we compute on the one side:

7i(Q) < ([ngg] - A (K) +2) (lz—ﬂ_—v) N 1) ) (2)

[ng7] a
- (A (1) 5(0)+ 2 2+ A1)+ Ty LD 3) ) (2)

and on the other side

Q) > (ngf] - A (K) ~2)- (% _ é) D) ()

- (A(K).X(L)_Q.M_{_)\(K),,}/_ 2.7 _ [ngz]- AMK) +E> =2 (7).

[nqg]

Both equations together yield:
'/:L (Q) = A(K) - 3 (1) - 4" (2) — - A(K) - um2) (2) — 2. pm=) <Z>]
a

2 2.9 | [ngg] - AMEK)\ g
: ([nq%] /\(L)Jr[mz;‘l]Jr a ) 8 -

The claim follows because

)= M)A (L) "2 (2)] = A (K) - (2) = 22 (2)

=
Q

<|r @200 3@ w2 @) -y a0 im0 2)- 2 i (2).
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Lemma 4.4. Let n > 5, g, as in section iy AS N section and fn € Nn, where 0y, is the
tz'al partition constructed in section[2.1.1l For the diffeomorphism ¢,, constructed in section

4| and m,, as in chapter|d we consider ®,, = ¢, o RZ?:H o ¢t and denote Ty (<I>n (fn)> by J.

Then for every m-dimensional cube S of side length g, % lying in St x J we get

. - 20 .
(2) i (fne;toist o (9)) () —u (1) u(S)| < = (1) - u(S).
In other words this Lemma tells us that a partition element is “almost uniformly distributed”

under g, 0 i, o ®, on the whole manifold M = S! x [0,1]™".

Proof. Let S be a m-dimensional cube with sidelength ¢, lying in S! x J. Furthermore, we
denote:

SQ = To (S) S7"1 = Ty (S) S%:W(Tz,mwm—ﬂ (S) ST :S7"1 X S%‘:TF’F(S)

Obviously: A(Sg) = A(Sy,) = ;7 and A(Sp) - A(Sy,) - ul™ =2 (Sz) = u(S) = g, ™
According to Lemma P, (ﬁ, #, %)—distributes the partition element I, € Tn, in particular
b, (fn> C [e,c+ 7] x J for some ¢ € S! and some v < ﬁ. In particular, 2y < # < g, ° for
n > 2. So we can define a cuboid S; C S, where S; := [$1 + 7,82 — 7] X S, using the notation
S@ = [31, 82}.
Since g,, preserves the 7-coordinates, it holds: @, (f) Ng,' (S) Cle,e+q] xS, = K., We
examine the two sets

Q =77 (Key Mgy (So % Sy)) Q1 =77 (Kepy Ny (Is1 47,52 =] X 5))
As seen above @, (f) Ngn'(9) C K... Hence, ®, (f) Ng,t(S) C @, (f) Ngn b (9) N K.,
which implies ®,, (I) Ng:'(S) C ®, (I) N (St x Q).
Claim: On the other hand: @, (f) N (Sl X Ql) c P, (f) Ng;t(9).
Proof of the claim: For (0,7) € &, (f) N (S x Q1) arbitrary it holds (6,7) € @, (f),
ie. 0 € lc,c+q], and 7 € w7 (Key Ngyt ([s1+7,82 — 7] X Sp)), ie. in particular 7 € S,.
This implies the existence of 8 € [c,c+ 7] satisfying (6,7) € K., N g,"' (S1). Hence, there is
B € [s1+7,82 — 7] such that g, (9, f’) = (6,7). Moreover, we observe that the map g, maps

sets of the form I x {F} with I an interval in S' onto sets of the form Ix {r} with I an interval
in S' and the length of the interval is preserved. Since |0 — 9‘ <~ there is 3 € [s1, s3] such that

gn (6,7) = (B,7). S0 (6,7) € @, (1) N g (S). 0

Altogether, the following inclusions are true:
@, (1) N (8 x @) C @ (1) g (5) C @ (1) N (8" % Q)
Thus, we obtain:

p(In@r (g:(8)) () —u (1

(3) Smax(”(fﬁ@ﬁl(gGC?))-ﬂ(J)—u(f
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We want to apply Lemma for K = S,,, L = S¢, Z = Sz and b = [n-q]] (note that
3[n-qZ] < 3_ <L —X(L)and for n > 4: b- \(K) > snqd g, > 2):

; 1) >~ — . m
nQ-kZ{“yqur(mil)'% n-qp a5

5\(5«9)4_[7127’20] +'Y)\<Sr1)+ [nqg] a)\(Srl) _,_i) M(m—2) (S;—;)

4 - 4 1 a1\ (S 2
< A (Sp) + + A(S,,) + Ingu] - A ’"l)n_w) + =2 ()
n-qy n-qp gy n-qp n2 . pm—1, Atm=1==7= " mn- gyt
gt
14
< —-u(9).

n

In particular, we receive from this estimate: 1. 1 (S) > 4 (Q) — p(S) > 1 (Q) — 1 (S), hence:
Q)< (L+ 4 pu(S)<4-u(S).
Analogously we obtain: /i (Q1) <4 (S) as well as |fi (Q1) — p (S1)] < &2 1 (9).

Since @ as well as ()1 are a finite union of disjoint (m — 1)-dimensional intervals contained in J
and ®,, ( L L1 )—distributes the interval I, we get:

n-q™’nt’n

| =
=
—
~>
~—
=

)

INA
3|~
=
~~
~
~—
=

&

i (Pne,! (5" % Q) i) —u (D) 2@ <+
as well as
e (Pner (8% Q) () —u (1) i @) < - n (1) @) < (1) - u(s).

