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Spectral Properties of Self-Adjoint Elliptic Bilinear Forms

guadratic minimization:

u2H: Jw) J(v) 8v2H
Poissonequation:
H=H3), JM=3zav;v) “(v), av;w)=(rvirw), “(v)=(f;v)

Proposition:
eigenfunctionsg, eigenvalues | : a(e;v) = ((e;v) 8v2H; |=12:::

e a-orthogonal, (1 forl! 1

Hamburg 2008



Spectral Properties of Self-Adjoint Elliptic Bilinear Forms
guadratic minimization:

u2H: Jw) J(v) 8v2H
Poissonequation:
H=H3), JM=3zav;v) “(v), av;w)=(rvirw), “(v)=(f;v)

Proposition:
eigenfunctionsg, eigenvalues | : a(e;v)= (e;v) 8v2H,; 1=12:::
e a-orthogonal, (1 forl! 1
Interpretation: a-orthogonale =) (g) scaleof frequencies

Hamburg 2008



Spectral Properties of Self-Adjoint Elliptic Bilinear Forms
guadratic minimization:

u2H: Jw) J(v) 8v2H
Poissonequation:
H=H3), JM=3zav;v) “(v), av;w)=(rvirw), “(v)=(f;v)

Proposition:
eigenfunctionsg, eigenvalues | : a(e;v)= (e;v) 8v2H,; 1=12:::
e a-orthogonal, (1 forl! 1
Interpretation: a-orthogonale =) (g) scaleof frequencies
basicideaof multigrid: \almost" a-orthogonal | ( = ( ;) scaleof frequencies
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Discrete Quadratic Minimization

triangulations:  To;:::; T, (successivee nement)

nodes: Ngo Nj N;
nested nite elementspaces: Sy $;
nodal basis: Sk = spart fok) ] p2 Ny g,

Ritz-Galerkindiscretization:

UjZSjZ J(Uj)

S

dimensionjN ] = ng

J (V)

8v 2 Sj
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Discrete Quadratic Minimization

triangulations:  To;:::; T, (successivee nement)
nodes: Ng Nj N;
nested nite elementspaces: S S S

nodal basis: Sk = spart fok) jp2 Nxg, dimensionNgj = ng

Ritz-Galerkindiscretization:

u 2§ : J(u) J(v) 8v2S

goal: iterative solverswith O(n;) complexiy and mesh-indepndentconvergenceates
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Successive Subspace Correction . ... vserentant 86, xu 92, . . .)
selectseach directions: | §; |=1;:::;m, subspaces: V| = spanf g
Algarithm (successivdine seach)

given:wg :=u 2 §:

solve: vi2Vi: J(w 1+v) J(w 1+Vv) 8v2V

update: w; = w, 1+ V
g

newiterate: u *! = wy, = u + V|
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Successive Subspace Correction . ... vserentant 86, xu 92, . . .)

selectseach directions: |
Algarithm (successivdine seach)

given:wg :=u 2 §:

forl=1;::::m
f
solve: vi2Vi: J(w 1+ V)
update: w; = w, 1+ V
g
_ X0
newiterate: u ! = wy, = u + V|

=1

a-orthogonal seach directions( )

Sp; I=1:::;m,

subspaces: V| = spanf g

J(w 1+vVv) 8v2V

=) exactsolver!
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Subspace Correction and Multigrid

Gau {Seidelrelaxation: select |y := D p2 N;

Theaem: exponentialdecy of convergenceates: ;1 O(n; %)
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Subspace Correction and Multigrid

Gau {Seidelrelaxation: select |y := D p2 N;

Theaem: exponentialdecy of convergenceates: ;1 O(n; %)

multilevelrelaxation: select (k) = ,(ok); P2 Ng; k= 0;:::;]

optimal complexiy: O(n;) (classicalmultigrid V (1; 0) cycle, Gau {Seidel smoother)

Theaem: (.., Yserentant86, Oswald 91, Bramble,Rasciak,\\ang & Xu 91, Dahmen& Kunoth 92, Bornemann& Yserentant93, ......)

