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The concept of the optical flow 01

Problem formulation:

• Find to a given image sequence { I(s, t) } , 0 6 t 6 T , a field of displacements ( X1(s, t) , X2(s, t) ), which

leaves the greyscale values invariant:

I(s1, s2, t) = I( s1 −X1(s, t) , s2 −X2(s, t) , 0 ) , 0 6 t 6 T ,

X1(s, 0) = 0 , X2(s, 0) = 0 .

• The optical flow
(
(X1)t(s, t) , (X2)t(s, t)

)
=
(
x1(s, t) , x2(s, t)

)
is the associated velocity field:

Is1(s, 0) · (X1)t(s, 0) + Is2(s, 0) · (X2)t(s, 0) + It(s, 0) = 0 .

Numerous applications:

• Video data compression: [Hinterberger/Scherzer 2001 ]

• Automatic retouching of movie sequences: [Grossauer 2006 ]

• Depth from stereo: [Slesareva/Bruhn/Weickert 2005 ]

• Extraction of object and motion informations in traffic monitoring, robotics, medicine: [Brox/Bruhn/

Weickert 2006 ] , [Talukder/Matthies 2004 ] , [Kumar et al. 2001 ] , ...
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Determining optical flow by variational methods 02

• For a given pair of images I(s, tN ), I(s, tN+1) with ∆t = tN+1 − tN = 1, the optical flow constraint reads

with reference to tN as

Is1(s, tN ) x1(s) + Is2(s, tN ) x2(s) + It(s, tN ) = 0 ∀ s ∈ Ω .

• Regularization by variational methods:

(V)1 : F (x1, x2) =
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2

ds

+µ ·
∫

Ω

r(s,∇x1(s),∇x2(s)) ds −→ inf ! ; (x1, x2) ∈ W
1,p
0 (Ω,R2)

with 1 6 p < ∞, I ∈ W
1,∞
0 (Ω × ( tN − δ , tN+1 + δ ) , R), µ > 0 and r ∈ C

2(Ω × R4 , R).

• The objective consists of defect minimization term and regularization term with regularization parameter µ.

• The gradients are related to s1 and s2 only; the dependence on t = tN has been dropped in notation.



Edge detection within optical flow 03

First possibility: Variational problem with Ambrosio-Tortorelli functional

(V)1 : F (x1, x2) =
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2

ds

+µ ·
∫

Ω

r(s,∇x1(s),∇x2(s)) ds −→ inf ! ; (x1, x2) ∈ W
1,p
0 (Ω,R2)

• k(s) ≈ 0 if s ∈ Ω belongs to an edge within (x1, x2), else k(s) ≈ 1.

Second possibility: Optimal control reformulation

Add to (V)1 a convex constraint for ∇x1 and ∇x2:

(V)1 : F (x1, x2) =
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2
ds

+µ ·
∫

Ω

r(s,∇x1(s),∇x2(s)) ds −→ inf ! ; (x1, x2) ∈ W
1,p
0 (Ω,R2)

• Interpret as “edges” those subsets of Ω where the control restriction is (nearly) active.
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(V)2 : F (x1, x2, k) = c1(ε)
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2

ds

+ c2(ε)
∫

Ω

( ∣∣∇x1(s)
∣∣2 +

∣∣∇x2(s)
∣∣2 ) · ( k(s)2 + c4(ε)

)
ds

+ c3(ε)
∫

Ω

(
ε ·
∣∣∇k(s)

∣∣2 +
1
4 ε

(
1− k(s)

)2 )
ds −→ inf ! ; (x1, x2, k) ∈ W

1,2
0 (Ω,R2) × W

1,2
0 (Ω,R)
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(V)2 : F (x1, x2, k) = c1(ε)
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• k(s) ≈ 0 if s ∈ Ω belongs to an edge within (x1, x2), else k(s) ≈ 1.

