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Spectral Properties of Self-Adjoint Elliptic Bilinear Forms

quadraticminimization:

u 2 H : J (u) � J (v) 8v 2 H

Poissonequation:

H = H 1
0(
) , J (v) = 1

2a(v; v) � `(v), a(v; w) = (r v; r w), `(v) = (f ; v)

Proposition:
eigenfunctionsel , eigenvalues� l : a(el ; v) = � l (el ; v) 8v 2 H; l = 1; 2; : : :

el a-orthogonal, � l ! 1 for l ! 1

interpretation: a-orthogonalel =) (el ) scaleof frequencies

basicideaof multigrid: \almost" a-orthogonal � l ( = (� l ) scaleof frequencies
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Discrete Quadratic Minimization

triangulations: T0; : : : ; Tj (successivere�nement)

nodes: N0 � N1 � � � � N j

nested�nite elementspaces: S0 � S1 � � � � � Sj

nodal basis: Sk = spanf � (k )
p j p 2 Nk g, dimensionjN k j = nk

Ritz-Galerkindiscretization:

uj 2 Sj : J (uj ) � J (v) 8v 2 Sj

goal: iterativesolverswith O(nj ) complexity andmesh-independentconvergencerates
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SuccessiveSubspace Correction (. . . , Yserentant 86, Xu 92, . . . )

selectsearch directions: � l � Sj ; l = 1; : : : ; m, subspaces: Vl = spanf � l g

Algorithm (successiveline search)

given: w0 := u� 2 Sj :

for l = 1; : : : ; m:
f
solve: vl 2 Vl : J (wl � 1 + vl ) � J (wl � 1 + v) 8v 2 Vl

update: wl := wl � 1 + vl

g

new iterate: u� +1 := wm = u� +
mX

l =1

vl

a-orthogonalsearch directions(� l ) =) exact solver!
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Subspace Correction and Multigrid

Gau�{Seidel relaxation: select � l (p) := � ( j )
p ; p 2 Nj

Theorem: exponentialdecay of convergencerates: � j � 1 � O(n� 2
j )

multilevel relaxation: select � l (p;k ) := � (k )
p ; p 2 Nk ; k = 0; : : : ; j

optimal complexity: O(nj ) (classicalmultigrid V (1; 0) cycle,Gau�{Seidel smoother)

Theorem: (..., Yserentant86, Oswald 91, Bramble,Pasciak,Wang & Xu 91, Dahmen& Kunoth 92, Bornemann& Yserentant93, ......)

mesh-independentconvergencerates: � j � � < 1 ((� l ) scaleof frequencies)
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Multigrid on Complicated Domains (Kh. & Yserentant 94)

computationaldomain
 not resolvedby coarsegrid Tk for k < j

����� �����

�����
��

�����
��

di�cult y: reducedcoarse-gridcorrection =) reducedconvergencespeed

remedy: truncated search directions~� (k )
p (interpolation of � (k )

p to 
 )

hope: preservedcoarse-gridcorrection =) preservedconvergencespeed
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A Fractal Domain
f � 1, V (1; 0) cycle,symmetricGau�-Seidelsmoothing

Initial triangulation T0 Approximate solution on 
 �
0

convergencerates:

j=2 j=3 j=4 j=5 j=6 j=7
std 0.30 0.61 0.58 0.68 0.65 0.71
trc 0.28 0.30 0.32 0.32 0.33 0.34

