The Stokes theorem.

Theorem: (Stokes theorem)

Let f: D — R3 be a Cl=vector field on a domain D C R3.

LetE — p(K) be a surface in D, F C D, with parameterisationP — p(@
u € R? Let K C R? be a Green area. '

The boundary 9K is parameterised by a piecewise smooth C'—curve ¢ and
the image €(t) := p(c(t)) parameterises the boundary OF of the surface F.

The orientation of the boundary curve €(t) is chosen such that
n(c¢(t)) x ¢(t) points in the direction of the surface.

/Fcurl f(x) do = 72}/__ f(x) dx

Then we have
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Example.

Given the vector field

Gpf = (3‘L°’°JJT @) f(x,y,z) = (—y,x,—2z)"

...\7 X
and let the closed curvec: [0, 27] — R3 be parameterised by

¢(t) = (cost,sint,0)"  fir0<t<2rm
Then: {(‘H)/ - ("‘5"""", G, 0)

27
jq{ F(x)dx = /O (F(c(t)), &(t)) dt
o —sint —sint
— / < cost |,| cost >
0 0 0

21
= / (sin® t 4+ cos® t) dt = 27
0
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Continuation of the example.

We define a surface F C R3, bounded by the curve c(t):

1=
X COS (» COS Y
y | = sinpcosy | = p(p, 1) g
Z sin v

with (@, ¥) € 5_:’_[9:27T] X [O,w/gl, i.e. the surface F is the upper half
sphere. Ugp holfl shor_
Stokes theorem tells us:

/Fcurlf(x) do:yf F(x)dx = 2

c=0F

We have already calculated the right side, a surface integral of a vector

field:
7{ f(x) dx =27
c=0F

Ingenuin Gasser (Mathematik, UniHH) Analysis Il for students in engineering 181 /182



@t(]:. fl_@(e
P (ﬂ;w ) (ave) = [@A)<(a=]

9,
@%
77 D

Gutbe ([ EDree =




Completion of the example.

It remains a surface integral of a vector field:

/F?e’c;Qf(x) do = /K <2¢1Qf(p(cp,¢)), g:; X g:z> dpdap

Attention: the right hand side is an intergal over a domain.

We have curl f(x) = (0,0,2)" and

-4
2
COS (» COS* 1 X\ [&forf
% X ?: sin ¢ cos® 1 “:<1) '(“f “1
” [\90 v sin 1) cos v -t

Thus: - Z( 2] 1> o = ( (2 Griceiny dytp ~

w/2 27 /2
/Fcurlf(x) do = /o /0 2sin 1 cos ) dpd) = 27T/O sin(2y) dy = 27
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