Now we can proceed

Do (1) ws) +u (1) s =

Noting that p(S1) = u(S) — 2y - 4 (S,) and so pu(S) — p(S1) < 2- n,lq,, TR (Sy) < 2 u(S) we
obtain in the same way as above:

f 1%
<|u(ine, (8" Q) - i) = u(1)-w@|+n (1) 17@-n(s)
7!

IN

i (fnet (8" x Q) i () —u (1) u(S)| <= (1) -n(s).
Using equation [3] this yields:

w(fneyt (6 9) () - (1) )| < 2 n (1) - 0(5),
Since i, and ®,, are measure-preserving and i, <<I>n (f )) =&, (f ) by Lemma we have
i (1007 (g77(8))) = (@n (1) 097" (9) = st (in 0 @ (1) 1971 (5))
=n(fne; i (5.1 ()))

and we conclude the statement of the Lemma. O
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Now we are able to prove the aimed criterion for weak mixing.

Proposition 4.5 (Criterion for weak mixing). Let f, = H, o Rq,,, o H;' and the sequence

(M), en be constructed as in the previous sections. Suppose additionally that do (f™, fi'™) < QL

for everyn € N, |DH,,_1|, < T z’ T and that the limit f = lim,_ . f, exists.
Then f is weakly mizing.
Proof. To apply Lemma we counsider the partial partitions v, = Hy,_1 0 g, 0 iy (1,). As

proven in Lemma [4.2] these partlal partitions satisfy v, — ¢. We have to establish equation [I}
For it let € > 0 and a m-dimensional cube A C S' x (0,1)™" ' be given. There exists N € N

such that A C S! x [L 1— L]mfl for every n > N. Because of Lemma and the properties
of a ( 11 ) distribution we obtain for every I, € n,: (q) (fn) ) [7%4’ 1— i}m—l

nqm’n4’n nt

Furthermore, we note f;'» = H,, o RJ'"

1 _ —1 —1 -1
+1oHn =H, 10gp,00,0®,04, 0g, " 0oH
1 ]m—l

Let S,, be a m-dimensional cube of side length g, contained in S! x [#, 11— . We look
at Cp, = Hp—1 (Sn), ', € vy, and compute (since i, g, and H,_; are measure-preserving):

i (T 0 £ (Co) = (0 1 (Co)| = | (T 1 @ 0 0.9 (S0)) = e (1) - 10 (Sw)

1-alJ) 'M (jn) 1 (Sh)

< ~(1J) Ju(Tone;toirtog! <Sn>) () (In) 1 (Sh)

=

(1_%)m_1>1+( —1)-(— ):1 m=1 " Hence, we

Bernoulli’s inequality yields: fa(J i —
and so: = "(‘]) <2-(1—j(J) < 2™ We continue by

) >
obtain forn >2-(m—1): o (J) >
applying Lemma [4.4}

0 17 (C) i (T) - (C)] <2220 (1) (s + 2 (1) s
38+n2 m (fn)-,u(Sn)

Moreover, it holds diam(C,,) < ||DH,,—1||,-diam (S,) < /m- %. Since 0.25 < o < 0.5 we
conclude diam(C,,) — 0 as n — oo. Thus, we can approximate A by a countable disjoint union
of sets C,, = H,_1(S,) with S,, C St x [#, 1-— n—ﬂ]m_l a m-dimensional cube of sidelength
4, in given precision, when n is chosen big enough. Consequently for n sufficiently large there
are sets Ay = UzGEl C! and Ay = Uzez2 C! with countable sets X! and 32 of indices satisfying
AlCACAgaswellasm() w(A )|<€~ w(A) fori=1,2.

Additionally we choose n such that Sstf < £ holds. It follows:

p (TN f" (A)) = i (Tn) - e (A)
< u(Ta 0 f™ (A2)) = p(Tn) - i (A2) + i (Tn) - (1 (A2) — 1 (A))
<3 (r(Ean £ (C1) = i (Ta) - 1 (CL)) + 5 - (D) - e (4)

1€X2

< (BRI (L) () ) )

i€x2

3842-m A
:?'M(Fn)'ﬂ UCn +§'ﬂ(rn)'ﬂ(f4)§
i€X2
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€

= 2 n(Ca) - p(A) + 5 p () - (1(A2) = (A) + 5 - p () - (A) S € p (D) - (A).

3
Analogously we estimate: p (I, N f;™ (A)) — p(Ty) - n(A) > —e- pu(Ty) - n(A). Both
estimates enable us to conclude: |p (T N f,, " (A)) = (Tp) - p(A)] <e-pu(Th) - u(A4) O

5 Convergence

In the following we show that the sequence of constructed measure-preserving smooth diffeomor-
phisms f, = Hy, o Ry, ., 0 H, I converges. For this purpose, we need precise norm estimates on
the conjugation maps.

