c
= g {&HX i 6&% (nolep oo~
C

it f=vp pedeafell = 5@%* Zzi‘:“:}lwf\
. [— (@./
&M€€ =0 (5 hecese, P’( v[ = 77{
lV( uﬂ(:o ol _D 1S §nyb el =D {‘-o#






Example.

We consider the vector field

f(x,y) = = —|1—y2 ( _i ) with (x,y)" € D =R?\ {0}

Calculating the curl gives

rl A _ 9 . + o A
N X  Ox \ x2 + y2 Ox \ x2 + y?

1 2x2 n 1 2y?
X2 _|_y2 (X2 _|_y2)2 X2 +y2 (X2 _|_y2)2

= 0

The curl of f(x, y) vanishes.
But f(x, y) has on the set D = R?\ {0} no potential.

The domain is not simply connected.
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The integral theorem of Green for vector fields in R?.

7 4 D
Theorem: (Integral theorem of Green) ],\,___%

Let f(x) be a Cl-vector field on a domain D C R?. Let K C D be
compact and projectable with respect to both coordinates, such that K is
bounded by a closed and piecewise Cl—curve c(t).

The parameterisation of ¢(t) is chosen such that K is always on the left
when going along the curve with increasing parameter (positive
circulation). Then: !

j{f(x)dx—/ curlfx)dx ‘]

The integral theorem is also valid for domains which can be splittet in
finite many domains which all are projectable with respect to both
coordinate directions, so called Green domains.

Remark:
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Alternative formulation of the integral theorem of Green I.

We have seen that the relation .
=)
f({(cet ) D = jq{ f(x) dx = j{<f,T> ds = ﬂ(@‘*) 'ﬁ%ylz{;,zo.r
bl C o o

holds, where T(t) = C(gn denotes the tangent unit vector.

With the intergral thoerem of Green we obtain

}/Kcurl f(x)dxngG,T}ds‘(

Is f(x) a velocity field, then the fluid motion described by f is curl free if

curl f(x) = 0, since

]{f(x)dx
On ovey :-4«. ¢ wheh e e lowde, o o
K whe anlf=0
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is the circulation of f(x).
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Alternative formulation of the integral theorem of Green Il.

If we substitute in the above equations the vector T by the outer normal vector

n= (T, — T1)T we obtain (Qr ( )> / (TZ)-——
(}é (f,n)ds = ﬁ (f1T3 f, T1)ds :<< _E ,TI'> ds
3 ) :

A Gre ok [ _£ \ —
:S((a)z(f)w( = m< i) o [

and thus the relation
ousS
®[ /dlvf(x)dx—j{ (f,n) ds]

If f(x) is the velocity field of a fluid motion, then the right side describes
describes the total flow of the fluid throu boundary of K. Therefore if
divf(x) = 0, then the fluid motion is is{source and sink free (or divergence freeP
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Back again to the existence of potentials.

Conclusion: If curl f(x) = 0 for all x € D, D C R? a domain, then we have

jq{f(x)dx:o D

for every closed piecewise Cl—curve, which surounds a Green domain
B C D completely.

Definition: A domain D C R" is called simply connected, if any closed
curve ¢ : [a, b] — D can be shrinked continuously in D to a point in D.

More precise: There is a continuous map for x° € D
P&&MMIQ“’M
AT 0

®:[a, b] x[0,1] = D "X

with{d)(t,gz c(t), for all t € [a, b] and|P(t,1) = x7 € D, for all

t € [a, b]. The map ®(t,s) is called a homotopy.
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Criteria for integrability for potentials.

Theorem: Let D C R” be a simply connected domain. A C!'-vector field
f : D — R" has a potential on D if and only if the integrability criteria

Jf(x) = (JF(x))" for allx € D

. . Jocoblon s Spwnet e’
are satisfied, i.e. if

Of  Of,

——~=—_L VY k
8XJ 8xk J:

Remark: For n = 2,3 the integrability criteria coincide with
rotf(x) =0

n=o A€ 5:_{ o
| 3“-(3,,51 sﬁ) 15 sp—ohe [ 26 [ =0 =ad{
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Example.

For x € R3\ {0} let the vector field be

2

( 4+sinz \ ﬁ\
r

f(X): |nr2_|_2L_|_2ey :A Withr2:X2—|—y2—|—22.

\ 2yz r* ‘g(

We would like to study the existence of a potential for f(x).

The set D = IR3\ {0} is apparentely simply connected. In addition we have
curl f(x) =0

Thus f(x) has a potential. e

Ingenuin Gasser (Mathematik, UniHH) Analysis Il for students in engineering 158 /182



Calculation of the potential.

P SR S |
We need to have:)f(i: Vgp()@ Thus: A =xth *t
2
g—f = fi(x,y,z) = % + sin z

. . . . . YA 2}. L
By integration with respect to the variable x we obtain a,‘@ ")) 1%

BTN S
p(x) =ylnr® + xsinz + c(y, z)

with an unknown function c(y, z).

Pluging into the equation

2 2
——f2(xy, z)=Inr? +L2—1—zey
r
gives
oc Dy
= Inr? + Inr2—|—L ze”
= \0y, r?
—/
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Calculation of the potential (continuation).

From this we get the condition

dc
dy

— zeY

and therefore
cly,2) = z¢¥ + d(2)

for an unknown function d(z). So far we know:

©(x) = yInr? 4 xsinz + ze¥ +(d(z)

The last condition is

Dy

2
—2—\11-i+)(ln{ +e.7+0\@ = — =f3(x,y,z) = yz
3

=7 y
B P + e’ + xcosz

Therefore d’(z) = 0 and the potential is given by

gp(x):ylnr2+xsinz+zey+@ forc e R
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Chapter 3. Integration in higher dimensions

3.3 Surface integrals

Definition: Let D C R? be a domain and p: D — 1&3 a Cl-map

Ti: p(u& witl@é R> and (l:: (uq, uz)7€ D C R?

If for all u € D the two vectors

o g 9P
8U1 8UQ

are linear independent, we call
F:={p(u)[ue D}

a surface or a piece o surface. The map x = p(u) is called a
parameterisation or parameter representation of the surface F.
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Example |.

We consider for a given r > 0 the map .
L qclo&o[

r COS

p(p,z) = | rsing éor (p,2) € sz
4 @ﬁé} < (q?u]x‘Z

The corresponding parameterized surface is an unbounded cylinder in

If we restrict the area of definition, e.g.

(p,z) € K ::\[0,27T] x [0, H] C Rzﬁ(

we obtain a bounded cylinder of height H.

The partial derivatives . \
op —rsin g 9p 0 YT
L — L 0
9 rcgsgp : 9, ; >,<

——

of p(¢, z) are linearly independent on R?.
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