(0; 1)2 0.28 0.30 0.31 0.32 0.33 0.33
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Self-Adjoint Elliptic Obstacle Problems
constrainedminimization:

uj 2 Kj : J (uj ) � J (v) 8v 2 Kj = f v 2 Sj j v(p) 2 [� (p); � (p)] 8p 2 Nj g

Algorithm (successiveline search)

given: w0 := u� 2 Sj :

for l = 1; : : : ; m:
f
defectconstraints:D l = (� wl � 1 + Kj ) \ Vl

solve: vl 2 Dl : J (wl � 1 + vl ) � J (wl � 1 + v) 8v 2 Dl

update: wl := wl � 1 + vl

g

new iterate: u� +1 := wm = u� +
mX

l =1

vl
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Projected Multilevel Relaxation PMLR

projectedGau�{Seidel relaxation: select � l (p) := � ( j )
p ; p 2 Nj

Theorem: exponentialdecay of convergencerates: � j � 1 � O(n� 2
j )

projectedmultilevel relaxation: select � l (p;k ) := � (k )
p ; p 2 Nk ; k = 0; : : : ; j

suboptimal complexity: O(nj log(nj )) (additional prolongationsto checkvl 2 Dl )

Theorem: (..., Badea,Tai and Wang 03, Badea06)

polylogarithmic convergencerates in 2D: � j � 1 � O(j + 1)� 5
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Monotone Iterations (Kh. 94)

two-stageselection:

a) � l = � ( j )
pl ; l = 1; : : : ; nj

b) arbitrary � l ; l = nj + 1; : : : ; m

two-stage(energy-)monotoneiteration:

a) leadingprojectedGau�{Seidel step: u�
j ! u�

j = GS(u�
j )

b) (energy-)monotone\coarse-gridcorrection"

Theorem: Monotoneiterations convergeglobally

goal: improveconvergencespeedof PMLR by adapting� (k )
p to the active set N �

j
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Truncated Monotone Multigrid TMMG (Kh. 94)

complicatedreducedcomputationaldomain: active set N �
j not resolvedby Tk

a) usetruncated search directions~� (k )
p (interpolation of � (k )

p to N �
j )

����� �����

����� �����

b) replaceunknown active set N �
j by its actual approximation N �

j (uj )

optimal complexity: O(nj ) by monotonerestriction of defectconstraints

Theorem:
� global convergence
� asymptoticpolylogarithmic convergencerates � j � 1 � O(1 + j )� 2

� no globalmesh-independentconvergencerates
(next-neighbor inactivation by projectedGau�{Seidel u�

j = GS(u�
j ))

Hamburg2008



Truncated Nonsmooth Newton Multigrid TNMG (Gr•aser & Kh. 08)

modi�cations of TMMG to obtain TNMG

b) ignore defectconstraints(vl 2 Vl insteadof vl 2 Dl = (� wl � 1 + Kj ) \ Vl )

c) enforce monotonicity of coarse-gridcorrection by projection and damping

alternativederivationof TNMG:

a) nonsmooth Newton linearization of GS(uj ) � uj = 0 at u�
j

b) linear truncated multigrid step for the resultinglinear system

c) projection and damping

Theorem:
� global convergence
� asymptoticpolylogarithmic convergencerates � j � 1 � O(1 + j )� 2

� no globalmesh-independentconvergencerates
(next-neighbor inactivation by projectedGau�{Seidel u�

j = GS(u�
j ))
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Multigrid versus Primal{Dual Active Set (Hinterm •uller, Ito & Kunisch 03)

primal{dual TNMG TMMG
inactivation proj. Jacobi proj. Gau�{Seidel proj. Gau�{Seidel
linear solve exact linear MG step loc. proj. MG step
convergence maximumprinciple monotonicity monotonicity

commonlack of robustness:

no global mesh-independentconvergenceratesdue to local inactivation

hybrid approachHMG:

a) global inactivation by PMLR (not by GS!): uj
� = PMLR(u�

j )

b) linear truncated multigrid step

c) projection and damping

Theorem: (Gr•aser& Kh. 08) global convergence,asymptoticpolylogarithmic convergence

