
Infinite matroid theory exercise sheet 2

1. Let M be a matroid, X ⊆ E(M), and let C(X) = {C \ X|C ∈ C(M)}. Show that C(X)
satisfies (C3). By exercise 2 of the previous sheet, this means that the set of minimal
nonempty elements of C(X) is the set of circuits of some matroid. Which matroid?

2. Let M be a matroid with rank function r. Define r∗ : P(E)→ Z≥0 via r∗(X) = |X|−r(E)+
r(E \ X). Show directly that r∗ satisfies the rank axioms. Then prove that r∗ is the rank
function of the dual M∗ of M .

3. Let E = E1∪̇E2 be a partition of the ground set. Show that the following are equivalent.

(a) M/E1 = M\E1.

(b) M/E2 = M\E2.

Conversely, let M1 and M2 be two matroids with (disjoint) ground sets E1 and E2. Show
that there is a unique matroid M on the disjoint union E1 t E2 of E1 and E2 such that
M1 = M/E2 = M\E2 and M2 = M/E1 = M\E1.

4.∗ Let N be a minor of M , that is, there are disjoints sets C,D ⊆ E(M) such that N = M/C\D.
Show that there are disjoint sets C ′ and D′ with N = M/C ′\D′ and such that C ′ is M -
independent and D′ is M∗-independent.

5. Let G be a graph. Let D be the collection of edge sets of thetas, handcuffs and degenerate
handcuffs in G, see Figure 1. Show that D is the set of circuits of some matroid M . What
do the bases of M look like?

Figure 1: A theta is a subdivision of a the graph on the left. A handcuff is a subdivision of a the
graph in the middle. A degenerate handcuff is a subdivision of a the graph on the right.

6.∗ Let M be a matroid with two bases B1 and B2. Show that for any x ∈ B1 there is some
y ∈ B2 such that both B1 − x + y and B2 − y + x are bases of M .
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Hints

Concerning question 6:
Think about fundamental circuits and cocircuits.
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