Second possibility: Optimal control reformulation

(P)1 : F (x, u) =
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2

ds

+µ ·
∫

Ω

r(s, u11(s), u12(s), u21(s), u22(s)) ds −→ inf ! ; (x, u) ∈ W
1,p
0 (Ω,R2) × L

∞(Ω,R4) ;

Jx(s) = u(s) (∀) s ∈ Ω ;

u ∈ U =
{

u ∈ L
p(Ω,R4)

∣∣ ∣∣u11(s)
∣∣q +

∣∣u12(s)
∣∣q +

∣∣u21(s)
∣∣q +

∣∣u22(s)
∣∣q 6 Rq (∀) s ∈ Ω

}
.

• Interpret as “edges” those subsets of Ω where the control restriction is (nearly) active.

Add to (V)1 a convex constraint for ∇x1 and ∇x2:



Dieudonné-Rashevsky type control problems ... 04

Problem formulation:

(P)0 : F (x, u) =
∫

Ω

f(s, x(s), u(s)) ds −→ inf ! ; (x, u) ∈ W
1,p
0 (Ω,Rn) × L

p(Ω,Rnm) ;

Jx(s) =
( ∂xi

∂sj
(s)
)

i,j
=
(

uij(s)
)

i,j
(∀) s ∈ Ω ;

u ∈ U =
{

u ∈ L
p(Ω,Rnm)

∣∣ u(s) ∈ K (∀) s ∈ Ω
}

Analytical framework:

• Dimensions: Ω ⊂ Rm, n > 1, m > 2.

• Integrand: f(s, ξ, v) : Ω×Rn×Rnm → R — L
∞ in s, and C

1 in all ξi and vij .

• Control restriction: K ⊂ Rnm — convex body with o ∈ int (K).



... and their properties 05

• Existence of global minimizers: (see [Pickenhain/Wagner 00 ] and [Dacorogna 08 ] )

If f(s, ξ, v) is convex in the last argument v and obeys a growth condition of the type∣∣ f(s, ξ, v)
∣∣ 6 ϕ1(s) + ϕ2( | ξ | , | v | ) (∀) s ∈ Ω ∀ (ξ, v) ∈ Rn ×K

with ϕ1 ∈ L
1(Ω,R), ϕ1(s) > 0 (∀) s ∈ Ω, and ϕ2 ∈ C

0(Rn×K , R), ϕ2( | ξ | , | , v | ) > 0 ∀ (ξ, v) ∈ Rn ×K
where ϕ2 is monotonically increasing in | ξ | as well as in | v | then (P)0 admits a global minimizer.

• Properties of minimizing sequences:

They contain subsequences { (xN , uN ) } , which converge to a global minimizer uniformly in x and weakly∗ in u.

• Important consequence:

Application of direct methods to convex problems of the type (P)0 is in principle justified.



Numerical solution of Dieudonné-Rashevsky type problems 06

• We first discretize, then optimize:

— Domain: Ω is represented by (K × L) pixels with edge length 1.

— Variables: 2KL state variables x
(1)
kl , x

(2)
kl and 4KL control variables u

(11)
kl , ... , u

(22)
kl .

— Objective: Discretization by trapezium rule.

— Derivatives: forward Euler differences with h = ∆t = 1(
u

(11)
kl u

(12)
kl

u
(21)
kl u

(22)
kl

)
=

(
x

(1)
k+1,l − x

(1)
k,l x

(1)
k,l+1 − x

(1)
k,l

x
(2)
k+1,l − x

(2)
k,l x

(2)
k,l+1 − x

(2)
k,l

)
∀ k, l .

— Control restriction:

0 6
∣∣u(11)

kl

∣∣q +
∣∣u(12)

kl

∣∣q +
∣∣u(21)

kl

∣∣q +
∣∣u(22)

kl

∣∣q 6 Rq ∀ k, l .

• Solving the discretized problems

by interior-point methods (solvers IPOPT, LOQO), embedded in an AMPL interface;

image output via MATLAB.