5.1 Properties of the conjugation maps

First of all, we examine the conjugation map 4, introduced in subsection 2.3}
Lemma 5.1. For every l € N it holds

. (1=1)-(14(m—1). =t
inllli < Clingn_y k- G0 (1+(m =)

with a constant Cy p q,_, .k, depending onl, n, go—1 and k, but independent of gy

n

Proof. The map i, was defined by i,, = D, 01 o D,. Hence, we have

1
dn—1, 5n’4qn_1 1627“'76771,

ialll: < @'~ [l 2 5,

sntq, 1’

(n+1
1+(m—1)-2 (2+ )
n

Since a = n?-km~1.q and the rotation arcs depend on the number k,,, we conclude:

1—-1)-(1 _1).n(nt1)
inllle < Comgn s - e D),

where the constant Cy 4, _, k., depends on [, n, ¢,—1 and k, but is independent of g¢y,. O
In the next step, we consider the composition g, o i,:
Lemma 5.2. For every l € N we have

. (24 (m—1). 2ot
lgn © inllli < Comgos s - g T )

with a constant Cy . g, 1k, depending onl, n, go_1 and k, but independent of q,.

Proof. At the end of sectionwe saw [||gnllli < Cingn_1 .k, - [ngT]. Using Lemma and the
formula of Faa di Bruno as in |[GKul5|, Remark 6.3., we can estimate

. “ (1=1)-(14(m—1). 2=t
g © inllli < Crman sk - g2l g0 OH D55

O

By the same approach as in [GKuld], Lemma 6.4., we deduce the subsequent norm estimate
of the map ¢,:
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’Uf?"y l S Ii Zt holds
¢n —1)? n-(n4+1
||| |||l S lena‘hzf ,k?n : Q'J(Lm ) ! ( + )

where the constant C 4, , k., 15 depending on l, n, ¢,—1 and k,, but is independent of g,.

1

Proof. Compared to the proof of [GKul5|, Lemma 6.4., we have e; = W, €2 = SaaTg
_1).n(n—1) —92).
Amax = N2 - k;“_l ~q711+(m V-5 4 (m=2)n and fimax = ¢;;. Thus:
= 2 T m—1 1+(m—1)~w+(m—2)»n (m=1)d ny(m—1)-1
[@nllle < C- (0" k" - gn “(an)
2
< Cling s ko - g5 0D,
where Cj 1, 4, _, k., is a constant independent of g,. O

Using the formula of Faa di Bruno again we prove for the conjugation map h,, = g, 04, 0 ¢,:

Lemma 5.4. For everyl € N it holds
2
1Ballli < Crngu i - g™ 0D,

where the constant C ., 4, , k., 15 depending on l, n, ¢,—1 and k,, but is independent of g,.

Finally, we are able to prove an estimate on the norms of the map H,, as in [GKul5|, Lemma
6.6.:

Lemma 5.5. For everyl € N we get:
[l < C - g2t o),
where C' is a constant depending solely on [, n, In—1, k, and H,_1. Since H,_1 and k,, are

independent of qn in particular, the same is true for C'.

5.2 Proof of convergence

For the proof of the convergence of the sequence (f,), oy in the Diff> (M)-topology the next
result, that can be found in [FSW07], Lemma 4, is very useful.

Lemma 5.6. Let k € Ny and h be a C*-diffeomorphism on M. Then we get for every a, € R:
di (ho Rooh™ ' hoRgoh™) < Cy - |||l - la = A1,
where the constant Cy depends solely on k and m. In particular Cy = 1.

The subsequent Lemma ([GKuld], Lemma 6.8.) shows that under some assumptions on the
sequence (), oy the sequence (fy), oy converges to f € A, (M) in the Diff>*° (M)-topology.

Lemma 5.7. Let ¢ > 0 be arbitrary and (1), cy be a strictly increasing sequence of natural
numbers satisfying > o % < €. Furthermore, we assume that in our constructions the following
conditions are fulfilled:

oo —ay] <e and la —

— for everyn € N,

S 1
21,-Cr,, || Ha |17
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where Cj, are the constants from Lemma[5.6

1. Then the sequence of diffeomorphisms f, = Hy, o R, ,, © H:' converges in the Diff>*(M)-
topology to a measure-preserving smooth diffeomorphism f, for which doo (f,Ra) < 3-¢€
holds.

2. Also the sequence of diffeomorphisms f, = Hy, 0 Ry 0 H;' e A, (M) converges to f in the
Diff>°(M)-topology. Hence, f € Ay (M).
We show that we can satisfy the conditions from this Lemma in our constructions:
S
— <00

Lemma 5.8. Let (), oy be a strictly increasing sequence of natural numbers with "~ | ;
and Cy,, be the constants from Lemmal[5.6. For any Liouvillean number o there exists a sequence

oy = B2 of rational numbers with

. ne(n—1)
(A) 780nS - (n —1)%- g2, - kM- qui(lm DS divides dn
(B) (n)pen converges to a monotonically

such that our conjugation maps H,, constructed in section[3 fulfil the following conditions:

1. For every n € N:
1

ln+1°
21y Ol'n. : H|Hn|||1ni1

o — ay| <

2. For every n € N:
n2m . k;r;z(mfl) . qz@_l < qn

3. For every n € N:

30 780n° - (n = )M - g5 kS g VT <,

4. For everyn € N:
0.25

q
DH, _ < —2.
H n—1 HO Zﬁ . n2
Proof. The sequence of rational numbers «,, = f;—: will be created out of &, = %, at which
Pn < pn and ¢, < g, are relatively prime.
i~ . 2 . . X
In Lemma we saw ||[Hp |||, 41 < Cn - 2™ (4Dt where the constant €, was inde-

pendent of g,. Thus, we can require ¢, > C, for every n € N. Hereby, we get the estimate

