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Polynomial knot invariants

@ Alexander polynomials A(K; q)

()= (X) = (¢ -0 ()

For trefoil, A (&) —g—1+g!

@ Jones polynomials J(K; q)

a2 (X) g2y (X) _ (q1/2 - q—1/2) J ( )()

For trefoil, J (&) =qg+¢—¢*
@ HOMFLY polynomials P(K; a, q)

2178 (34) -8 (3) = (- a7)  (X)

For trefoil, P (&) =aq~ 1+ aq — &2
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Categoifications

@ the Poincaré polynomial of colored Khovanov homology Hfz?’R [Khovanov '00]

S R
Khr(Kiq,t) =y t/q' dmH{>F(K),
i
@ g-graded Euler characteristic gives colored Jones polynomial:
Jr(K:q) = Kh(g,t = —1) = > _(~1)/q’ dim 1 2R (K) .
i
@ The Poincaré polynomial of the Khovanov-Rozansky homology [Khovanov-Rozansky '04]
o R
KhRe(K;q,t) =Y t'q/ dimH; MR (K) .
iJ
is related to the colored HOMFLY polynomial via
KhRg(K; q,t = —1) = Pr(K;a = q", q)
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Colored superpolynomials

. < . . slo,R . ’
@ the Poincaré polynomial of triply-graded homology 'HI-JZ [Dunfield-Gukov-Rasmussen '05]

Pr(K;a,q,t) = Zaqutk dim Hfj7k(K) .
isdk

@ The (a, q)-graded Euler characteristic of the triply-graded homology theory is equivalent to
the colored HOMFLY polynomial

Pr(K;a,q) = Z(—l)kaiqi dim Hfﬁk(K) .
ij.k

colored sl; homology Knot Floer homology Alexander
(a/q)"D*) HFK(K;q,t) A(K;q)

N

colored HOMFLY homology - HOMFLY

Pu(K;a,q,t) P.(K;a,q)
t=—1 a=qV
t=-1 /d2 dx t=-1 \
Jones colored sly homology colored sl homology SU(N) CS inv/|
-~ i sl - —g~
Ju(K; q) Pl(K;q,t) PiN(K:q,t) Po(K: a=g".q)
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Twist knot K,

p full twist

L p [4[-8[-2[-1]0[1]2][3]4]
[knots [ 10, [ 81 | 61 | 41 |01 | 31 |5 | 72| 92 |

The correspondence between the twist number and the knots in Rolfsen’s table

@ Colored Jones polynomials and A-polynomials are known

@ Quantum A-polynomials were already computed for p = —14---15.
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Colored Jones polynomials of twist knots

@ The double-sum expressions [Habiro '03][Masbaum '03]

oo

k

Jn(Kpiq) = Z a“(a" " @)k(a™ Y @)
k=0 £=0

2@+1) (q;Q)k

><( 1)qu Z+1)p+€(£—1)/2(1 —q .
(9 @) krev1(q Qe

@ The multi-sum expressions

oo p—1
In(Kpsoia) = 3 a¥(d7"a),, (a""a), [T a7 { s ]
525120 ’ = Lo
= S| 7w 1—n 1+n
Jn(Kp<0; q) = Z (_1) Il q 2 (q ; q)s‘pl (q ; q)slp‘

S|p| 2295120

lp|—1
—si(sip1+1) | Si+1
X i\Si+1
IT oo | %
i=1 q
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Colored superpolynomials of trefoil and figure-8

@ Colored superpolynomials of trefoil and figure-8 are known
[Fuji Gukov Sulkowski '12][ltoyama, Mironov, Morozov? '12]

Po(31:3,9,t) = (—t)” ”*12 k(Zata 'q)k(ql_":q)k(—at3q”‘1;q)k,
(a: 9)k
el 1.
Po(d1;3,q,t) = > (~Dka ke g kU= Y223tk ;th )'q)k( 1= ) (—at3g" L q) -
a.q
k=0

@ Colored superpolynomials Pn(a, g, t) for 5 and 6; are also known up to n =3
[Gukov Stosic "11]

@ One can do educated guess on colored superpolynomials of twist knots
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Colored superpolynomials of twist knots