mesh-indepndentconvergenceates j <1 (( ) scaleof frequencies)
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Multigrid on Complicated Domains «n. s vserentant o4

computationaldomain not resolvedoy coasegrid Ty for k < |

.
L
/,’
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di cult y: reducedcoase-gridcarection =) reducedconvergencepeed

Hamburg 2008



Multigrid on Complicated Domains «n. s vserentant o4

computationaldomain not resolvedoy coasegrid Ty for k < |

-
-
P
*{»/”

di cult y: reducedcoase-gridcarection =) reducedconvergencepeed

remedy: truncated seach directions~|(ok) (interpolation of 8‘) to )

/ » -
oG \
[N} ! 1 1 1 1 T [T

hope: preservedcoase-gridcarection =) preservedconvergencepeed
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A Fractal Domain
f 1, V(1;0) cycle,symmetricGau -Seidelsmaothing

Initial triangulation Ty Approximate solutionon
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A Fractal Domain
f 1, V(1,;0) cycle,symmetricGau -Seidelsmaothing

Initial triangulation Ty

convergenceates:

Approximate solutionon

=2 [ =3 [ =4 [ =5 [ =6 | =7

std 0.30] 0.61| 0.58| 0.68 | 0.65| 0.71
trc 0.28 ] 0.30| 0.32] 0.32| 0.33 | 0.34
(0;1)? | 0.28 | 0.30| 0.31| 0.32| 0.33| 0.33
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Self-Adjoint Elliptic Obstacle Problems

constrainedminimization:
u 2K;: J(u) J(v) 8v2K;=Ffv2S5jv(p 2 (p); (P)] 8p2 Njg

Algorithm (successivdine seach)
given:wp == u 2 §:

forl=1;:::;m
f
defectconstraints:D; = ( w; 1+ Kj)\ W
solve: vi2zDy: J(w 1+v) J(w 1+vVv) 8v2D,
update: w; = w, 1+ V
g

newiterate: u 1 =w,=u + V|
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Projected Multilevel Relaxation PMLR

projected Gau {Seidel relaxation: select | := 0 p2 N;

Theaem: exponentialdecy of convergenceates: ;1 O(n; %)

projected multilevel relaxation: select (k) = 5. P2 N k=00

suboptimal complexiy: O(n; log(n;)) (additional prolongationsto checkv, 2 D))

Theaem: (..., Badea, Tai and Wang 03, Badea06)

polylogaithmic convergenceatesin2D:  ; 1 O(j + 1) °
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Monotone Iterations «n. 94

two-stageselection:

a) | = fojl); = 1;:::5n;

b) arbitrary |; I=n;+ 1;:::;m
two-stage(energy-)monotonateration:

a) leadingprojected Gau {Seidelstep: u; ! T; = GS(u;)

b) (energy-) monotone\coarse-gridcorrection”

Theaem: Monotoneiterationsconvergeglobally

goal: improve convergencepeedof PMLR by adapting ,(ok) to the active set N,
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Truncated Monotone Multigrid TMMG  «n. o)
complicatedreducedcomputationaldomain:  activesetN; not resolvedby Ty

a) usetruncated seach directions"l(ok) (interpolation of 8‘) to Nj )

[T

b) replaceunknown active setN; by its actual approximation N; (T;)

optimal complexiy: O(n;j) by monotonerestriction of defectconstraints

Theaem:
global convergence
asymptotic polylogaithmic convergenceates ; 1 O(1+j) ?
no global mesh-indepndentconvergenceates
(next-neighlor inactivation by projected Gau {Seidelt; = GS(u;))
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Truncated Nonsmooth Newton Multigrid TNMG (crasers kn. 0s)
modi cations of TMMG to obtain TNMG

b) ignare defectconstraints(v; 2 V, insteadofv; 2 D)= ( w 1+ Kj)\ V)

c) enface monotonicity of coase-gridcarrection by projection and damping
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Truncated Nonsmooth Newton Multigrid TNMG (crasers kn. 0s)
modi cations of TMMG to obtain TNMG

b) ignare defectconstraints(v; 2 V, insteadofv; 2 D)= ( w 1+ Kj)\ V)

c) enface monotonicity of coase-gridcarrection by projection and damping

alternativederivationof TNMG:
a) nonsmmth Newtonlineaization of GS(u) u = 0 at u,
b) linea truncated multigrid stepfor the resultinglinea system

