Another example.

g : @2 — €
Consider the equation g(x,y) = ¢ +3y + x> —1=0.
It is 5
ag(xy)—eyx+3>0 for all x € R.
y

Therefore the equation con be solved fpr every x € R with respect to|y =: f(x)
and f(x) is a continuous differentiable function. Implicit differentiation ives

4 [ ool = P
ey 1) +3y +2x=0 = y' =

ey * — 2x
ey *+3

leFerentlatlng again glves

elx( e (x( _/’/—(—37 vée =5 2 y=x(y — 1)2
ey~ Xy”—l—ey_x(y’—1)2—|—3y"—1—2:0 — _y//:— +eey—X({/|_3_ )

But: Solving the equation with respect to y (in terms of elementary functions) is
not possible in this case!
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general remark.

Implicit differentiation of a implicitely defined function

0
g(x,y) =0, —g # 0

y = f(x), with x,y € R, gives O 5(@)%7@7/)?%%#2%#(:3
8x
fllx) = == o
(x) Z,
f”(X) _ _gxxg)% — 2gxygxgy —I—gyygf

( ﬁ(’%ﬁ’o .

== S Q‘*c‘/o) B
Therefore the opint xV is artatlonary pomt/B f(x) if f ’

g(x°,y”) T Iand g(x°,y%) # 0 VSZZ(%

And x° is a local maximum (mlnlmum) '

" _ﬂ}’ﬂygy@ﬂ, - gXX(X ayo) (bz gXX(XoayO)

W. <0
Nk gy (xY, y0 ) g, (x%, y9) )

Analysis Il for students in engineering

<

Ingenuin Gasser (Mathematik, UniHH) 73 /155



z "o
O = jx;/ NZf>A7£>j ‘P\SLW —*gf,z_ + \SO'Y ,-F

P4

—= oo J’XXﬂZ ~Z g Su5< + Fyrfx
> f = R
Sy



Implicit representation of curves.

f ﬂz— ﬁ/’
ODCVJ)/ X &) =0 ()57)"{9@)

g(X7y):O (3()‘7/ “*7 -\ =0
If éz;

gradg = (&x,8y) #7 0
then g(x, y) defines locally a function y = f(x) or x = f(y).

Consider the set of solutions of a scalar equation

Definition: A solution point (x°, y°) of the equation g(x, y) = 0 with
o grad g(xY, y°%) # 0 is called regular point,
o gradg(x%, y¥) = 0 is called singular point.

$0 &

ex
Example: Consider (again) the equation for a circle f/w‘f’-‘(z7} N

g(x,y):x2+y2—rZ:O mit r > 0.

on the circle there are no singular points!
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Horizontal and vertical tangents.

Remarks:

a) If for a regular point (x°, y%) we have Vﬁ\/@() 7 j’jﬂ%
7 .
Y

g(x®) =0 und g,(x°) #0 /:i 5 - —5)7 o v

then the set of solutions contains a horizontal tangent in x°

b) If for a regular point (x°, y°) we have X ”—F[// V=
gX(xO) #0 und gy( —0 Y(\// 7/73

then the set of solutions contains a vertical tangent in x°.

c) If xY is a_singular point, then the set of solutions is approximated at xY “in
second order” by the following quadratic equation

B (X7)(x = Xx7)2 + 28 (X°) (x = x°)(y = ¥°) + g, (x°)(y —¥")* =0

M- M

01&&”7): (ms - ﬁf({ﬁ@%j A (56 790 (fm e >(m; (7,79) + o

f% JSyu—
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Remarks.

Due to c) for g, 8y, &y 7 0 we obtain:

detHg(x°) >0 : x%is an isolated point of the set of solutions

det Hg(x") <0 : x%is a double point

det Hg(x’) =0 : x%is a return point or a cusp

Geometric interpretation:

a) If detHg(x%) > 0, then both Eigenvalues of Hg(x®) are or strictly positiv or
strictly negativ, i.e. x? is a strict local minimum or maximum of g(x).

b) If det Hg(x") < 0, then both Eigenvalues of Hg(x") have opposite sign, i.e.
x? is a saddel point of g(x).

c) If detHg(x%) = 0, then the stationary point x° of g(x) is degenerate.

Ingenuin Gasser (Mathematik, UniHH) Analysis Il for students in engineering 76 / 155



{6(‘7} = Y2¢7£ =0 7)) =(a%)

fwﬁfr?(é} =o ok (as) = Stpdls -

Hp = (é @2) dob Foloo) 20 el o
$k = -5 =0 (.70 = (@0) .
;Mf:z(x):o s (00) sepbo ot —
H(Q 2,) sk Hp (o) 2o dnlleie

f{‘/ﬂt XZ o) (,70) = €~ ( 4
pely = 2({) —o b fis N



Example 1.

Consider the singular point x° = 0 of the implicit equation

glxy) =y’ (x )+ (x—2)=0  p(%]=”

Calculate the partial derivatives up to order 2:

gx = y2+3X2—4X RSN N
61-(2)
fﬂ(ﬂ g = 2y(x-1) W()DC (

Bxx — ox — 4
Mj xy — 2)/
gy = 2(x—1)
Hg(0) = ( ‘3 _(2) ) ot >0

Therefore x° = 0 is an isolated point.
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Example 2.

Consider the singular point x° = 0 of the implicit equation f(o 5

g(x,y) =y (x = 1) +x*(x+¢*) =0

Calculate the partial derivatives up to order 2:

g = ¥ 43¢ +2x W(f@r(f) Sl

8y — QY(X — 1)
8xx = 6x + 2q2
Exy — 2y
gy = 2(x—1)
2q2 0 d%Z,ZM
Hg(0) = ( % _2) b ff <2

Therefore x° = 0 is an double point.
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Example 3.

Consider the singular point x° = 0 of the implicit equation

glx,y) =y (x—1)+x*=0 f(%o)’” %

Calculate the partial derivatives up to order 2:

& = y°+3x° ;Nldp[%)t@o/ Sipoy

8y — 2)/(X - 1)
Sxx = bx
Exy — 2y
gy = 2(x-1)
0 0 =0
Hg(0) = ( 0 o ) el 1

Therefore x° = 0 is a cusp (or a return point).
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Implicit representation of surfaces.

@ The set of solutions of a scalar equation g(x,y,z) =0 for gradg # 0 is
locally a surface in R3.

@ For the tangential in x° = (x%,y0, z2%) T with g(x°) = 0 and grad g(x°) #0"
we obtain by Taylor expanding (denoting Ax? = x — xY)

f[{y :

+ gradg - Ax° = g (x)(x — x°) + &, (x°)(y — ¥°) + &:(x°)(z — 20) = 0
i.e. the gradient is vertical to the surface g(x, y,z) = 0.
o If for example_gi(ﬂgthen locally there exists a a representation at x°

of the form g

Z:f(xv)/)

and for the partial derivatives of f(x, y) we obtain

1 8x 8y
grad f(x,y o, |\ —(gx, 8y) = (——,—)
(x,y) = (f, fy) = gz( y) . .

using the implicit function theorem.
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