2
N Hplll 1 < ga™ D0+ Furthermore, we can demand

Gn > 30 (n— 1) guoo - k272 gD,

n—1 n—1
~ 2m m-(m—1 m
qn >N 'kn( )'qn—l
q0,25 . .
and [|[DH,_]|, < 5z because H,_y is independent of qy,.
Since « is a Liouvillean number, we find a sequence of rational numbers &,, = %, Pn, @n relatively

prime, under the above restrictions satisfying:

loe — 1]

~3-m2-(l,4+1)2-n-(n+1)
n—1 n—1 “qn

3-m2. 2.n-(n
2.1, C 780n6 6. 2 me1  1h(m—1) @0\ ety
b Uy, n (n—]_) 'qn72'k “q
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Put
_ 14+(m—1) =1
Gn = T80n% - (n—1)S - g2, kg, T g,
_1).n(n=1)
and p,, = 780n5 - (n— 1)6 . q,2172 . k:?:ll . qui(lm D=  Pn-
Then we obtain:
o — | < o = oy

2.1, C, - gim Un ()

Thus, we have |o — ay,| — 0 monotonically as n — oo.

2 2
Because of [||Hy|[[iT] < gn™ V7Y this yields: | — an| < T Thus,
n An-Chyy n il 41
the first property of this Lemma is fulfilled. O

Remark 5.9. Lemma shows that the conditions of Lemma are satisfied. Therefore, our
sequence of constructed diffeomorphisms f,, converges in the Diff>* (M )-topology to a diffeomor-
phism f € A,.

In particular, we have
1

L, -Cp - g™ )Pt D)

n : n

(4) |ony1 — an| <2- o —ay| <

Remark 5.10. Analogous to [GKul5|, Lemma 6.11., we prove dg (f™n, f') < 2L for every
n € N, where (my,),, cy is the sequence of natural numbers defined in chapter

Concluding we have checked that all the assumptions of Proposition are satisfied. Thus,
this criterion guarantees that the constructed diffeomorphism f € A, (M) is weakly mixing.
In addition, for every ¢ > 0 we can choose the parameters by Lemma [5.7] in such a way, that
doo (f, Ra) < € holds.

6 Construction of the f-invariant measurable Riemannian
metric

Let wo denote the standard Riemannian metric on M = S! x [0,1]™". The following Lemma
shows that the conjugation map h,, = g,, © iy, © ¢, constructed in section 2] is an isometry with
respect to wy on the elements of the partial partition (,.

Lemma 6.1. Let I, € ¢,. Then hulp, is an isometry with respect to wo.

Proof. The proof is similar to the proof of [GKul5|, Lemma 7.1.

S;i , niqn} x [0,1]™ ", This element I, ; is positioned

Let fn,k € (, be a partition element on [
in such a way that all the occurring maps ¢, ; and g0;21,17j act as rotations on it. Thus, ¢n|;

is an isometry and ¢, (fmk) is equal to
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(1 ] (m_l)'k»(kfl)
k—1 $1 jg ) - ]1( =) +1
ngn  n2-kptogq, m2-kpttog2 n2 . kml. qr(lmfl)'WH
(1 (k (1
) i) - i ) )
w2 R gD T et D B T ) B
. ((m—1)- ELEED g ((m—1). (2tDen
i® 4 om0 5 LoD )
N o oo EEm L, T T R Tz
n2 . k?71 . qn 2 n2 . kglil . qn 2 nz . k;’f‘il . qn 2
+ h + !
_ 14+(m—1). 2t _ 14 (m—1). 21
n2. dn—1 - k;zn L. dn (m=1) 2 56 . q%_l . k:{b L. dn (m—1) 2
(1 (k
k-1 51 itV o i1
e s
I t1+1 1
.t — . n(ntD)
n2 - qu_q kit q711+(7n R 5nb g2 )kt q71L+(m R
m j((mfl)-@ﬂiﬂ)-kﬂ) ((m=1)-2E=D 4 (i-1).k) j(k“) (14 (m—1). 2ozt
1 1 i i
X + ot : + + .t —
Z.ZI_IQ n qk gitt q711+(m—1)~%
+ S; + ti + 1
— N\ n(ntl) . n(mtD) iy nmtD 0
2k gy TS 2 kgt Bnbg2_ | kLot
j((m—l)‘@-‘r(i—mk—&-l) j((m—1)~7k'(k{l)+(i—1)~k) 0D (14(m—1)- 2ED)
1 1 i i
+ .t + + .t —
In qk ant! L+ (m—1)- 2
S; ti+1 1
+ 1 1+Z(m,1).M + 1 : 1+(m—1). 2ntD o 1 14+(m—1). 2D |”
n2kp' ™ g 2 n2qn_1kn' " gn 2 5n8q; ki’ - qn 2
On this set i, = ¢ (1), me(n D) is equal to the composition of a
n2-kn g, 2 7q'n—lﬁmﬁ,(f),mﬁ;im)

translation and the respective rotations. Additionally, i, o ¢y, (fmk) is contained in the domain

where g, = g - 1 (m—1). D) ) acts as a translation. O
n“-kn  "qn

1
o
[nazl, 60ndq,, 1’ 30nq,

Remark 6.2. As observed in Lemma the map h,, = g, o i, © ¢, acts as the composition
of the respective rotations and translations on every I,, € (,. Hence, h,;t is a composition of
rotations and translations on h,, (fn) In the following G,, = |J fnecn hn (fn) will be called the
“good domain” of h,!. Similarly, | fnecn I, is the “good domain” of h,, and its corresponding
ts on the f-axis are called the “good length” of h,. By the same arguments as in Remark

observe that for an interval [i H‘—l} on the f#-axis the length (1 — 3m ) . qi is part of the

an’ qn qn—1

good length”.

