Chapter 3. Integration in higher dimensions

3.3 Surface integrals

Definition: Let D C R? be a domain and p: D — R3 agCl—map

x =p(u) withx € R®andu= (u,w)" € D CR?

(u . (/l(“‘huz/
If for all u € D the two vectors r b luaithy )
op . op fsmal
o, O du ¢ =c{f) teps?
are linear independent, we call gﬁ_ fwdodw’i—

F = {p(u) [uec D}

a surface or a piece o surface. The map x = p(u) is called a
parameterisation or parameter representation of the surface F.
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Example |.

We consider for a given r > 0 the map [ iuc'g

r COS

p(p,z) = | rsing for (¢, z) € R,
z >

The corresponding parameterized surface is an unbounded cylinder in R3.

If we restrict the area of definition, e.g.
(p,2) € K :=10,27] x [0, H] C R?

we obtain a bounded cylinder of height H.

The partial derivatives

op —rsin g op 0
— = r COs : — =10
o 0 0z 1
~—"" -

of p(¢, z) are linearly independent on R?.
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Example Il.

Specul) o3¢
The graph of a scalar C*—function ¢ : D — R, D C R?, is a surface.

A parametrisation is given by

uy
p(ui, up) := U
Sp(ulv U2)
The partial derivatives
op L op 0
— = 0 , — = 1
(9u1 8uz

Puy S Pu,

T — L

are linear independent.
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The tangential plane on a surface.

The two linear independent vectors

op
—\u

u?) und o,

(9U1

are tangential on the surface F.

2

The two vectore span the tangential plane T,oF of the surface F at the

point x° = p(u).

The tangential plane has a parameter representation

ToF : x = xV +)\au O)—l—,u ( ))

"'a“j"“'
x=x’+ )¢

e

for A\, u € R.
m%dmvy'

Question: How can wie calculate the size of a given surface F7?
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The surface integral of a piece of surface.

c=c{{ / o¢ = |lcd Il \m,zw—

Definition: Let p : D — R3 be a parameterisation of a surface, and let K C D be
compact, measurable and connected. Then the "content” of p(K) is defined by
the surface integral A

-

W
(K) @0 _/ t?ul 3U2 (u)

du

du

We call
do := ||

(9U1 (U) " O 8u2 )

the surface element of the surface x = p(u).

Remark: The surface integral is independent of the particular parameterisation
of the surface. This follows from the theorem of transformation.

/e = lﬁp L /[ Slad = )%5; X %iu V1 (@ﬁ
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Example.

For the lateral surface of a cylinder Z = p(K) with

K :=[0,2n] x [0, H] C R?

and
r Cos
x=p(p,z):=| rsing for (¢, z) € R?
z
we obtain .
~A Sk 0 1t d

op % op —r ={|[noy | x o) :)] 1§ 1N

8%0 aZ o A o —
the value —

O(Z)LdoﬁﬂlzﬂAHrdzdwﬁ
(€ e
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Example.

If the surface is the graph of a scalar function, i.e. x3 = ¢(x1, x2), the for
the related tangential vectors we have

1 0 —
o, o, X
ookl BN I B el
X X:
' ° Px1 Pxo 1

Thus we obtain

H_X_ \/]‘—|_SOX1—|_S0X2

@Xl 8x2

and

O(p(K)) = / PR

= /\/1+90>2<1 + 5, d(x1, %)
K
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Example.

For the surface of the parabloid P, given by %

P:={(x1,x,x3) €R>|x3=2—x%—x5, x{ +x5 <2},

2 L o
we have @()/“/J‘e}t 2" Mg —ot :fc,g-z%:? 2 Ve
2 2 /I \ 7(
—I—X22<2 1 — , | ‘
7‘/] C(Xy ﬂ/ 'CS

ndn<35
PsLl 6»% V2 27 //Z 2

‘Nzé)\ — / / V1442 rdodr=7 | 1+4sds
0 0 = 0

= T [%(1 +45)3/2]: =T (2(27 - 1)> = EW_
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Remark.

For the vector product of two vectors a,b € R3 we have

U ¢ 2
(sl 5Z - |lax b|2 = a2[|b]? — (a,b)? e
— el Uit et = (oll T4 (= )

— (TN}
Thus we have ekt = /[9//([/61145‘44&‘?
o0 om|* ||| op > /o op\]
8x1 6X2 3X1 aXQ 8X1 ’ (9x2
If we define
ap ||° op Op .- ap ||°
= || — F .= = || ——
£ | Oxy || <8X1’ (9X2> G Oxo ||

we obtain the relation

do = EG — F2d(u1, up)
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Example.