Image data and visualization of the results 07

Rotating Sphere Sequence: (taken from [McCane/Novins/Crannitch/Galvin 2001 ] )

• Image # 13 • Ground-truth, vector plot • Motion edge sketch

• Image # 14 • Colorful orientation plot • Intensity edge sketch



Evaluation of the results 08

Deviation from the ground-truth: AAE

AAE(x̂, x) =
K∑

k=1

L∑
l=1

arccos
( x̂1(skl) x1(skl) + x̂2(skl) x2(skl) + 1√

(x̂1(skl))2 + (x̂2(skl))2 + 1
√

(x1(skl))2 + (x2(skl))2 + 1

)
.

Detection of motion edges: MEE

MEE(x̂, x) =
K∑

k=1

L∑
l=1

(
km(skl)− k(skl)

)2 ≈
∫

Ω

(
km(s)− k(s)

)2
ds .

• km is based on the modulus | x̂ | of the ground-truth.

Detection of intensity edges: IEE

IEE(x̂, x) =
K∑

k=1

L∑
l=1

1
2

( (
k(N)

g (skl)− k(skl)
)2 +

(
k(N+1)

g (skl)− k(skl)
)2 )

≈
∫

Ω

1
2

( (
k(N)

g (s)− k(s)
)2 +

(
k(N+1)

g (s)− k(s)
)2 )

ds .

• k
(N)
g , k

(N+1)
g are based on the images I(s, tN ), I(s, tN+1).



Numerical results (I): no regularization term 09

Control problem:

(P)2 : F (x, u) =
∫

Ω

(
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2

ds −→ inf ! ; (x, u) ∈ W
1,∞
0 (Ω,R2) × L

∞(Ω,R4) ;

Jx(s) =
(

u11(s) u12(s)
u21(s) u22(s)

)
(∀) s ∈ Ω ;∣∣u11(s)

∣∣q +
∣∣u12(s)

∣∣q +
∣∣u21(s)

∣∣q +
∣∣u22(s)

∣∣q 6 Rq (∀) s ∈ Ω ;

Edge detector:

k(s) = 1−
∣∣u11(s)

∣∣q +
∣∣u12(s)

∣∣q +
∣∣u21(s)

∣∣q +
∣∣u22(s)

∣∣q
Max
s∈Ω

( ∣∣u11(s)
∣∣q +

∣∣u12(s)
∣∣q +

∣∣u21(s)
∣∣q +

∣∣u22(s)
∣∣q ) .

Parameters:

q > 1 and R > 0 (kind and sharpness of the control restriction)



Numerical results (I): no regularization term 10

Selected results: (variation in q and R)

q = 2, R = 4

AAE = 4.11,

MEE = 2.16, IEE = 4.40

q = 2, R = 0.5

AAE = 4.22,

MEE = 7.25, IEE = 7.89



Numerical results (II): L
p-regularization term 11

Control problem:

(P)3 : F (x, u) =
∫

Ω

( (
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2 + ε
)1/2

ds + µ ·
∫

Ω

( ∣∣u11(s)
∣∣p +

∣∣u12(s)
∣∣p

+
∣∣u21(s)

∣∣p +
∣∣u22(s)

∣∣p + ε
)1/p

ds −→ inf ! ; (x, u) ∈ W
1,∞
0 (Ω,R2) × L

∞(Ω,R4) ;

Jx(s) =
(

u11(s) u12(s)
u21(s) u22(s)

)
(∀) s ∈ Ω ;∣∣u11(s)

∣∣q +
∣∣u12(s)

∣∣q +
∣∣u21(s)

∣∣q +
∣∣u22(s)

∣∣q 6 Rq (∀) s ∈ Ω ;

Edge detector:

k(s) =
κ(s)

Max
s∈Ω

κ(s)
·
{

1
∣∣ κ(s) > α Rq ;

0
∣∣ κ(s) < α Rq with κ(s) =

∣∣u11(s)
∣∣q +

∣∣u12(s)
∣∣q +

∣∣u21(s)
∣∣q +

∣∣u22(s)
∣∣q .

