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Outline

¥ Why study CO2 uptake?

¥ How is it working?

¥ What are the models?

¥ Computing a steady seasonal cycle

¥ Full Jacobian Approach for optimization

¥ Brief look inside a biogeochemical model

¥ What is Future Ocean?



Why study CO2 uptake?

¥ ... in the atmosphere: 800 Giga (10^9) tons                                
pre-industrial:             600 Gigatons

¥ ... in the oceans:   40'000 Gigatons (atmospher e:ocean 1:50)

¥ ... exchange atmosphere-ocean: 90 Gigatons/year

¥ today: 6 Gigatons emissions/year,                                                 
2 Gigatons are dissolved in the oceans                                  
ocean decreases global warming, but: acidiÞcation

¥ questions: future CO2 uptake?                                                  
how much remains in the ocean?                                        
feedback effects: changes due to global warming?          
sequestration opportunities, techniques, safety?                            
fertilization to increase uptake?  
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"Who" is taking up CO2?

¥ "biological pump":

¥ photosynthesis of phytoplankton 

¥ phytoplankton as nutrient of zooplankton

¥ dead organic material sinking to the bottom, little 
mixing of surface and bottom layers 

¥ "carbon pump": 

¥ sinking of calcium carbonate (inorganic)

¥ All that happens in the ocean cir culation
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Coupled Ocean Biogeochemistry

First concept:
use 

computed 
circulation
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Differences

Ocean circulation ¥ Equations are standard

¥ Some parts are focus of current research (e.g. 
diffusion) 

¥ time-dependent, 3-D, nonlinear

¥ small scales: resolving turbulence would need 
about        points

¥ thousands yeras needed to reach steady 
seasonal cycle

¥ Thus: SimpliÞcations, modeling, model 
parameters
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Ocean Circulation

¥ Ocean model (Navier-Stokes + tracer equations, hydr ostatic + Boussinesq 
approximations)

¥ numerical solution available (MITgcm, MOM, OPA ...)

¥ takes some 1000s years model time to become "steady", i.e. no change fr om 
year to year, i.e. periodic
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Differences

Biogeochemistry¥ Transport equations, nonlinear coupling, 
easier compared to ocean model

¥ Not clear how many tracers to include  

¥ NPZD model: nutrients, phytoplankton, 
zooplankton, detritus 

¥ more  tracers-> more equations-> more 
parameters -> but mor e information?

¥ Modeling is current research topic
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... and Biogeochemistry

¥ Linear transport/advection-dif fusion equations with nonlinear coupling/for cing:

¥ for tracers, e.g. nutrients, phyto-, zooplankton, detritus 

¥ Different numbers of tracers, equations, many parameters 

¥ "more tracers -> better r esults" is not naturally true

¥ local (in gridpoints, except for sinking) biochemical pr ocesses in source terms q

¥ given "steady" cir culation: separated tracer computation into a "steady" state, 
starting from uniform distribution, again 1000s of years model time
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! ci

! t
= div(" ! ci )︸ ︷︷ ︸

diffusion

" div(#vci )︸ ︷︷ ︸
advection

+ qi (c1, . . . , cN , T, S, p)︸ ︷︷ ︸
tracer coupling



The seasonal cycle
¥ Using pre-computed velocity , temperature, salinity the biogeochemical equations                

¥ can be written as

¥ where          can be pre-computed as Transition Matrix [Khatiwala et. al. '04]

¥ Time discretization gives for the vectors of tracers: 

¥ Looking for a periodic solution (steady seasonal cycle):

¥ i.e. a Þxpoint of 

∂ci

∂t
= div(κ! ci) " div(#vci) + qi(c1, . . . , cN , T, S, p)

dci

dt
= A(t)ci(t) + q(c(t), t)

ck+1 = Φk (ck )

ck+ n = Φk+ n! 1 ! · · · ! Φk+1 ! Φk! "# $
=: Φ

(ck)
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Computing the steady seasonal cycle

¥ Pseudo time-stepping (this is done by now): Compute until for some k (n Þxed):

¥ vs. Newton's method for the Þxpoint equation:

¥ Requires Jacobian

¥ where the Jacobian of        is mainly given by the matrices          and the    

¥ remember:

ck+n = Φ(ck) = ck

! (c) = c ! " ! (c) # c = 0
!

! Φ
! c

! I
"

Φ

dci

dt
= A(t)ci(t) + q(c(t), t)

Ak q′
k

ck+ n = Φk+ n! 1 ! · · · ! Φk+1 ! Φk! "# $
=: Φ

(ck)



Inexact Newton & Preconditioning

¥ The linear system in the Newton steps can be solved inexactly/iteratively 
(GMRES etc.) and needs only matrix-vector products with      , 

¥ Two nested iterations, only useful if it needs less matrix-vector multiplications 
than the pseudo time-stepping:                                                                             
# Newton   *    # linear iterations  <-> # pseudo time-steps

¥ Preconditioning:

¥ again reduces to multiplication with       and 

¥ Use bigger timesteps for the biogeochemics for the pr econditioner

Ak q′
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Computing a derivative for optimization

¥ Looking for a steady seasonal cycle/Þxpoint, depending on parameters p:

¥ Taking the derivative w.r.t to the parameter vector:

¥ Same system matrix as for the computation of the steady seasonal cycle.

¥ To be tested against classical adjoint technique or oneshot method for pseudo-
timestepping (see Adel Hamdi's talk)

! (c(p), p) = c(p)

∂Φ
∂c

c!(p) +
∂Φ
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= c!(p)⇐⇒
(

∂Φ
∂c
− I

)
c!(p) = −∂Φ

∂p
.



Looking inside a biogeochemical model

¥ Oschlies, Garcon 1999: c=(N,P,Z,D,DOM)
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Summary

¥ CO2 uptake is a crucial point in climate r esearch

¥ One-way coupling between ocean cir culation + biogeochemistry allows to 
precompute cir culation

¥ Newton to obtain steady seasonal cycle, exploiting structur e of Jacobian 

¥ Optimization: up to now: GA, Þnite dif ferences, aim: Full Jacobian approach + 
Algorithmic Dif ferentiation of biogeochemical part, one-shot appr oach

¥ Analysis of model equations w.r.t. existence, uniqueness

¥ Work in progress ...
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Thank you!!!


