Chapter 1. Multivariate differential calculus .

1.2 The total differential \ th Jhl\gﬁ wh wi@" ?;'aj;gsi;f}’

Definition: Let D C R” open, x° € D and f: D — R™. The function f(x)

is called differentiable in x° (or totally differentiable in xq), if there exists a
linear map

I(x, x°) : A-(x —x°)

- with a matrix A € R™*" which satisfies the following approximation
property
f(x) = f(x°) + A - (x = x°) + o(||x — x°||)

i - f(x) — f(x°) — A - (x — x0)

x>0 Ix —x?|

= (.
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Notation: We call the linear map | the differential or the total differential
of f(x) at the point x°. We denote | by df(x )

The related matrix A is called Jacobi~matrix of f(x) at the point x¥ and is
0 _

denoted by J fgx ) (or Df(x%) or /(x)).

Remark: For m = n = 1 we obtain the well known relation

f(x) = f(x) +f'£X0)(X —x0) + o(]x — xo|)
(121)
for the derivative f/(xg) at the pomt X0.

Remark: In case of a scalar function (m = 1) the matrix A = a is a row

_, vextor and a(x — xY) a scalar product (a”,x — x9). A L
‘ Ly
“‘4 N’-_!—-h\ g f4 ;.
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~ Total and partial differentiability.

Theorem: Let f: D — R™, x% € D c R”, D open.

a) If f(x) is differentiable in x°, then f(x) is continuous in x°.

b) If f(x) is differentiable in x°, then the (total) differential and thus the
Jacobi—-matrix are uniquely determined and we have

of of
M X 1,.0 1,0
] axl(") aXn<x>\
JF(x%) = | ;
of
O m./ 0
\ (9x1 j~ ' BX,, ( ))
Er i

( Dfl(xo) \

\ Df,(x0) /

c) If f(x) is a Cl—funct|on on D, then f(x) is differentiable on D.
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- Proof of a).

If f is differentiable in x°, then by definition

' _Ff(v0Y A (v _ 0
- f(x) — f(x°) A (x — x“) 5
x—x0 HX——XOH
Thus we conclude
lim ||f(x) — f(x°) = A - (x —x%)|| = 0
x—>x0 SR ‘ ‘

and we obtain
, A

IR0~ O] < () = F) — A (x— <) + A (x|

-5 () as X — XO | “"UB'!’(“K“EH

- ()

Therefore the function f is continuous at x°.
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Let x =x%+ te;, [t| < e, i€ {1,...,n}. Since f in differentiable at x°, we
have
f(x) — f(x) — A - (x — x9)

li =)
s Ix — X0/
- We write X-Xg 2 ‘!’Q\‘ IIX-?:"{’;’,:, = lﬂ
f(x) — f(x°) — A - (x — xO) _T{f(xo + te;) — f(x°)) tAe;
Ix — %[ |t + el
0 0 0
F f ) P
_ b (X + tej) — f(x) A
| | t] t
— 0 ast— 0
2F ;
Thus oo o o  olon o 4
. 0 ) 0 .
lim f(x i fer) 7 Fx) = Ae; e
t—0 t
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® Consider the scalar function f(x1,x) = x;€22. Then the Jacobian is given N>
by: ! WA
AXY I(aia) = DF(x, ) = #2(1,2x) = (3, 3 |

@ Consider the function f : R3 — R? defined by

A X1X2X3
f(x1,x,x3) = _
sin(x1 + 2x2 + 3x3)

The Jacobian is given by

32 :af; | / BE- " af . 9F \
%3 ‘
ox1  Oxo Ox3 X2X3 X1X3 X1 X2
Jf(Xl,XQ,X3) = _ = ,
of, 0f 0Ob cos(s) 2cos(s) 3cos(s)
\_ (9X1 8x2 (9X3 )

with s = xy + 2x> + 3x3.
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o Let f(x) = Ax, A € R™" and x € R". Then {@)'h'

' &“1"4" ™
J(x)=A forallxeR" S
o Let f(X)—xTAx—<x Ax), AE]Rnxn andxeRn F: s
Then we have ‘ A ] -
" of _
o =& g (e;, AX) + (x, Ae,)
1Hh olom.: '
€

A '
| c.&t _(erh’ﬂ' A
e Ax—l_xTAe,

We conclude

T(AT "l‘ A)el

'“\"““vl gru
Jf(x) = gradf(x) = x" (AT + A)

il

jigt

o (>



| Rules for the dlfferentlatlon

Theorem

‘a) Linearitat: LET f, g : D — R™ be differentiable in x° E D, D open. Then
af(x?) + Bg(x°), and a, B € R are differentiable in x° and we have

d(af + Bg)(x°)

Jof +62)() = alf(x®)+ Blg(x)

a df(x?) + g dg(x°)

b) Chain rule: Let f: D — R™ be dlfferentlable in x% € D, D open. Let
g : E — R* be differentiable in y° = f(xo) € ECR™, E open. Then go f is
_differentiable in xO ~

For the dlfFerentlaIs It holds

d(g o f)(x°) = dg(y°) o df(x°)

and analoglously for the Jacobian matrix

J(g o F)(x°) = Jg(y°) - JF(x)
KXW Kxw Mxn
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Examples for the chain rule.

Let / C R be an intervall. Let h : | — R” be a curve, differentiable in

to € | with values in D CR" Dopen. Let f: D — R bea scalar functlon

differentiable in x° = h(ty). ‘ h: ¢? -?L foh: £
1

<hpergd
Then the composition £ L

(Foh)(t) = F(hu(t), ..., ha(t))

s differentiable in ty and we have for the derivative:

(foh)(to) = Jf(h(t)) - Jh(to)
. A% w WA

= gradf(h(t)) - h'(t)

= Z (h(to» H(t0)

k= 1
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