Parameters:

ε > 0 (robustness), p > 1 and µ > 0 (regularization), q > 1 and R > 0 (kind and sharpness of the control

restriction), α > 0 (threshold for edge output)



Numerical results (II): L
p-regularization term 12

Selected results: (variation in R)

ε = 0.001, µ = 0.001, p = 2,

q = 2, R = 4, α = 0

AAE = 3.08,

MEE = 1.89, IEE = 4.28

ε = 0.001, µ = 0.001, p = 2,

q = 2, R = 2, α = 0

AAE = 3.07,

MEE = 1.89, IEE = 4.28



Numerical results (II): adaptation of the edge detector 13

ε = 0.001, µ = 0.001, p = 2,

q = 2, R = 0.5, α = 0

AAE = 3.23,

MEE = 3.03, IEE = 4.72

ε = 0.001, µ = 0.001, p = 2,

q = 2, R = 0.5, α = 0.1

AAE = 3.23,

MEE = 2.87, IEE = 4.78

ε = 0.001, µ = 0.001, p = 2,

q = 2, R = 0.5, α = 0.2

AAE = 3.23,

MEE = 2.82, IEE = 4.78



Numerical results (III): TV regularization term 14

Control problem: (with decomposition of control variables into positive and negative part)

(P)4 : F (x, u) =
∫

Ω

( (
Is1(s) x1(s) + Is2(s) x2(s) + It(s)

)2 + ε
)1/2

ds

+µ ·
∫

Ω

2∑
i,j=1

(
u+

ij(s) + u−ij(s)
)
ds −→ inf ! ; (x, u) ∈ W

1,∞
0 (Ω,R2) × L

∞(Ω,R8) ;

Jx(s) =

(
u+

11(s)− u−11(s) u+
12(s)− u−12(s)

u+
21(s)− u−21(s) u+

22(s)− u−22(s)

)
(∀) s ∈ Ω ;

2∑
i,j=1

(
u+

ij(s) + u−ij(s)
)

6 R (∀) s ∈ Ω ;

u+
ij(s) , u−ij(s) > 0 (∀) s ∈ Ω , 1 6 i, j 6 2 .

Edge detector:

k(s) = 1−

2∑
i,j=1

(
u+

ij(s) + u−ij(s)
)

Max
s∈Ω

2∑
i,j=1

(
u+

ij(s) + u−ij(s)
) . (5.15)

Parameters:

ε > 0 (robustness), µ > 0 (regularization), R > 0 (sharpness of the control restriction)



Numerical results (III): TV regularization term 15

Selected results: Rotating Sphere Sequence

1

• Image # 13 • Image # 14

ε = 0.001, µ = 0.002, R = 2

AAE = 2.57,

MEE = 2.11, IEE = 4.38



Numerical results (III): TV regularization term 16

Selected results: New Marbled Block Sequence

1

• Part of Image # 163 • Part of Image # 164

ε = 0.001, µ = 0.07, R = 2

AAE = 6.44,

MEE = 2.87, IEE = 8.84



Numerical results (III): TV regularization term 17

Selected results: Hamburg Taxi Sequence

1

• Image # 22 • Image # 23

ε = 0.001, µ = 0.01, R = 2

AAE, MEE, IEE not available

(sequence without ground-truth)



Conclusions 18

• Numerical methods for convex Dieudonné-Rashevsky type problems ...

— have been established for the first time.

• The control restriction ...

— acts itself as an L
∞-regularization.

— can amplify or modify the effects of the known regularization terms.

• Simultaneous edge detection via optimal control ...

— presents an interesting alternative to the Ambrosio-Tortorelli variational problem, with comparable accuracy.

— allows a simple adjustment of the edge output.

— provides a primal approach for problems with TV regularization.



Conclusions 18

• Numerical methods for convex Dieudonné-Rashevsky type problems ...
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