Since the elements of the partial partition ¢, cover a set of M of measure at least 1 — q‘a’i

n—1

(see Remark|[2.3)), we are able to apply the same approach as in [GKul5|, section 7, and construct
the aimed measurable f-invariant Riemannian metric as the limit of the smooth metrics w,, =
(H_l) * wo-

n
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7 FErgodicity of the derivative extension

7.1 General informations on Approximation in Ergodic Theory

This section provides a short introduction to the method of approximation of measure-preserving
transformations in Ergodic Theory. A more comprehensive presentation can be found in [Ka03].
In [KS67] Katok and Stepin introduced the concept of periodic approximation: Let (X, u) be
a Lebesgue space. A tower t of height h(t) = h is an ordered sequence of disjoint measurable
sets t = {cg,...,cp—1} of X having equal measure, which is denoted by m (¢). The sets ¢; are
called the levels of the tower, especially ¢q is the base. Associated with a tower there is a cyclic
permutation o sending cg to ¢, ¢1 to ca,... and cp_1 to cg.

Definition 7.1. A periodic process is a collection of disjoint towers covering the space X together
with an equivalence relation among these towers identifying their bases.

There are two partial partitions associated with a periodic process: The partition £ into all
sets of all towers and the partition 7 consisting of the union of bases of towers in each equivalence
class and their images under the iterates of o, where when we go beyond the height of a certain
tower in the class we drop this tower and continue until the highest tower in the equivalence class
has been exhausted. Obviously, we have n < . A sequence (§,,, 7, 0n) of periodic processes is
called exhaustive if n,, — €.

Definition 7.2. Let T : (X, ) — (X, p) be a measure-preserving transformation. An exhaustive
sequence of periodic processes (&, 7, 0r) forms a periodic approximation of T if

d(&,,T,0,) = Z w(T (¢c) Aoy (¢)) — 0 asn — oc.
c€én

Given a sequence g (n) of positive numbers we will say that the transformation 7' admits a
periodic approximation with speed g (n) if for a certain subsequence (ny),y there exists an
exhaustive sequence of periodic processes (x, ., or) such that d (&, T, 0%) < g (ng)-

This notion was generalised by Schwartzbauer in [S70], Definition 3.1 and the adjacent re-
marks:

Definition 7.3. Let ¢(n) be a monotonic sequence of positive numbers such that lim,, . p(n) =
0. We say that the automorphism 7' : (X, u) — (X, ) admits an approximation with speed p(n)

if for each n € N there exists a partial partition &, = {cgn) 1 =0,...,qn — 1} such that
1. §, —casn— oo,

2. Tim,, o 32051 ‘u (an>) _ 1]y,

Adn

3.0 (Tcgn)Acgi)l) < ¢ (qn), where ¢{ is understood to be ¢{".

In particular, the tower levels are not required to have equal measure anymore. Since in our
constructions the maps (f,,df,) are not necessarily measure-preserving with respect to g and
the tower sets will be defined with the aid of these maps, we require this more general concept.
From the different types of approximations various ergodic properties can be derived. For exam-
ple in [S70], Corollary 4.1., the subsequent Lemma is proven.

Lemma 7.4. Let T : (X,pu) — (X, u) be a measure-preserving transformation. If T admits an
approzimation with speed p(n) = 9 with § < 4, then T is ergodic.

n
We will use this Lemma as a criterion for the ergodicity of the projectivized derivative ex-
tension.
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7.2 Application of the criterion

We prove the ergodicity of the projectivized derivative extension with the aid of Lemma[7.4] In
order to apply it, we have to prove that (f,df) admits a sufficiently fast approximation on PT' M
with respect to the measure fi introduced in section [I.I] For this purpose, we define a tower
explicitly and examine the speed of approximation.

7.2.1 Tower for good cyclic approximation

Using the “good domains” G, introduced in Remark we define

Gn = Gn+1 n ﬂ hn+1 O0...0 hn—l—j (Gn+j+l) .

Jj=1

In particular, for every s € N the map h;is 0..0 h;il is a composition of rotations and trans-
lations on G,.

Furthermore, let 5(()”) C St x [0,1]™" = M be the set

(1) (1) (m—1)
51 1 WA 1
+ +o+ + + ..
Ul R A n? kg g nS gy kg
+ 1 + 1
—1). et ). (nt+1)
nS - g1 - va71 : Q7(zm Y 2 n2.q,_1 - k?ﬁfl . quﬁ'(m 1) =—5
2
+ 1 + Sg)
5nb g2y kit 'qqlf(m*l)'% Ins1’
i
1 (1 . 1
R I R A n2 kg nb gy kg
+ 1 4 1
_1).(nt)m ). n(n+1)
I X B Y R A
+ 1 s +1
5nS g2, kTt ~q711+(m71)'% In+1
n—
m .(2) .(1+(m_1).M)
xH ;_Fji g : n s
pairdl [ USSR 71 q}f(m*l)'% n2 . gme1 ,q}f(mfn-%
+ i + 1 n t;
—1).nlndl) _1).nnt1) ’
2 gy g kgt 5nb g2y k! g M In+1
(2 (1+(m—1). =D
R SN .
B Y
+ al 1 ti+1

