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The concept of the optical flow 01

Problem formulation:

e Find to a given image sequence {1(s,t)}, 0 < ¢t < T, a field of displacements ( X1(s,t), X2(s,t)), which

leaves the greyscale values invariant:
1(517527t):I(Slel(Sat)v52*X2(57t)a0)a 0
X1(S,O) = 0, XQ(S,O) = 0.
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e The optical flow ((X1)i(s,t), (X2)i(s,t)) = (@1(s,t), x2(s,t)) is the associated velocity field:

I, (5,0) - (X1)e(s,0) 4+ I5,(s,0) - (X2)¢(s,0) + I:(s,0) = 0.



The concept of the optical flow 01

Problem formulation:

e Find to a given image sequence {1(s,t)}, 0 < ¢t < T, a field of displacements ( X1(s,t), X2(s,t)), which
leaves the greyscale values invariant:

1(517527t) :I(Slfxl(sat)752*X2(57t)a0)a Ogth?
X1(S,O) = 0, XQ(S,O) =0.

e The optical flow ((X1)i(s,t), (X2)i(s,t)) = (w1(s.t), 22(s,1)) is the associated velocity field:

I, (8,0) - 21(5,0) + I5,(s,0) - 25(s,0) + I(s,0) = 0.
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1(517527t) = I(Slfxl(sat)752*X2(57t)a0)a 0
X1(S,O) = 0, XQ(S,O) = 0.

e The optical flow ((X1)i(s,t), (X2)i(s,t)) = (@1(s,t), x2(s,t)) is the associated velocity field:

I, (8,0) - 21(s,0) + I5,(s,0) - 22(s,0) + I(s,0) = 0.

Numerous applications:

e Video data compression: [ HINTERBERGER/SCHERZER 2001 ]
e Automatic retouching of movie sequences: | GROSSAUER 2006 ]
e Depth from stereo: [ SLESAREVA /BRUHN/WEICKERT 2005 ]

e Extraction of object and motion informations in traffic monitoring, robotics, medicine: | BROX/BRUHN/
WEICKERT 2006 ], [ TALUKDER/MATTHIES 2004], [ KUMAR ET AL. 2001], ...



Determining optical flow by variational methods 02

e For a given pair of images I(s,tn), I(s,tn4+1) with At = ty41 — tn = 1, the optical flow constraint reads

with reference to ty as

Is, (s, tn) 21(8) + Isy(s,tn) 22(s) + Li(s,tn) =0 VseN.

e Regularization by variational methods:

(Vii: Flan,as) = / (Isl(s) 21() + I, (s) w2(s) + It(s))zds

Q
+ / r(s,Vxi1(s),Vea(s))ds — infl;  (x1,22) € Wé’p(Q,R2)
Q

with1 <p<oo, [ € Wy™(Q x (ty =8, tyy1+0), R), p>0andr e C*(Q x R*, R).
e The objective consists of defect minimization term and regularization term with regularization parameter .

e The gradients are related to s; and ss only; the dependence ont =ty has been dropped in notation.



Edge detection within optical flow 03

First possibility: Variational problem with Ambrosio-Tortorelli functional
2
(V)i Flanas) = /(Isl(s) £1(s) + Ly (s) 2a(s) + L(s) ) ds
Q

+u- / r(s,Vai(s),Vaa(s))ds — infl;  (x1,29) € W(l)’p(Q,]RQ)
Q
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First possibility: Variational problem with Ambrosio-Tortorelli functional

(V)a: F(xy,29,k) = c1(e) / (Isl(s)ml(s) + I, (s) za(s) + [t(s))QdS

Q
+ cz(g)/g(\vxl(s)}2+yvgc2(s)|2) (k) + eale) ) ds
+03(5)/Q(5~‘Vk(s)‘2+4—1€(1—k(s))2)ds—>inf!; (21,22, k) € WA R2) x WE2(Q,R)

e k(s) =0 ifs € Q belongs to an edge within (x1,x2), else k(s) =~ 1.
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Second possibility: Optimal control reformulation

Add to (V)1 a convex constraint for Va1 and Vzs:
2
(Vi Flar,zs) = / (T (s)2a(s) + L () 2a(s) + 1(5) ) ds
Q
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Q



Edge detection within optical flow 03

First possibility: Variational problem with Ambrosio-Tortorelli functional

(V)a: Flai,a2,k) = c1(e) / (Isl(s)xl(s) + I, (s) 2a(s) + It(s))st

Q
+ 62(5)/9( | Vi (s) |2 + | Vaog(s) |2) . (k(s)2 + C4(6)) ds

+03(5)/Q<5~‘Vk(s)\2+41

= (1= k() )2) ds — infl; (z1,70.k) € WL2(Q,R?) x WEA(Q,R)
o k(s) =0 if s € Q belongs to an edge within (x1,x3), else k(s) ~ 1.
Second possibility: Optimal control reformulation

