Chapter 1. Multivariate differential calculus

1.3 Mean value theorems and Taylor expansion

Theorem (Mean value theorem): Let f : D —(R be a scalar differentiable
function on an open set D C @ Let a,b € D be points in D such that the
connecting line segment

[a,b] :={a+t(b—a)|t €[0,1]}
lies entirely in D. Then there exits a number 6 € (0,1) with
)‘f(b) — f(a) = grad f(a+ 6(b —a)) - (b — aﬂ
AL Mt WL = (et ) Gty
h(t):=fla+tb-a)  ho={& L=k

with the mean value theorem for a single variable and }?efhain rules we conclude
%@/ V4

F(b)— F(a) = h(1)— h(0)Z H(0)-(1—0)

o fa oA (b
= ‘gradf(a+60(b—a))-(b—a)
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Proof: We set
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Definition and example.

med T
Definition: If the condition [a,b] C D holds true for all points a,b € D,
then the set D is called convex. "

Example for the mean value theorem: Given a scalar function

f(x,y) :=cosx +siny e = (6,0]

> f;‘f{/
F0.0)= fln/27/2) =1 = f(x/2,7/2) - £(0,0) = 0 = {lo-fier

Applying the mean value theorem there exists a 6 € (0, 1) with

g”“df(@( 2)) ( "2 ) =0 = gl flalee)lcd

Indeed this is true for 6 = = g o/ [T _@/
2 2
iz (r“ _0
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It Is







Mean value theorem is only true for scalar functions.

Attention: The mean value theorem for multivariate functions is only true

for scalar functions but in general not for vector—valued functions!
2talal TUReLions

Examples: Consider the vector—valued Function {—B ~—= [

fm:(ﬁi)’ oAb € ﬂ?Cﬁ)

tis @7 © 74

e, = = () -(5)=(1) G
%nd i si<() /ﬁ;

Ty (T [ —sin(6m/2) W( H
{/(Dlm@:ﬂ]) @Q'Z - i@ (E ) O> T2 ( cos(07/2) ) //Z o / e
J€ 2e A / dep. o
BUT: the vectors on the right hand side have Ienght V2 and w/2 |

A4 =17 < Wefell, € IF6T) -olfl,= T < 1.
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A mean value estimate for vector—valued functions.
aQ_MdL WDV\S&Db\

Theorem: Let f : D — R™ be differentiable on an open set D C R”. Let
a, b bei points in D with [a,b] C D. Then there exists a 6 € (0,1) with

[(b) — F(a)ll2 < [ F(a+ 6(b — @) - (b —a)

h X'n HQ)LM h ([Q,fq()j

Idea of the proof: Application of the mean value theorem to the scalar function
g(x) definid as

g(x) := (f(b) — f(a)) " f(x) (scalar product!)

Remark: Another (weaker) for of the mean value estimate is

[f(b) — f(a)|| < sup [[JF(E)) - [I(b—a)]
£€la,b]

where || - || denotes an arbitrary vector norm with related matrix norm.
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Taylor series: notations.

n=24

We define the multi-index o € Nj as vl co0  (4d) =0

a:=(a1,...,a,) €Nj %/())
2 - D7
83//[
Let =S S
"2

ol =a1+ -+ ap al i =aq! -l
[e1

Let f : D — R be |« times continuous differentiable. Then we set

D¥%= D{ Dg? DO‘7‘= ot @.1)
L7 o oxt L Oxgn W2
vl
where D = D;... D;. We write D" S
oz,:rrnal B(o,z):%;
XY = X7 Xy 2 X forx = (x1,...,x,) € R".
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The Taylor theorem.

Theorem: (Taylor) Stallon
Let D C R”be open and convex. Let f : D — R be a C™T1—function and
Xg € D. Then the Taylor—expansion holds true in x € D

f(x) = Tm(x;x%0)+ Rm(x;x0)
Tm(X; Xo) _ Z DQ(Z(IXO) (X . XO)OA
la|<m '
Rm(x; xo) _ Z Daf(XO ‘|‘Cﬁ(x — XO)) (X B Xo)a
|a|=m+1 '

for an appropriate 6 € (0, 1).