@ The double-sum expressions

ook
Po(Kpia,q,t) = ZquM( " q)k(—at3a" L q)
k=0 £=0 (a:9)x

Nep2pl (pr1/2)ee—1) 1 —at?g* Tl Tk
x(—1)*aP tP q T | e |
(at?q*~1; q)k+1 g
@ The multi-sum expressions

oo

5, (—atg ™Y q)s,

Pn(KP>0;azq7 t) = (_t)_n+1 Z ( ) ( ’q)sp( at3 " l’q)sp
5> >85>0 9 d)sp
p—1
2vs; si(si—1) | Si+1
x [[(at)%q { s ]
i=1 q
Pn(Kp<O; a,q, t)
> (—atqg~1; q)s
S =28, — —3)/2 lp -
= Z (—1)ka~sIel £ =251pl g~ 5ll (S1p1 —3)/ w0 ol (gt Qe (— at3q" 1;q)s‘p‘
S|p| = 25120 P HS|p|

[pl—

— — Si+1
% at —s; —si(siz1—1) i+ .
T (o) 4 2.
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Colored Jones polynomials of twist knots

@ The double-sum expressions [Habiro '03][Masbaum '03]

oo
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(9 @) krev1(q Qe
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Colored superpolynomials of twist knots

@ The double-sum expressions

ook
Po(Kpia,q,t) = ZquM( " q)k(—at3a" L q)
k=0 £=0 (a:9)x

Nep2pl (pr1/2)ee—1) 1 —at?g* Tl Tk
x(—1)*aP tP q T | e |
(at?q*~1; q)k+1 g
@ The multi-sum expressions

oo

5, (—atg ™Y q)s,

Pn(KP>0;azq7 t) = (_t)_n+1 Z ( ) ( ’q)sp( at3 " l’q)sp
5> >85>0 9 d)sp
p—1
2vs; si(si—1) | Si+1
x [[(at)%q { s ]
i=1 q
Pn(Kp<O; a,q, t)
> (—atqg~1; q)s
S =28, — —3)/2 lp -
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Checks

For a= g? and t = —1, the above formulae reduce to the colored Jones polynomials

@ For t = —1, they reduce to the colored HOMFLY polynomials. We checked they agree with
the colored HOMFLY polynomials computed by SU(N) Chern-Simons theory up to 10
crossings.

@ The colored HOMFLY polynomials can be reformulated into the Ooguri-Vafa polynomials.
We checked that the Ooguri-Vafa polynomials have interger coefficients up to specific
factors.

@ We checked that the special polynomials which are the limits ¢ — 1 of the colored
HOMFLY polynomials have the property,

n—1
lim Py(Kp; a,q) = |:Iim P>(Kp; a, q)] .
q—1 q—1
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Cancelling differentials and Rasmussen s-invarinats

@ the action of the differential d; on the colored superpolynomials

7)”+1(Kp>0;aa q, t) = anq_n + (1+3_1qt_1)Q;i11(Kp>0;3, q, t) )
Pnt1(Kp<o; 2, g, t) 1+(1+ a_lqt_l)Qﬁffl(KKo; a,q,t),

@ the action of the differential d_, on the colored superpolynomials

2
Poi1(Kps0ia,q,t) = a"q" 2"+ (1+a g "t 3)Qni1(Kp>0i2, 9, 1) ,
Poi1(Kpcoia,q,t) = 14+ (1 +a g "t %) Qni1(Kp<oia,q,t) .

@ The exponents of the remaining monomials are consistent with the Rassmusen’s s-invariant

of the twist knots, s(Kp>0) =1 and s(Kp<o) = 0 [Rasmussen '04]

deg(HfY"*y*(K),dl) = (ns(K),—ns(K),O)7
deg (M .(K),d—n)) = (ns(K), n*s(K), 2ns(K)) ,
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Volume conjecture and A-polynomials

@ The volume conjecture relates “quantum invariants” of knots to “classical” 3d topology
[Kashaev '99][Murakami® '00]

2 mi
lim = log |Jn(K; g = ezT) = Vol(S3\K) .

n—oo n

@ The relation b/w volume conjecture and A-polynomial [Gukov '03]

d 1 2mi
logy = —x— lim —I Kig=e'r
ogy X— n,klm . ogn(Kig=ex ),

oimn/k_y

gives the zero locus of the A-polynomial A(K; x, y) of the knot K.
@ A-polynomial A(K;x,y) is a character variety of SL(2, C)-representation of the
fundamental group of the knot complement