C) projection and damping

Theaem:
global convergence
asymptotic polylogaithmic convergenceates ; 1 O(1+j) ?
no global mesh-indepndentconvergenceates
(next-neighlor inactivation by projected Gau {Seidelt; = GS(u;))
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MUI“g”d versus P”maI{Dual ACUVe Set (Hinterm wller, Ito & Kunisch 03)

primal{dual TNMG TMMG
Inactivation | proj. Jacobi proj. Gau {Seidel | proj. Gau {Seidel
linea solve | exact linea MG step loc. proj. MG step
convergencg maximumprinciple | monotonicity monotonicity

commonlack of robustness:

no global mesh-indepndentconvergenceates due to local inactivation

hybrid approachHMG:
a) globalinactivationby PMLR (not by GS!): oy = PMLR(uj )
b) linea truncated multigrid step

C) projection and damping

Thearem: resere kn. 08) global convergenceasymptotic polylogaithmic convergence
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Sp|ra| ACt'Ve Set (Graser & Kh 08)

lower obstacle: u; ,-
uniform re nement: j = 9 with 523265 unknawvns

1

——PMLR
B TMMG
0.81-©-TNMG

0.6r

0.4f

0.2r

active set N; asymptotic convergenceates
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lteration Histories

_15 1 1 1 1 _15 1 1 1 1
10 0 20 40 60 80 100 10 0 20 40 60 80 100

nestediteration starting from the obstacle
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Degenerate Problem (reasers kn og)

lower obstacle: u; =g, o= f

uniform re nement: j = 9 with 523265 unknawvns

1

——PMLR
-©-TNMG
0.8¢ @ HMG

0.6r

0.4f

0.2r

active set N; asymptotic convergenceates
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TW O'BO dy COntaCt |n Llneal’ EIaSt|C|ty Kh. & Krause 01, Wohimuth & Krause 03, Sander 08

coase mesh(2 372 dof) re ned mesh(82 980 dof) stress(planar cut)

implementedin Dune
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Comparison with Linear Multigrid

coase-gridsolver:interior point method Ipopt  waechters Biegleroa

adaptivere nement: hierachicalerra estimate,] = 4

10000 T

1le+06 T T T T T T T T T
MMG —— MMG —

A Linear MG - - - | \ Linear MG- - -
10000 ‘}\ MMGP - --- 100 N MMGP - - - .
N N
1001 1
S 1+ RN

1+

Error
Error

0.01}
0.01}

le 04 -
le-04 |
DN
1e-06 | le 06 D
1e-08 | | | | | 1e 08 | | | | I | | | 1
0 50 100 150 200 250 300 0 20 40 60 80 100 120 140 160 180 200
Iteration Iteration

initial iterate: ujO =0 nestediteration

linea multigrid convergenceates( = 0:56)
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PDE-Constrained Minimization with Control Constraints

minimize J (y;u) = Zai(y;y) + sax(u;u)  “(y;u)
pdeconstraints (r y;r v) = hu;vi 8v2 §

box constraints: u2 K; =fu2 S jju 19

L2 control problem:

ai(y;v) = hy;vi, as(u;v)="hu;vi (lumped L?-scala product: diagonal)
spatial Cahn-Hilliad problem (deep-quencHimit):

ai(y;z)= (ry;rz)+ hy;1linz; i, ay(u;v)= (r u;r v)+ hu;lihv; 1i
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Set-Valued Saddle-Point Problems

| | |
F BT W f

B C g
w= (y;u)', F=A+ @gm K |

A2R"™ spd, B2R™", C2R™M symmetric,positive semi-de nite

generalization: B
F=@, ' :R"7'R
strictly convex,l.s.c., proper, coercive:F 1! singlevalued Lipschitz
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Non-linear Schur Complement