Hamburg2008



Spiral Active Set (Gr•aser & Kh 08)

lower obstacle: uj � ' j

uniform re�nement: j = 9 with 523265 unknowns
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Iteration Histories
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Degenerate Problem (Gr•aser & Kh 08)

lower obstacle: uj � ' j = I Sj ' , � � ' = f

uniform re�nement: j = 9 with 523265 unknowns
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Two-Body Contact in Linear Elasticit y Kh. & Krause 01, Wohlmuth & Krause 03, Sander 08

coarsemesh(2 372 dof) re�ned mesh(82 980 dof) stress(planar cut)

implementedin Dune
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Comparison with Linear Multigrid

coarse-gridsolver: interior point method Ipopt Waechter& Biegler04

adaptivere�nement: hierarchical error estimate,j = 4
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PDE-Constrained Minimization with Control Constraints

minimize J (y; u) = 1
2a1(y; y) + 1

2a2(u; u) � `(y; u)

pde constraints (r y; r v) = hu; vi 8v 2 Sj

box constraints: u 2 Kj = f u 2 Sj j juj � 1g

L 2 control problem:

a1(y; v) = hy; vi , a2(u; v) = "hu; vi (lumped L 2-scalar product: diagonal)

spatial Cahn-Hilliard problem(deep-quenchlimit):

a1(y; z) = � (r y; r z) + hy; 1ihz; 1i , a2(u; v) = 
 (r u; r v) + hu; 1ihv; 1i
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Set-Valued Saddle-Point Problems

 
F B T

B � C

!  
w

�

!

3

 
f

g

!

w = (y; u)T , F = A + @� Rn 1� K j

A 2 Rn;n s.p.d., B 2 Rm;n , C 2 Rm;m symmetric,positivesemi-de�nite

generalization:
F = @' , ' : Rn 7! R
strictly convex,l.s.c., proper, coercive: F � 1 singlevalued, Lipschitz
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Non-linear Schur Complement

H (� ) = 0 ; H (� ) = � B F � 1(f � B T � ) + C� + g

Proposition

Let ' � : Rn 7! R denotethe polar functional of ' with F = @'

� J (� ) = ' � (f � B T � ) + 1
2(C�; � ) + (g; � ) is Fr�echet{di�erentiable

� H = rJ

� H (� ) = 0 is equivalentto unconstrained(!) convexminimization

� 2 Rm : J (� ) � J (v) 8v 2 Rm
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Gradient-Related Descent Metho ds /. . . , Ortega & Rheinboldt 70, . . . )

� � +1 = � � + � � d� ; d� = � H � 1
� rJ (� � ) ; H � s.p.d.

Assumptionon d� : 
 kvk2 � (H � v; v) � � kvk2 8� 2 N

Assumptionon � � : J (� � + � � d� ) � J (� � ) � c(rJ (� � ); d� )2=kd� k2

Theorem: The iteration is globallyconvergent.
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Damping Strategies

Armijo's strategy: select� , � 2 (0; 1)

accept� , if J (� � + �d � ) � J (� � ) + � � (rJ (( � � ; d� )) , elseset � := � � and try again

drawback: evaluationof J is expensive

inexactdamping:

approximate the solution of (H (� � + �d � ); d� ) = 0 by bisection

computationalcost: evaluationof F � 1 in eachbisectionstep

numericalexperiments: usually: 1 step, exceptions:up to 8 steps

both strategiessatisfy the assumptionon �
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Inexact Evaluation of H � 1
�

Proposition:

Let ~d� � d� = � H � 1
� rJ (� � ).

Then the accuracyconditions

kd� � ~d� k � 1
� kd� k ; (H (� � ); ~d� ) < 0 8� 2 N

preserveconvergence.
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Selection of H � : Nonsmooth Schur-Newton Metho ds

Newton-like methods: � � +1 = � � � � � H � 1
� H (� � )

Newton methods: H � = H 0(� � )

non-smooth Newton methods: H � 2 @B H (� � ) � @H (� � )

Proposition:
Let rank B = n and w� = F � 1(f � B T )� � . Then

H� := S(w� ) = B Â� 1B T + C 2 @H (� � )

whereÂ = TAT + I � T , with Tii = 0, if i 2 N � (w� ) elseTii = 1

L 2-control: Newton-like (rank B = m < n) Cahn-Hilliard: Newton (rank B = n)
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Convergence Results for Nonsmooth Schur-Newton Metho ds