> Lag.sub. 3 % %
Mgaat(SL(2,C), T7) D Myag(SL(2,C), S\K) = {(x,y) € C* x C*|A(K;x,y) = 0}
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AJ conjecture

@ Quantum version of the volume conjecture — AJ conjecture [Gukov '03][Garoufalidis '03]
AK; %,9,9)Jn(K;q) =0
where action of X and y on the set of colored Jones polynomials as
Jn(K:q") = q"In(K;:q") . 9dn(K:q) = Jny1(Kiq) -
@ Find difference equations of colored Jones polynomials
aknik(Ki ) + ... + a1Jn41(K; q) + a0Jn(K; 9) = 0

where a; = ax(K; X, q) and

AK:%,7:9) =Y ai(K; %, q)y'

@ Taking the classical limit g = e” — 1, quantum (non-commutative) A-polynomials reduces
to ordinary A-polynomials

AKi%,7:9) — A(Kix,y) as q—1

Satoshi Nawata (Perimeter) Super-A-poly of Twist Knots Aug 28 2012 14 /21



Super-A-polynomials

@ Refinement of quantum and classical A-polynomials [Fuji Gukov Sulkowski '12]

Quantum operator provides recursion for classical limit
ZS“P”(S?, yia, q,t) colored superpolynomial ASUPCI (x. y; a, t)
2ref(?, yiq,t) colored Khovanov-Rozansky homology Aref(x y. t)
AQ—def(% 1 5 q) colored HOMFLY AQ—def(x v 5)
2(52, y:q) colored Jones A(x,y)

super
Asuper l‘ y7a q, ) A I s Ysa, t)

& G
_—
0//0» \ / \\i

gref("i7 Ui q,t) AQ- def (Z,7;a,9) Aref(w ) AQ def(m y;a)
;L b b K 9
f\ //0’ z‘
N AN [\
4
A@ 59 Ala,y)
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Classical super-A-polynomials

@ Refinement of volume conjecture [Fuji Gukov Sulkowski '12]

d 1 i
logy = —x— lim ;Iog’P,,(K;a,q:ezT,t) s

dx nk—oo
elm™n/k_y

gives the zero locus of the super-A-polynomial A(K; x, y; a, g, t) of the knot K.

Knot

ASWPET (K s a,t)

52

(1 — atjx)J y4

—a(l+ at31)2(2 —x+tr— 2827 + 36207 + at’z? + dat’s? — 2at’2” + 2atis® + 2at®s® — at®zt +
2a’ %zt + 2a%t%2* — a?1%2° + a?t’ st + (:u‘q'fg.re)y3

,ai(mf 1) (1 + atgi'g (1 +ir— 242z +2t21'2 —9t3g? +-'1at31'2 + t*? - 3ty? +at4m3 — 2at®s® +
dat®z* — 4at®s? + 6a 150% — dat’x + 3at’z® — a?t z® + 20°t% 2" + 2a%t%2% — 2a%1°2° +4a3i9m5 +
a21%2° — 34107 + 2634107 + a1t120%)y?

+a3t312(m — 1)2(1 +tr — e — %2 + 2at2? + 2at'z? + 2atz® — 2at®2® — 2ai®r® + 3at%2t +
a?tr + 4072 + 272 — @2 t5%2% + 2072 + 2a3tm:cs)y

*ﬂstlll‘?(ﬂ.’ o 1)3

Satoshi Nawata (Perimeter)

Aug 28 2012

16 / 21



Quantum super-A-polynomials

@ Refinement of AJ conjecture
ASUPEN (K%, 9 3, q, t)Pa(K; 2,,t) = 0
where the operators X and y acts on the set of colored superpolynomials as
XPn(K;a,q,t) = q"Pn(K;a,q,t) , 9Pa(K;q) = Pn+1(K;a,q,t) .
@ Find difference equations of colored superpolynomials
akPnk(Kiq) + ... + a1Pny1(K; q) + 20Pn(K; q) = 0

where a, = ax(K;X; a, q, t) and

ANP(K;R, 53,0, t) = Y ai(Ki%;a,q, 1)y

@ Taking the classical limit ¢ = e” — 1, quantum (non-commutative) super-A-polynomials
reduces to classical super-A-polynomials