(P)y: F(:z:,u):/Q(Isl(s)ail(s)+ISz(s)x2(s)+[t(s))2d8

+/,6'/QT'(S,Ull(S),UlQ(S),Ugl(S),UQQ(S))dS — infl;  (x,u) € Wé’p(Q,Rz) x L=(Q,RY);
Jz(s) = u(s) (V)seQ;
u e U = {UE Lp<Q,]R4) } ‘ull(s) ’q + ‘ulg(S) ’q + ‘Ugl(S) ’q + |UQ2(S) ’q < R? (V)S S Q}

o Interpret as “edges” those subsets of Q) where the control restriction is (nearly) active.



Dieudonné-Rashevsky type control problems ...

04

Problem formulation:

(P)o: F(z,u) = /Qf(s,m(s),u(s))ds — infl;  (z,u) € W(l)’p(Q,IR") x LFP(Q,R™);

Ja(s) = (gfj (s))m = (uij(s))i’j (V) s € Q;

ueU={ueL’(QR"™) |u(s) €K (V)s€Q}

Analytical framework:
e Dimensions: QCR™, n>1, m > 2.
o Integrand: f(s,&,v): Q x R" xR"™ — R — L™ ins, and C'inall & and Vij.

e Control restriction: K C R"™ — convex body with o € int (K).



and their properties 05

o Existence of global minimizers:

If f(s,&,v) is convex in the last argument v and obeys a growth condition of the type
| F(s,60) | < ¢uls) + @2(l€], [v]) (V)s€Q V(Ev) eR" xK

with o1 € L' (L R), p1(s) = 0 (V)s € Q, and g3 € CO(R" x K, R), @a(|£], ] ,v]) = 0V (&0) € R* xK
where @y is monotonically increasing in |£ | as well as in |v| then (P)o admits a global minimizer.

o Properties of minimizing sequences:

They contain subsequences { (z™,u) } , which converge to a global minimizer uniformly in x and weakly* in u.

e Important consequence:

Application of direct methods to convex problems of the type (P)q is in principle justified.



Numerical solution of Dieudonné-Rashevsky type problems

06

o We first discretize, then optimize:
— Domain: ) is represented by (K x L) pixels with edge length 1.
— Variables: 2K L state variables x,(cll) ac,(fl) and 4K L control variables ugll), e u,(jQ).
— Objective: Discretization by trapezium rule.
— Derivatives: forward Euler differences with h = At = 1
11 12 1 1 1 1
Y AN e R O L
(21) | (22) @ @ (2 ey
Upy Upy Ler10 — Pl Lrir1 — T

— Control restriction:

0<’(11)q+|(12}+‘(21) +’ 22) < R Vi, .

¢ Solving the discretized problems

by interior-point methods (solvers IPOPT, LOQO), embedded in an AMPL interface;
image output via MATLAB.



Image data and visualization of the results

07

Rotating Sphere Sequence: (taken from [McCANE/NOVINS/CRANNITCH/GALVIN 2001])

e Image #13 e Ground-truth, vector plot e Motion edge sketch

o Image # 14 e Colorful orientation plot e Intensity edge sketch



Evaluation of the results 08

Deviation from the ground-truth: AAE

Z1(sp) w1(Spt) + T2 (sk) T2(sk) + 1 ) .
@52 + (Ea(s)2 + 1\ (@1 (500))2 + (e2(s02))? + 1

M=

AAE(Z,x) i

= arccos (
k=11

1

Detection of motion edges: MEE
R kL 2 2
MEE(#,2) = 3 5 (k) — k(sw))? ~ /(km(s)—k(s)) ds.
Q
o k,,, is based on the modulus || of the ground-truth.
Detection of intensity edges: |IEE
(R (s0) = Rls0) ) + (KD (1) = K(sia))? )

~ /Q% (KM ()= k) + (KN ()~ k(s)) ) ds.

N =

K L
IEE(i,z) = 3. 3
k=1 1=1

kéN), k_((]N+1)

o are based on the images I(s,tn), I(s,tn41).