Theorem:

� global convergencefor appropriate damping

� �nite termination for non-degenerateproblems(locally superlinear, quadratic)

� inexactversionsconvergeglobally, if

- obstacleproblem: computationof N �
j (w� )

- linear saddlepoint problem: approximation up to su�cient accuracy

� linear convergence, if S(w) is s.p.d. for all w 2 Rn

L 2-control: global linear convergence Cahn-Hilliard: global convergence

Hamburg2008



Convergence Results for Nonsmooth Schur-Newton Metho ds

Theorem:

� global convergencefor appropriate damping

� �nite termination for non-degenerateproblems(locally superlinear, quadratic)

� inexactversionsconvergeglobally, if

- obstacleproblem: computationof N �
j (w� )

- linear saddlepoint problem: approximation up to su�cient accuracy

� linear convergence, if S(w) is s.p.d. for all w 2 Rn

L 2-control: global linear convergence Cahn-Hilliard: global convergence

Hamburg2008



Interp retations

preconditionedUzawa iteration:

� evaluationof F � 1: obstacleproblem(up to N �
j (w� ))

exact (L 2-control), multigrid or projectedGau�-Seidel(Cahn-Hilliard)

� (inexact) evaluationof S(w� )� 1: linear saddlepoint problem
exact,multigrid (Vanka 86, Zulehner& Sch•oberl 03)

generalizationand globalizationof primal-dualactive set strategies:(Gr•aser07)

L 2-control: nonsmooth Schur-Newton( ) primal-dual active set (Hinterm•uller, Ito,

Kunisch03)
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L 2-control: nonsmooth Schur-Newton( ) primal-dualactive set (Hinterm•uller, Ito, Kunisch03)
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L 2-Control: Iteration Histories for Varying "

uniform re�nement: j = 7 with 32 513 unknowns
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L 2-Control: Mesh Dependence for Varying "

number of iteration stepsto roundo� error
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Cahn-Hillia rd: Iteration Histories for Varying u0

uniform re�nement: j = 9 with 2 � 523265 unknowns

work unit: linear V (3; 3) cyclefor the saddlepoint problem
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Cahn-Hillia rd: Iteration Histories for Varying u0

uniform re�nement: j = 9 with 2 � 523265 unknowns

work unit: linear V (3; 3) cyclefor the saddlepoint problem
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Cahn-Hillia rd: Mesh-Dependence for Varying u0

number of iteration stepsto roundo� error
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Where Does the CPU Time Go?

\bad" initial iterate (inexact version):

Inexa ct 1 2 3 4 5 6 7 8 9 10 11

# tests 7 3 5 3 3 1 3 1 0 0 0

% Armijo 88.7 85.9 88.1 76.1 74.2 49.2 69.3 44.4 0.1 0.1 0.1
% obstacle 7.2 0.0 -0.0 -0.0 0.0 0.0 0.0 -0.0 0.0 27.2 24.0
% linear 4.1 14.0 11.9 23.8 25.7 50.7 30.7 55.5 99.7 72.6 75.7

work units 106.1 50.1 78.5 49.0 56.4 24.5 40.5 21.8 11.0 13.4 10.9

\good" initial iterate by nestediteration: table starts at row 9 (no damping)

numericalbottleneck: � damping � linear saddlepoint solver

Hamburg2008



Conclusion

Obstacleand PDE ConstrainedOptimal Control Problems

� globallyconvergentinexactactive set strategiesby minimization techniques

� numericalexperiments:
mesh-independenceand linear multigrid convergencespeed(nestediteration)

Outlo ok

� proof of multigrid convergencerates for the hybrid active set methods

� proof of mesh-independentconvergencerates for Schur-Newtonmethods

� nonsmooth Schur-Newtonmethods in function space(Gr•aser& Schiela08)

� applications(biomechanics,hydrology, phase-�eldmodels,. . . )
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