ASUPCT (KR, T a,q, t) — AP (K x,y;a,q,t) as g — 1
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Quantum super-A-polynomials

Knot

ASPe(K 2,45 a,q,t)

52

¢t (1 + at3i) (1 + aqtsi) (1 + antSi) (1 + atgiz) (q + atSi2) (1 + aqtgiz) e

—ag®t* (1 + at®2) (1 + agt®) (1 + at®3?)(q + at®3?) (1 + ag*t*2?) (1 + ¢ — ¢*& + ¢*t3 — ¢*t*% — ¢*1%% +
G222 +ag P2 + P12+ O PR+ agt® 2 +a? P2 +ag® P2 +ag® 32 — ag P23 — ag®t° 23 +agt' 2 +
ag®t' 2 +ag®t° 3% +ag®t° 2 +a? P10 —agtt® it +a* 1P 2 + a2t a0 — a? %t +a? Pt 20 +
301337

—a?¢"t" (—14+¢*2) (1+at*2) (g+at®2?) (1+ag*t33%) (1+aq 3 5?) (1 +¢*td — qt* 2 — ¢* 22+ ¢* 122 + ¢ 722 +
at®i? + aqt®s? — P37 + a® P — ¢ P37 + ag* 33 + P13 + ag?t'3® — ¢"t'3% — agt'3® — P13 —
133 +ag®t13® —aqt®i® —ag*t°i® +agPt° % +ag* t° 33 —ag®t° 2% — ag®t° 3 +ag®t° 2 +ag t’ it +ag 3 +
a3 +a?qt®4* — ag?t®i* + a* P03t — agt®t + 202 ¢* 03t 4+ a* P10t — aq "t +a?q %2 — ag®to2t —
ag* "3 —2a¢°t" 3t —agft" 3t —a?q 7% + gt % 4+ 0>t + aqt 2% + ag®t 2’ — a? P72 + a2 P3R5 +
@25 — P15 — a2qO 1R85 + a2qTIR + 23RS + a®qT 58S + a8 + P 088 + PP 105 —
2155 +a3q71088 — a2 P985 + P P80 +a2qTt108° — a3 PH087 +aPq T8 + a3 Pt 1T +adqPt125%)
+a®qTtT 3 (14 ¢2) (— 14 ¢*2) (1 + at®2?) (1 + aqt32%) (1 + ag®t°2?) (¢ + 12 — ¢*122 + at® 3% — 132 +
ag*t’3? + aqt'?® + ag®t'@? + aqt'i® + ag®t'@® — aqt®® — ag®t°i® — ag®t%2® — ag®t°2® + ag®t®it +
P03 +ag 13 + ag®t3 + a*t7 3 + a?qtTE + a?qM T2+ a? Pt 3 +a? g T2 — a? ¢330 + a? P t07° +

a2q4t9i5 + a3q3t1°i6 + a3q4twi6)g}

—a® @t (=1 + )27 (=1 + ¢2)(—=1 + ¢*2) (1 + ag®*t®3?) (1 + ag*t®3%) (1 + agt>2?)
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Augmentation polynomials of knot contact homology

@ Q-deformed A-polynomial is equivalent to augmentation polynomial of knot contact
homology [Ng '10][Aganagic Vafa '12]

1+ p
ASUPET [ K 0i X = —p,y = Na=U,t=-1
(p>0 12204 1+ Up

—_1)P-1(1 (2p-1)
= ( ) ( + #) AUg(KP>0;N1 )\; Ua V= 1) )

1+ Up
1+ p
ASUPET [ K c0i X = —p, Yy = Na=U,t=-1
(P A
—1)P(1 4 p)—2p
= %Aug(&,dﬁu, xuU,v=1),
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Prospects and Future Directions

Anti-symmetric representation. Mirror symmetry
Quantum 6j-symbolos for U,(sly) and their refinement

Colored superpolynomials of other non-torus knots

SU(N) analogue of WRT invariants and one-parameter deformations of
Mock modular forms.

refinement of colored Kaufmann polynomials
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