Numerical results (1): no regularization term 09

Control problem:
2 1 2 0o 4
(P)y: F(z,u) :/(Isl(s)xl(s)—FISz(s)xQ(s)—I—It(s)) ds — infl; (z,u) € WL™(Q,R2) x L¥(Q,RY);
Q

sale) = (1) ueY) sen;

’LLQl(S) UQQ(S)
’uu(s) ‘q + ’U12<S> ‘q + |’IL21(S) ‘q + |U22(S) ‘q < RY (V)S < Q;
Edge detector:

Juii(s) |* + |uaa(s) |* + |u2i(s) |* + |uaa(s) | .
1;/[63?2((|U11(3) "+ Juaz(s) " + uai(s) " + |u22(s) |q)

k(s) =1-—

Parameters:

g =21 and R > 0 (kind and sharpness of the control restriction)



Numerical results (1): no regularization term 10

Selected results: (variation in q and R)

q=2, R=14

AAE =411,
MFEFE =216, IEE =4.40

¢=2 R=05

AAE = 4.22,
MFEFE =725, IEE =7.89



Numerical results (11): L”-regularization term 11

Control problem:

Pla o) = [ (L0164 L) aale) + 10)* +) " ds e [ (Jun@) ] + Junalo)
+ Juai(s) |7 + Juza(s) |” + 5)1/pds — infl; (z,u) € Wé’oo(Q,RQ) x L=(Q,RY);
) = (1) we)) s

|U11($) |q + |U12($) |q + |U21(S) |q —+ |U22(8) ‘q < R1 (V)S € Q,

Edge detector:

K(s) 1|k(s)>aR?; .
k(s) = m : {O } K(s) < o R with r(s) = |u11(s) ‘q + ‘ulg(s) ’q + ‘ugl(s) ’q + ‘ugg(s) ’q.
sEN
Parameters:

e > 0 (robustness), p > 1 and p > 0 (regularization), ¢ > 1 and R > 0 (kind and sharpness of the control
restriction), o > 0 (threshold for edge output)



Numerical results (11): L”-regularization term
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Selected results: (variation in R)

e =0.001, = 0.001, p =2,

¢q=2, R=4,a=0

AAE = 3.08,
MFEE =189, IEE =4.28

e =0.001, = 0.001, p =2,

¢q=2, R=2,a=0

AAE =3.07,
MFEFE =189, IEE =4.28



Numerical results (I1): adaptation of the edge detector

13

e =0.001, x =0.001, p =2, € =0.001, = 0.001, p=2, e =0.001, x =0.001, p=2,
q=2, R=05 a=0 q=2,R=05 a=0.1 q=2,R=0.5 =02

AAFE = 3.23, AAFE = 3.23, AAFE = 3.23,
MEE =3.03, IEE =4.72 MEE =287, IEE =4.78 MEE =282, IEE =4.78



Numerical results (l11): TV regularization term

14

Control problem: (with decomposition of control variables into positive and negative part)

1/2

(P)s: Fl(z,u) :/Q((Isl(s)xl(s)+132(s):r2(s)+1t(s))2 +5) ds

2
e | (ufi(s) + ug(s))ds — infl; (z,u) € Wy™@(Q,R?) x LP(Q,R®);

Qij=1

Jals) = (un(s)—ua(s) u1+2<s>—u;2<s>> s e s

U;(s) — Uy (8) U;Q(S) — Upa(8)

2
”2::1(11;5(5) Jru;(s)) <R (V)se;
ufi(s), ug(s) =0 (V)seQ, 1<i,j<2.

Edge detector:

k(s) = 1 — —2
Max > (ujg(s) + u;j(s))
SEQ ij=1
Parameters:

e > 0 (robustness), u > 0 (regularization), R > 0 (sharpness of the control restriction)



Numerical results (l11): TV regularization term

15

Selected results: Rotating Sphere Sequence

e Image #13 o Image # 14
' e =0.001, 4 =0.002, R =2

e \ AAE = 2.57,
1 ) MEE =211, IEE = 4.38




Numerical results (l11): TV regularization term 16

Selected results: New Marbled Block Sequence

e Part of Image # 163 e Part of Image # 164
e =0.001, p =0.07, R=2

AAE = 6.44,
MFEE =287, IEE =8.84




Numerical results (l11): TV regularization term 17

Selected results: Hamburg Taxi Sequence

o Image #22 e Image #23
€=20.001, n=0.01, R=2

AAFE, MEFE, IEFE not available
(sequence without ground-truth)




Conclusions

18

¢ Numerical methods for convex Dieudonné-Rashevsky type problems ...

— have been established for the first time.
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¢ Numerical methods for convex Dieudonné-Rashevsky type problems ...

— have been established for the first time.

e The control restriction ...
— acts itself as an L -regularization.

— can amplify or modify the effects of the known regularization terms.

e Simultaneous edge detection via optimal control ...
— presents an interesting alternative to the Ambrosio-Tortorelli variational problem, with comparable accuracy.
— allows a simple adjustment of the edge output.

— provides a primal approach for problems with TV regularization.
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