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We assume all the functions to be smooth, unless stated otherwise.

Problem 1

Prove that there exists a constant C, depending only on n, such that

max
B(0,1)

|u| ≤ C( max
∂B(0,1)

|g|+ max
B(0,1)

|f |)

whenever u is a smooth solution of

{
−∆u = f in x ∈ B0(0, 1), where B0(0, 1) is the interior of B(0, 1)

u = g on ∂B(0, 1)

Hint: define v(x) = u(x) +
maxB(0,1) |f |

2n .|x|2 .

Problem 2

Assume that u : Rn → R is a harmonic function. Show that

(a)
∫
Rn |u|2 <∞ then u = 0.

(b)
∫
Rn |Du|2 <∞ then u = constant.

Problem 3

Let U ⊂ Rn be a bounded open set. Consider a sequence un of harmonic functions such
that un converges uniformly to u on U , when n→∞. Prove that u is a harmonic function.

Problem 4

Consider an increasing sequence un : B(0, R)→ R of harmonic functions, that is un(x) ≤
un+1(x) for every x ∈ B(0, R). Assume that un(0) is a Cauchy sequence. Prove that for
every r < R, there exists a harmonic function u such that un converges uniformly to u in
B(0, r).
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