Directional derivative. |
Defmltlon Let f - 52“—> R, D C R” open, x? € D and vV E R\{O} a

vector. Then : g \ : 0) AT YA gy SV
f(x" 4+ tv) — f(x VAL ]

0 - P - ' { :; ‘!g

Dy f(x") = t!lrrg) g O, fx°) -%t‘*&

is called the directional denvatlve (Gateaux—derivative) of f(x) in the
direction of v.

Example Let f(x,y) =x*+y? and v = (1,1)7. Then the dlrectlonal ;\
derivative in the direction of v is given bﬂ \ -
| ¢ ;

?
(x +4t)2 + (y +4£)% — x? — y? M- "’":e

- =

e f =2 ¢

2xt + t? + 2yt + t2

= . lim |
| t—0 t \D%‘((f) " ‘%6"”7) =E,ZV"7,.
= 2(x+y)
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Remarks.

o

@ For v = e; the directional derivative in the direction of v is given by the @, 1“1
partial derivative with respect to x;:

of
(x”)

OX;

D, f(x°) =

@ If v is a unit vector, i.e. ||v|]| = 1, then the directional derivative D, f(x°)
describes the slope of f(x) in the direction of v.

o If f(x) is differentiable in x% then all directional derivatives of f(x) in x°
exist. With h(t) = x® 4 tv we have

— eV o] x®

( )L*‘d(f h)|.— o—lgradf(_) v

This follows directely applying the chain rule. |

< d \ ) [ / .

~a? ‘} . \f Al ol B4 :&:a ) , . L{Q“»’
¥ b £6ethy) ¥ ﬁ,, £(x+t *51\« [ty | )|
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Propertles of the gradlent

Theorem: Let D C " open, f : D - R differentiable in x° € D. Then we have
a) The gradient vector grad f(x%) € R" is orthogonal in the level set
» Ny :={x € D|f(x) = f(x°)}
In the case of n = 2 we call the level sets contour lines, in n = 3 we call the

level sets equipotential surfaces.

2) The gradient grad f(x°) gives the direction of the steepest slope of f(x) in

0
&)‘N\& ‘\vm‘* “jﬂ \Se *g\qﬁL\.L’, is a-m. W',,.; 4‘-‘ In Y.

X",
;-;’éwl‘ t’;ﬁ& ¢ oo &(@,D-»O‘fdgfﬂ\[/

a) application of the chain rule.

Idea of the proof:

-

b) for an arbltrary dlrectlon v we conclude with the Cauchy—Schwarz inequality

,v’” 0 0 0
Dy ()| = [(grad £(°).v)| < llgrad F(x)]allul,

Equality is obtained for v = grad f(x%)/||grad £(x°)]]>. e
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Curvilinear coordinates. | |

Definition: Let U,V C R” be open and ® : U — V be a C'-map, for
which the Jacobimatrix J®(u®) is regular (invertible) at every u® € U.

In addition there exists the inverse map @1 : V — U and the inverse map
is also a C'=map.

Then x = ®(u) defines a coodinate transformation from the coordinates u

Nrme,

to x. _ C’://?_’k

Example: Consider for n = 2 the polar coordinates u = (r, ) with r > 0
and —m < ¢ < 7 and set A

I

X r COS

5 rsin @

with the cartesian coordinates x = (x, y).
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Calculation of the partial derivatives.

For all u € U with x = ®(u) the following relations hold

% i B ¢ Hd(u) = u
JO™(x) - Jd(u)

I, (chain rule)

CJoTH(x) = (Jo(u)!
Let f : V = R be a given function. Set
' 066 = f(u) = F(o(u)) = {4

the by using the chain rule we obtain

ou;
with
gij .
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Notations.

We use the short notation

}:g 3)9

Analogously we can express the partial derivatives with respect to x; by the
partial derivatives with respect to u;

@X, Z o (9
=1

where i
(g5) = (g") ' =(@®) T =(o )T
We obtain these relations by applying the chain rule on 1,
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We consider polar coordinates

x=o(u = (19

rsin @

We calculate

sotw= (0 75 )

sinp  rcosp
and thus QM,}T . R | (J“\)-T

e | ( cose  sing \ | ( Cos —%Si“SO \
il B R (&7) =
S\ ersing reose ) g Leosy )




e opersremes




Partial derivatives for polar coordinates

The calculation of the partial derivatives gives
. CoS 0 s sin $ '3
FaddEri AT BT TR L :
Ox Cor 7t Spﬁgp & :

sin @ = 1
8[’

L
By

COS 4 XV >
5 (B
D

Example: Calculation of the Laplacian—operator in polar coordinates
?

/
0% s g sin(2p) 2 N sin® ¢ §2 N sin(ip\) s,
ox2 _:_ﬁ_@; 2. Ordyp

.
~ 0
2R) 0 sin” ¢
/Q\M Lt >
e 0? +sin(2gp) 0?

i R i cos® ¢ O
— " sif —
Dy? foa ~(’0(9r2 2r Ordy r?__0p? re Oy
02 - 02
A = > T 52 = 3,2
Ox oy

sin(2<,\b») 0
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We consider spherical coordinates

(rcoscpc,osé’\
x=®(u)=| rsinypcosh

K rsin@ /

The Jacobian—matrix is given by:

(cos'gocosﬁ —rsinpcosf ——rcoswsin@\

J®(u)=| sinpcosd rcospcosf —rsinpsinb

\ sin 6 e ) Sieds Sreast /




Partial derivatives for spherical coordinates.

Calculating the partial derivatives gives

0 o s 0 sinp 0 1 ) 9 9 0
— = co S - — — COS © SIn
Ox z Or rcos Op r 4 00
g Si cos@a Sk 2 1sn sn@a
oy i 6r - rcosf Oy r i 00
o, @ =4 i 0
— = sm9——|——cos«9——
gz or 06
Example: calculation of the Laplace—operator in spherical coordinates
Bl \" | \“ ‘.A—— 82 a 1 82 1 1 82 +g_(rz_tan‘9 0
Satsatin AT Or? ~ r?cos?f 0p?  r2 902  r Or r2 00
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