H()=0; H()= BF Y{f BT )+C +g

Proposition

Let' :R" 7! R denotethe polar functionalof ' with F = @
J()=" (f BT )+ 3C; )+ (g ) isFrechet{dierentiable
H=rd

H( ) = 0isequivalentto unconstrained!) convexminimization

2 R™ : J() J(v) 8v2 R™

Hamburg 2008



Gradient-Related Descent Metho ds /. ... orega & Rheinboldt 70, . .. )

1=+ d; d= H1M (); H spd
Assumptionon d : kvk?  (H v;v) kvk? 8 2N

Assumptionon : J( + d) J( ) c(rd ( );d)?*=kd k?

Theaem: The iteration is globally convergent.

Hamburg 2008



Damping Strategies
Armijo's strategy: select , 2 (0;1)
accept ,ifJ( +d) J( )+ (J (( ;d)), elseset := andtry again

drawback: evaluationof J is expensive

Inexactdamping:
approximate the solutionof (H( + d );d ) = O by bisection
computationalcost: evaluationof F ! in eachbisectionstep

numericalexperiments: usually: 1 step, exceptions:up to 8 steps

both strategiessatisfythe assumptionon

Hamburg 2008



Inexact Evaluation of H 1

Proposition:
Letd d = H rJ ().

Then the accuracyconditions

kd &k ikdk: (H( )d)<o0 8 2N

preserveconvergence.
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Selection of H : Nonsmooth Schur-Newton Metho ds
Newton-like methods: 1= H H( )

Newtonmethods: H = HY )

non-smath Newton methods: H 2@H( ) @H( )

Proposition:
LetrankB = nandw =F (f BT) . Then

H = S(w)= BA 1BT+C2@'|( )

whereA= TAT +1 T, withT; =0,ifi 2N (w ) elseT; = 1
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Selection of H : Nonsmooth Schur-Newton Metho ds
Newton-like methods: 1= H H( )

Newtonmethods: H = HY )

non-smath Newton methods: H 2@H( ) @H( )

Proposition:
LetrankB = nandw =F (f BT) . Then

H = S(w)= BA 1BT+C2@'|( )

whereA= TAT +1 T, withT; =0,ifi 2N (w ) elseT; = 1

L2-control: Newton-like (rank B = m < n)  Cahn-Hilliad: Newton (rank B = n)

Hamburg 2008



Convergence Results for Nonsmooth Schur-Newton Metho ds

Theaem:
global convergencdor appropriate damping
nite termination for non-degeneratg@roblems(locally superlinea, quadratic)
Inexactversionsconvergeglobally if
- obstacleproblem: computationof N; (w )
- linea saddlepoint problem: appgroximation up to su cient accuracy

linea convergencgeif S(w) is s.p.d. for all w 2 R"
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Convergence Results for Nonsmooth Schur-Newton Metho ds

Theaem:
global convergencdor appropriate damping
nite termination for non-degeneratg@roblems(locally superlinea, quadratic)
Inexactversionsconvergeglobally if
- obstacleproblem: computationof N; (w )
- linea saddlepoint problem: appgroximation up to su cient accuracy

linea convergencgeif S(w) is s.p.d. for all w 2 R"

L2-control:  globallinea convergence Cahn-Hilliad: global convergence

Hamburg 2008



Interp retations

preconditionedUzana iteration:

evaluationof F !: obstacleproblem (up to N; (w))
exact (L 2-control), multigrid or projected Gau -Seidel(Cahn-Hilliard)

(inexact) evaluationof S(w ) *: linea saddlepoint problem
exact, multlgrld (Vanka 86, Zulehner& Sctoberl 03)
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Interp retations

preconditionedUzana iteration:

evaluationof F !: obstacleproblem (up to N; (w))
exact (L 2-control), multigrid or projected Gau -Seidel(Cahn-Hilliad)

(inexact) evaluationof S(w ) *: linea saddlepoint problem
exact, mUItlgrld (Vanka 86, Zulehner& Sctoberl 03)

generalizationand globalizationof primal-dual active set strategies: Grasero7)