1+(7n_1).n-('r;+1) 1+(m_1)"n,»(7;+1) Gni1 )
n n

n2-q, -k tog 5n6.q2 kit g

where the union is taken over
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o sWez 0<sP <pmto1

m1). Bt D)
. 552) €7Z,0< 352) < A—1 using the notation A := 780n6-(n+1)6~q,21_1-k;”_1~q711+( R

5, €Z,0<s; <n?kmt—1 fori=2...,m

.jit)€Z7’V In —‘SJY)SQW,_’VJIH —‘_1,f0rt:1,...,m—1

niq, 1 ntgn_1

.j}s)ez,[ 4 ]gji(s)gqn—[ 4 ]—1,fors:2,...,1+(m—1)-%and

niq, 1 niq,_1
=2

s ey M

e u; €7, 1<u; <qn_1—2,fori=2,....m

o t; €Z,0<t < qn:( Gy — 2 qni( gy | 1 for
n2qn_1-kn  ean 2 5n6.q2_kn g 2

1=2,...,m.
Remark 7.5. Note that all the parts of égn) are positioned in the domain, where i, acts as
a translation and rotation as well as g, is a translation on i, (één)). At this juncture, the

divides g,+1 (see Lemma b is important.

In particular, the rotation arcs of i,, are different for all the occurring sgl).

). ne(nt1)
requirement that 5n% - ¢2_; - kM1 'quLJr(m R

Remark 7.6. We compute that ¢! (Z’(()n)) contains at least A- ¢! - kmt- (1 — 3m ) many

dn—1
m Ji o Jitl : Gn+1 . _ Gn+1 _ .
| [m, m]—domams, where [m—‘ < Ji < qnt1 [(n+1)4qn—‘ 1for j =2,..,m. On
2 m-(m—1) 'm~(7n—1)~7("&1)‘("Jr2>
each of these cubes there are at most (n + 1) -k, An' Gyt 2 elements

3m

g1 (an) with fn+1 € (n+1 and a measure of at least i ig covered by sets of Gp+1 (in case

n+1

of n > m). Similarly, we observe that for any h,, 1 (fn+1) C Gp41 we have

1% (hn+1 (jn+1) N hn+1 (Gn+2)) =M j7L+1 N U hn+2 (jn+2)

Ini2€Cn12

> (1 sm ) (s (Tsn))

dn+1

In the next step, we define Eén) = é(()") N ¢p (Gpi1) and é(()n) = égn) N ¢n (Gy). With the aid
of Remark we estimate

kmil 3 ]_ _ 3m kmfl 4
S () 2 At (1 2 ) e B (g A
gn+1 dn—1 qn+1 dn+1 dn—1

1
Then we define &) = g,,0i,, (E(()")) and we consider 2" x [0, ﬁ} C PT'M with respect to

m—1
wo. The base element of the tower in PT M is cé") = (Hy,_1,dH,_1) (EE)") X [0, k%} > CcPTM
with respect to wo,. Finally, the tower elements are

cl(.") = ( fz,dffl) (cén)) fori =0,...,Gny1 — 1.
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Lemma 7.7. We have

Gn4+1—1
n

_ame (k- 1)

_( (n 1
,u( ( ))
Qn+1

which converges to 0 as n — oo by Lemma[5.8 Thus, the second requirement in the definition
[7-3 of an approzimation is fulfilled.

Proof. For ( Y, ) = (fl (x) d fZ (~)) = (fz ( —1°3gn Oin (Z)) 7dzf72L (dgnoin(z)Hn 1 (_))) and
(y,w) = (i (@) = (i (Ho-1 0 gn 0in (2)) ,daf} (dg, o, 2y Hn1 () with z € &

m—1
as well as v, w € [0, k"} we calculate with the aid of the construction of the f-invariant

=0 n+1

Riemannian metric ws
Wooly (v, w) = lim (Hk_l)*wo\y (v, w)
k—oo

= Jim wolpr1 ) (dyHy " (v), dy Hy* (w))

et

— 1 -1 —1 . 1 /=
_kll)HoloLUOhL o. ohn+1 e +1o¢n (2) (d i 10H51(z) (hk O...Ohn-i-l) dH;il(z)hn (U)7

dp oHZ!(2) (h;lo...oh;_}_l) ~dH;i1(x)hT_Ll (w))

g1
=0l (o) (At i () sy 1 i (@)
bn (z) anl(m) n H 1(17)

In the last step we exploited that h;l 0..o0 h;il is an isometry with respect to wy on G,,.

(n)

Additionally, h; ! is an isometry on g, o ¢y, (éo ) and wy is independent from the base point.

Hence, we conclude wooy (v, w) = wolg, 0 (2) (U, @) and then we|y (v, w) = Weo e (T, ).

Thus, (fn,df,) ist fi-preserving on sets with base points in H,,_10g, ¢, (é ) Since u ( (")>

I (é(()")) > (1 — qi%) - (66")) we have

5) (1 4m) 1 (1 4m> <7((n)>< 1+4m-(k;"—1—1) 1 (1 4m)
_ 1= <p(d™) < — 1= ,
Gn+1/ Qn+1 dn—1 An+1 An+1 An—1

In particular, this yields

Gn+1—1

>

=0

”(W)_@il

O

Furthermore, we observe that these tower elements are disjoint sets in PT'M by construction.
Hence, we are able to define a partial partition

&n = {an) 1 1=0,1,.,qnt1 — 1}

(using the notation from section [7.1) and have to show &, — € as n — co.
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Lemma 7.8. We have
& — e asn — oo.