For the surface element of the sphere N Q(K\s—ol A%z
> n Vx
2 T 3 .2 2 2 .2 y
S;={(x1,x,x3)" €eR’ | x{ +x3 +x3 =r°} 2 oS
. . . : . . X
we obtain using the parameterisation via spherical coordinates
— — )
X1 cos ¢ cos b -
F(cp/%: xp | =r| sinpcosf fir (¢,0) € [0,27] x [—5, E}
X sin 6 _ _
N )= ~
the relations
9 — sinp cos 6 9 — cos psinf
a—p:r cos ¢ cos 0 und a—g:r —sinsin @
1 0 cos 6
op
Thus we have , Z @5/”> 0/
”%,,p,[) - E=r%cos’), F=0, G=r? f“oo'l
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Continuation of the examples.

With
E=r’cos’d, F=0 G=r?

we obtain the relation

ﬂ VEG — F2du1,u2)‘§ ids

and therefore

do = r®cosfd(p,0) fiir (¢,0) € [0, 27] x [_gg}

————E——

We can calculate the surface of the sphere as follows

w/2 2w
{ O = /do—/ / rcos@dgpd@
S?2 —_—

W/j/z 47Tr /

— 27wr?sinf
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Surface integrals of scalar and vector fields.

Definition: Let x = p(u) be a Cl-parametrisation of a surface F = p(K),
where K C D is compact, measurable and connected.

@ For a continuous function f : F — R the surface integral of a scalar

field is defined as E Sf(‘é*?i)f%‘ld“

/Ff(x) do —/Kf(p u) Haul SLZ

du

@ For a continuous vector field f : F — R3 the surface integral of a

vector field is defined as I S({(cﬁ’)nl@ J
5, 5, T

/ f(x) do := / <f(p(u)), 851 x 85’2> du ;;«‘z
F " N=
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Alternative representation of surface integrals.

Othere representations of surface integrals of vector fields

The unit normal vector n(x) on a surface F is given by

o oo

8U1 8U2

_X_

8u1 8U9
Therefore we can write \(4‘61‘1(&)4* = SZK&’ $\> U Gl L4

Z,/Fi;gx) do /K<f(p(u)) 5—: X 5—52> du
s

B _ / (f(p(u)), n(p(u))) H_ 8 8_uz

e —
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n(x) = n(p(u)) = ‘

e

du




Interpretation of surface integrals.

Remark: <,
e If f(x) is the mass density of a surface with a mass distribution, the

the surface integral of the scalar field (mass density) gives the total
mass of the surface.

o If f(x) is the velocity field of a stationary flow, then the surface
integral of the vector field (velocity field) gives the amount of flow
_which passes the surface F per time unit, i.e. the flow of f(x) through
the surface F. 1

o If Fis a closed surface, i.e. surface (boundary) of a compact and
simply connected region (body) in R3, we write

]if(x) do bzw. ﬁf(x) do

The parameterisation is chosen such that the unit normal vector n(x)
Is pointing outwards.
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The divergence theorem (GauB theorem).

Theorem: (divergence theorem/GauB theorem) Let G C R3 a compact
and measurable standard domain, i.e. G is projectable with respect to all
coordinates. The boundary 9G consists of finite many smooth surfaces

with outer normal vector n(x).
If f: D — R3is a Cl-vector field with G C D, then

/Gdiv f(x) dx = ]éG f(x) do

Interpretation of the GaulBB theorem: The left side is an integral of the
scalar function g(x) := div f(x) over G. The right hand side is a surface
integral of the vector field f(x). If f(x) is the vectorfield of an
incompressible flow, then div f(x) = 0 and therefore

]éGf(x)do:O
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Example.

2
Consider the vector field \ T /7)(/

f(X) — X = (X17X27X3)T 2__————)\/

and the sphere K:

K:={(x,x,x3) €eR>|x}+ x5+ x5 <1}

We have
5 div f(x) =3 e =4
doe (CF ) [59N A gltmsdsdp ~ §almodosy= 1w
and thus ag'c 5<£f_§__)//ﬂ<_/il>€ﬁ' ¢ a§ .
{fs/o = /divf(x)dx:3-vo|(K):47T <3'§”
o K

The related surface integral can be calculated easily using spherical
coordinates.
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The Green formulas.

Theorem: (Green formulas) Let the set G C R3 satisfy the prerequisites
of the GauB theorem. For C%2—functions f,.g:D— R, GC D we have the
relations:

/(ng+<Vf Vg)) = 7{ f% do
8G on
347[ N A ) af ),
Jg
fAg — gAf)dx =
G( g — gAf)dx jéc o gan

We denote by
(V,Qm) = %(x) — Dy f(x) forxedG

the directional derivative of f(x) in the direction of the outer unit normal _
vector n(x).
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Proof of the Green formulas.

We set
F(x) = f(x) - Ve(x)

Then we have

VEx) = 2 (f. 08\, 9 (. 08), 9 (, 08
%LI\LM - (9X1< (9X1> + (9X2< an) + (9X3( 6X3)

= f-Dg+ (VF, Vg

Now we apply the GauB theorem:

G
-/
/(;(ng+<Vf,Vg>)dx = /GdlvF(x)dx:jéG<F,n> do

oy -Gy I ROCLL S

The second formula follows directely by exchanging f and g.
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