L 2-control: nonsmath Schur-Newton( ) primal-dual active set (intermiier, ito, kunischo3)

Hamburg 2008



L 2-Control: Iteration Histories for Varying "

uniform re nement: j = 7 with 32513 unknowvns

10 1 2 3 4 5 10 5 10 15 20
iteration steps iteration steps
"= 10 4 "= 108
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L2-Control: Mesh Dependence for Varying "

number of iteration stepsto roundo erra

ol 100]
d
8 1 80f
0 [72]
) )
[y C
S je)
IS IS
e 4 > 8 40
2r 1 20+
0 L L L 0 L L L
3 4 5 6 7 3 4 5 6 7
refinement level refinement level
nmo__ 4 nm
- 10 =10 8
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Cahn-Hilliard: Iteration Histories for Varying u®

uniform re nement: | = 9with 2 523265 unknowns

work unit: linea V (3; 3) cyclefor the saddlepoint problem

10’ ‘ ‘ ‘ ‘ ‘ ‘ 10’
g
10° 10°
210" 5 10
(] 0}
10157 | 10157
—©-Newton like —©-Newton like
-7~ Inexact -7 Inexact
20 ||—— Gauss Seidel 20 ||—— Gauss Seidel
10 ‘ ‘ ‘ ‘ ‘ ‘ 10 ‘ ‘ ‘ ‘ ‘
0 100 200 300 400 500 600 0 20 40 60 80 100
work units work units
bad initial iterate: u® = 0 good initial iterate: previoustime step
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Cahn-Hilliard: Iteration Histories for Varying u®

uniform re nement: | = 9with 2 523265 unknowns

work unit: linea V (3; 3) cyclefor the saddlepoint problem

—-©—-Newton like
- Inexact
—Gauss Seidel

0 100 200 300 400 500 600
work units

bad initial iterate: u® = 0

10°

—-o—Newton like

- Inexact
—Gauss Seidel

0 20 40 60 80 100
work units

good initial iterate: previoustime step
averagedconvergenceate = 0:58
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Cahn-Hilliard: Mesh-Dependence for Varying u®

number of iteration stepsto roundo erra

iteration steps

25

—-o-Newton like

-~ |nexact

4 5 6 7 8 9
refinement level

bad initial iterate: u9= 0

25 ,
—-©—Newton like
- Inexact
20+
8 3
o 157
7]
C
9
T L
E 10
5r 7
_ /94%
o—— v
0 L L L L
4 5 6 7 8 9

refinement level

good initial iterate: previoustime step
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\bad" initial iterate (inexactversion):

Where Doesthe CPU Time Go?

Inexa ct 1 2 3 4 5 6 7 8 9 10 11
# tests 7 3 5 3 3 1 3 1 0 0 0

% Armijo 88.7 | 859 | 88.1| 76.1 | 74.2 | 49.2 | 69.3 | 444 | 0.1 0.1 |01
% obstacle | 7.2 0.0 -0.0 | -0.0 | 0.0 0.0 0.0 -0.0 | 0.0 27.2 | 24.0
% linea 4.1 14.0 | 11.9 | 23.8 | 25.7 | 50.7 | 30.7 | 65,5 | 99.7 | 72.6 | 75.7
work units | 106.1 | 50.1 | 785 | 49.0 | 56.4 | 245 | 405 | 21.8 | 11.0 | 13.4 | 10.9

\good" initial iterate by nestediteration:

numericalbottleneck:

damping

linea saddlepoint solver

table starts at row 9 (no damping)

Hamburg 2008



Conclusion
Obstacleand PDE ConstrainedOptimal Control Problems
globally convergentinexactactive set strategiesby minimizationtechniques

numericalexperiments:
mesh-indepndenceand linea multigrid convergencepeed(nestediteration)

Outlo ok
proof of multigrid convergenceatesfor the hylrid active set methods
proof of mesh-indepndentconvergenceatesfor Schur-Newtonmethods
nonsmath Schur-Newtonmethods in function spaceGresera schielaos)

applications(biomechanicshydrology phase- eldmodels,. . . )
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