Proof. This property is fulfilled if we show that the partial partitions fn = {c € &, : diam (c 1 }
satisfy [ (Uceén ) — 1 as n — oo. For this purpose, we examine which tower elements satlsfy
the condition on their diameter. Due to the requirement on the number k, (see the begin-
ning of section ) it is satisfied if dlam(h o R oH ! ( (n))) < % Since the map h,, is

An41
1 . .
q——equlvarlant and
n

hy, o Ra 1 © Hgl (Hn_l (E(()n))> = hy, oRla _— (;5;1 oi;l og;1 oH;El (Hn_l 0 Gn Oy (Eén)))

=h,oR,  o¢, (*”)),

we have to check for how many iterates i the set Ra i © ot (6(n)) is contained in the “good

domain” of h, and the deviation i - |a, 41 — | is not in [— + 15 q1 , ’:;;1) for any k € Z,

0 <k <n-—1 (otherwise the different definitions of ¢,, on the abutting domains may cause some
problems). Under these assumptions we have

diam (hy o R, , 06, (")) <[nqg]-ff”.
.

Because of 0.25 < 0 < 0.5 and Lemma 4., we deduce the aimed estimate

0.25

: —1 (=00 vm I vm _ 1

dlam (Hn 10 h [} Rla 1 ¢n <CO )) S ||DHn71||0 [nqg] . Gn é 2’[’[,2 \/m . [nq;ﬂ . n < %

Note that the base of the tower is positioned in this “good domain”. Since R, , = R} ,, is
dn41

equidistributed on S' and a length of at least (1 — q4i“1) . (1 — %) corresponds to the “good

domain” by Remark |6 -, we can estimate the number of allowed iterates i € {0,1,..., 441 — 1}
by (1 — 4—’”) (1 - 7) Gn+1. This corresponds to a measure

dn—1
_ 4m 1 _ _ [ (n)
> (1= A1==)Guan - (
2 UC ( qn_1> ( n) n+1 - 1| G )

ce€én
2
S(egn) ) ()
dn—1 n qn+1

which converges to 1 as n — oo. O

7.2.2 Speed of approximation
For the speed of approximation it holds:

> E((f,df) () A (Frdfa) (c)

c€ln

<D @A) (@) A (favrs dfusr) (€)) + i ((fasrs dfasa) (€) & (fus dfa) (0))) -

c€ln
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Lemma 7.9. We have
m-(m—1)-(n+2)-(n+1)

_ qn+1 qn+1
(6) Z A (Fns dfn) (€) A (fatrs dfnsr) () < A C 2. (lnt141)%(n+1)-(n+2)
ceé, n+1 lng1 " qn+1

Proof. First of all, we aim for estimating i ((an, dfpy1) (fL,df}) (c(()n)) A (fEF dfErY) (cén)>).
For this purpose, we consider

(e (0 (6) 5 1)
—p (Hos1 0 Ray a0 Ry o bty 06 (7)) AHusa o R, ohit 0677 (7))
1 (R © Ri oy o bk 000 (87) AR oty o6, (207)).
Since hy 1 o ¢! (ag”>) consists of at most

3m
qn—1

m— 1)4 (n+2)é(n+1)

) (1) G g gm

A qn+1 k,m 1 (1_

elements 1,11 € (.11 by Remark and the measure difference is at most |, 12 — ay41] for
any such element, we estimate with the aid of Lemma [5.8 and equation [4]

N(RQHQORQ 1 n+1 ° ¢, ( )ARQ_L ;H Pn ( ))

3m 2 (m—1 (m—1). () (k1)
SA qu—i—ll km 1 (1 _ ) . (n + 1) m kZl+(1m ) . q;rln . q;n_i_(lm ) 3 . |an+2 — g1

dn—1
< m2 m-(m—1)- (n+2) (n+1) 1
=n+1 " Int1 ' C 2 (e +DP (nD)- (n42)
n+1 lnt1 " Dnt1
m—1)-(n+2)-(n+1 1
< )

3-m2-(l, 1)2. 1)-(n4+2) "
ln+1'Cln+1'an:n1 (brpa #1)% (1) (n+2)

For y € R, ., o R, - h;H o ¢ ( n)) Rz;ril o h;}rl o ¢—1 <~(n)) there are 1,2y € cén)
such that y = Ry, ,, o R, . hytioont (1), y R’a‘il n+1 o ¢, (z2) and

1 m—1
dgnoin(an) ( 1 o ¢ O gn ) <|:07 k/’:| )
1 m—1
:dQnOin(fD2) (h’r_Lj-l © qs'gl o Z’rill © grjl) <|:O7 k:| )

(because they are close to each other and are positioned in the domain where the maps act as
the respective rotations and translations). Hence, we conclude

i (Unersdfan) (£ dri) (67) o (750 i) (o67))

=i (e 1 (t0ms (7)) 212 (s (7))

<™ e (m—1)- (4 2)-(n+1) 1

" C 8-m?-(lna+1)%-(n41)-(n+2)
n+1 lnt1 " Dnt1
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This difference occours for every i € {0, ..., Gn+1 — 1} and thus we can estimate

i qm~ m—1)-(n+2)-(n+1)

_ n—+ n+1

Z B((fr,dfn) (€) A (frg1s dfnsa) () < A ) C 32 (I +1)°-(nt D)-(n12)
cE€Ey, n+l Ul " dpy

