
 

Set Models Class Models

M is a set M 4k propclass

ME 4 formalized Tajp L Mie k y
in ZFC

Yo can say Fy M ifMty
You ot say

74 classM

1B if M set then
Relativization

For formula 9 define
formal Mty is

equivalent to 4 6M

syntactic operation

4 means Me 9

Question M prop class
When we say ZFC 1 M ZFC

what do we mean no any theorems

This means for every 9 from ZFC ZFC t 9

Comment Why can't we use Tarski MFG for prop classes

E.g M T V If for any 4 with Gidel



number n q is a we could write MEG in

ZFC then ZEC t MKyn y

Ipredicate is undefinable

Reflection Down L SK MF Ʃ AEM you can

find NEM sit aeN

IN max lat No and

NFE M

SkolemHull

N H Cal

In ZFC you try to do the same

a set whole union

Find N s.t.ae N Int ma lal no

The If If
É
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Instead For any finitely many axioms ZFC ZFC

a any set

Reflt ME zFC with a M

IM max latNo

but not transitive

Refl 2 FM ZFC with a M

M is transitive

but M not small in size

e.g M V2

Refl 3 Refit MostowskiCollapse

If a was transitive then

MK 2FC ith Hansitive

1Mt maxial No

IB e.g a we then if aeM and 1M max lal x do

and M also transitive W EM W e M

Iffy
or an fin fresh ZFC of 2ft ZFC t set ME
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Constructible Universe L Godel 1938

Def if is a set then YEX is called definable

there is q z such that Y I and

Def if X is a set then DCx Yex Y definable

Def Lo V

Lat D La Va P

La at limits Vx Y.ua

D 4

Observations Lo Vo

In Vu for new

Lw Vw

Lan us Van

that La w Nati Pcv 2

Lemma α La al e.g Lw is first Llevel of wetbl site



Properties L are all transitive α p help ate

Theorem I FZF

Proof Mostly straightforward for 11k comprehension you need to

use Reflection I

Even without assuming AC you can define It and prove

Theorem ZF I AC

Proof AC x can be wellordered

In fact IF Global Choice there is a class

relation wellordering

thewhole universe

Define recursively a w.o.ca of each level La

Suppose a is no

For lati take xyc.la

of aIf x.ge la then

say ay
4th

If eld and ye Laila a y new sets come

after old sets



If x.geLat L2 then

I Can y the least y and CYleast
a anela defining a

are less than
2 Lat912,9 an

the least4 and least

y 2 Lat412,4 64 G but defining y

Tq a An

47 6 6 y

which appears

first

Let's move on to CH

Theorem La definition is absolute for transitive MFZFC

Proof being definable DX and ordinals are all absolute

check

This means really α is absolute

Therefore EM then EM



Theorem He is the minimal transitive model of ZFC

Proof If M E ZFC M proper class M transitie

Then Ord EM So EM α

So Lα M

So 1 EM

Dfe Axiom of Constructibility x α c La

Typically

Note D K V 4

Proof xeL 7 α eLa

xeL 32 seek

x α seek

L F L

Theorem If M trans prop
class MEZFC V L

Then M L

Proof EM always

If MF VI

i M F x7α EL
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xEM α Ela

M L

We also need set versions of the above

Def Let M be a transitive et model MF2FC

Then the height of M is

M Ord nM least ord I M

V
Mt s is theclassOud

Theorem M trans set MFzFC 8 M

then Ls M

Theorem M trans net H ZFC VL d M

the Ls M

py any um me y my

L

L is so minimal that theonly possible

cubmodels of ZFC L are to themselves
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Summary
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ME
HEM Mclass

LEEM M set

H Mclass
MEZEC V L LEH M set

Theorem I E CH

Proof Let EW seel We'll show that Elwe

This is enough because

P a Love

2 Plus La we

Let w Let a we no to make it transitive

By Reflection 3 there is M which is

IM max lal No do

M transitive

a M because a transitie

EM
M F ZFC V L



But we saw that M LS with d m

Since M ctbl M w

So M Lr E hw e M Ela

T.ie la

tb1 Condensation

Lemma

Same works for any EK E kt

i 1 Pca Let Kt

Lk

IF GCH

Con ZF Con ZFC GCH