Notation: In the Taylor—expansion we denote T,,(x;xg) Taylor—polynom of
degree m and R,(X;Xo) Lagrange—remainder.
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Derivation of the Taylor expansion.

We define a scalar function in one single variable t € [0, 1] as

—

g(t) ;== f(xo + t(x — xq))

and calculate the (univariate) Taylor—expansion at t = 0. It is

)
/ ]' /!
] = 81)=5(0)+£(0) (1-0)+ 5¢"(6) (1-0)" forage (01)
T T,(%%)
The calculation of g’(0) is given by the chain rule
g'(0) = %f(x? +t(xy — xP), x5 + t(xo — x39), ..., X2 + t(x, — x°)) -
chow wle = Dyf(xg) - (1 — x0) + ...+ Daf(x0) - (0 — x0) = et s b )
Do f
= D @(IXO) - (X = x0)"
|la|=1 '
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Continuation of the derivation.

Calculation of g”(0) gives

d2

g’"(0) = —af (X0 + t(x = x0))

d n
_ g D, £(x° 4+ t(x — x° B o‘
- dt; (f (4t = xT)) 0 = xie)|

= Dif(xo)(x1 — x7)° 4+ Do f(x0)(xa — x7) (2 — x3)

-
A G- e
—|'...—|—D,'jf(Xo)(X,'—X,-O)(XJ'—XJQ)—I—...—I— 2

‘|'Dn—1,nf(X0)(Xn—1 — Xg—l)(xn - Xg) + Dpnf (x0)(Xn — X’(7))2)

D> f
— Z EXO) (x — x0)° (exchange theorem of Schwarz!)
a!
|a|=2

Continuation: Proof of the Taylor—formula by (mathematical) induction!
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Proof of the Taylor theorem.

The function
g(t) == F(x° + t(x — x°))

is (m + 1)—times continuous differentiable and we have

m (k) (m+1)
Z (O g () for a 6 € [0,1].
—~ (m+1)!

In addition we have (by induction over k)

(k) af(x
g (O) _ Z D f( 0) (X—XO)a

K ol
o=k

and

g0) s D0 (o

| |
(m-+1)! Wl o1
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Examples for the Taylor-expansion.

© Calculate the Taylor—polynom T,(x; Xxq) of degree 2 of the function
f(x,y,z) =xy°sinz
at (x,y,z) =(1,2,0)".

@ The calculation of T»(x;Xg) requires the partial derivatives up to
order 2.

© These derivatives have to be evaluated at (x, y,z) = (1,2,0)".

@ The result is T(x;Xp) in the form
To(x;x0) =4z(x+y —2)

@ Details on extra slide.
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Remarks to the remainder of a Taylor—expansion.

Remark: The remainder of a Taylor—expansion contains all partial
derivatives of order (m + 1):

Rm(x; XO) _ Z DOéf(xO + Q(X — XO)) (X . xo)a

!
|a|=m+1
If all these derivative are bounded by aconstant C in a neighborhood of xg then
the estimate for the remainder hold true ek J possibl e
a

nm—i—l
C [[x = xollZ™

(m+1)!

|Rim(x; x0)| <

We conlude for the quality of the approximation of a C™t!—function by the

Taylor—polynom
/@x) = Tm(X;%0) + O (|lx — onm+ﬁ

Special case m = 1: For a C°—function f(x) we obtain

f(x) = £(x°) + grad £(x%) - (x — x°) + O(||x — x°||?).
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The Hesse—matrix.

The matrix

( faxa(X0) o faxa(Xo0) \
Hf(XO) L=

\ fxnxl(XO) fxnxn(xO) )

Is called Hesse—matrix of f at Xp.

Hesse—matrix = Jacobi—matrix of the gradient V{

The Taylor—expansion of a C3—function can be written as

[f(x) = f(xo) + grad f(xo)(x — xg) + %(x —x0) Hf (xq)(x — xg) + O(||x — xqo||*)

The Hesse—matrix of a C?>~function is symmetric.
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