In the next step we consider > .. A ((f,df) (¢) A (fat1,dfn+1) (€)):
Lemma 7.10. We have
5m - kM1

qn+1

A

S () (O A (Fasn dfas) (0) <

ceén

Proof. We compute for every ¢ = ( fl,dffl) (c(()n)) € &

p vz (52 (i) S (75 (Haat?) ))
=u (Hn+2 0 R,y 0hpioohi iy (fonﬂ ot (56’”)) AHyy10Ra,,,0hy (fonﬂ 0! (E(()n)»)
=1 (Ros 0 iks (R 0 ik 0620 (87)) AR o bida (i 0 iy 0 00 (7))
B G G G R e A G

where we exploited that h, o comutes with R_1  and ¢, 42 is a multiple of g,,4+1.
dnt2

Since we have no controll on h; 1,0 h, 1y o ¢! (é(()")) for these areas of d := h;il og ! (één)>,

that do not belong to the “good domain” of the map h;_b, they will be part of the measure
difference in our estimates. Using Remark the “good domain” of the map h;j_z on an element

fn+1 € (n+1 has measure at least (1 — qiTl - (hn+1 (fn+1)). On the other hand, for every

Ry (fn+2) belonging to d the difference is caused by the deviation |a, 13 — ap42]. We observe
that there are at most

m
1 - sy (n+2) (n+3)
5(n+1)%qn, 2 {(m—1) mv(1+(m71)»7)
1 (m-1) (n+1)-(n+2) : (n + 2) e k;n-i-Qm “Gnt2 :
(n + 1)2 “qn - k:ﬁﬁ “Qn41 2

elements hy,yo (fn+2) contained in fn+1 € (pt1. Altogether, the measure difference caused by

Ra, .40 Rivnﬂ o h;_lm and R, ., © Ré‘n{»l o h;_b on an element I, .1 € (41 contained in d is at
most
m
3m 1
’ (n+1)-(n+2)
dn+1 9 m—1 _1+(m—1).F=5mr=
" (n+1)2-q,- kn+1 “nt1
2 m
1 -2 (n+2)-(n+3)
5t D'qn om m(m—1) _m(1+(m—1) =2t

+ (2T ks s “|ants — anqal .

T, (me1) D (2
(n+ 1)2an;n+11anil :

Moreover, we recall that d consists of at most

2 v (m—1 . _1).M
>~(n+1)m.k;”+({” >.qgl.q;ﬂ+<1m 3

A-q,ﬁr‘l1~k;"*1 . <1 _
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elements an € (n+1- Hereby, we obtain

(fn+2 ( ) Afn+1 (C))

3m A-gmt _ D me(14(me1). 22 (nt)
_qi +4- Q;Ln'i‘ll ’ k:ln ! (’I’L + 2)2m kn+2m ). qn+(2 : : ‘an+3 - O41’L-|-2| .
n+1

We note that for
yGR%HoRfX +1( QOh;ilogb:Ll (6(()")>)QR%+ZOR; +1( 20hn+1o¢ (~(”))),

wherey = R, ,0R:  (hpis0hyty0¢," (21)) andy = Ra, ,0RL | (hyigo hzh oyt (x >)

with zq, 29 € 6(() ") close to each other contained in the * ‘good domain” of hn+2 oot

n+1
have
1 m—1
dgnoin(ml) (hn+2 o hn+1 ° ¢_ O gn ) <|:07 k':| )
n
1 m—1
=dg, 0i,(23) (Pnt2© iy 0dn iyt 0gy?) <[07 k] )

Thus, we conclude

B ((frt2, dfns2) (€) A (frs1, dfnta) ()

< (foz (43 (Hocaei?) ) A (£ (Hooie”) )

3m-A-km1
<20 " '

B ) 1 m (14 (m—1). (2 (n43)
q2 +A- qn-‘,—l k' . (n + 2) " kn+(2m ) 'qn+(2 : : \Oén+3 — Qn42f.
n+1

Every of the §,41 = 2

Z n ((fn—i-h dfn+1) (C) A (fn+27 dfn+2) (C))

elements c € &, contributes and so we obtain

cebn
3m - k‘m_l 1 m-(1+(m—1)- (n+2)-(n+3)
Siq J: + gl kT (n+2)7 kn+(2m ) ~qn+(2 l |43 — Qnto
n
. kmfl
n
n+1

using Lemma [5.§ in the last step.
Analogously estlmatlng the other summands we get

Z B ((f,df) () A (fat1,dfns1) (€))

c€én
00 qnt1—1 k—1
<> I <fn+k+1 Fil Hooa [ @7 0 () hno 0 hngs (Guijin)
k=1 i=0 j=1
k—1
Afn-‘rk fyll Hy (n) N ﬂ hpo..o hn+] (G7L+j+1) )
Jj=1

dm -k _om-kp!

N/ a1
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Using this estimate and equation [f] we conclude

_ 1 5Sm - kM=t 6m - k!
Z 2 ((f7 df) (C) A (fTH df’ﬂ) (C)) S 2-m2-(ln+1+1)2-(n+l)v(n+2) = ’

ceEy, l’ﬂJrl : Cln+1 “Gna1 In+1 n+1

In order to prove that this speed of approximation is of order o (g 1“) we compute

6m-km ! el
Gnt1_ 4n+1 6m - kn < m
_1 A - 14 (m—1). 2t *
st S 1)8 g2y g T

Since this converges to 0 as n — oo, the third requirement of definition [7.3] is satisfied. Hence,
we can apply Lemma and obtain the ergodicity of (f,df) with respect to .
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