Hamburger Beiträge

zur Angewandten Mathematik

Digital Lines and Digital Convexity

Ulrich Eckhardt

Reihe A Preprint 164 August 2001

Hamburger Beiträge zur Angewandten Mathematik

Reihe A Preprints Reihe B Berichte Reihe C Mathematische Modelle und Simulation Reihe D Elektrische Netzwerke und Bauelemente Reihe E Scientific Computing Reihe F Computational Fluid Dynamics and Data Analysis

Digital Lines and Digital Convexity

Ulrich Eckhardt

Fachbereich Mathematik — Optimierung und Approximation — Universität Hamburg, Bundesstraße 55, D-20146 Hamburg

Eckhardt@math.uni-hamburg.de

Abstract. Euclidean geometry on a computer is concerned with the translation of geometric concepts into a discrete world in order to cope with the requirements of representation of abstract geometry on a computer. The basic constructs of digital geometry are digital lines, digital line segments and digitally convex sets. The aim of this paper is to review some approaches for such digital objects. It is shown that digital objects share much of the properties of their continuous counterparts. Finally, it is demonstrated by means of a theorem due to Tietze (1929) that there are fundamental differences between continuous and discrete concepts.

Keywords: digital geometry, digital lines, digital convexity, Tietzes’s the-

orem

1 Introduction

The concept of convexity plays an important role in mathematics and also in applications. Specifically in visual perception convex sets are of importance since almost all visible objects are either convex or else composed of a finite number of convex sets (the “convex ring”, see e.g. [19, 27]). Therefore a considerable part of books on digital geometry is devoted to convexity (see e.g. [2, Chapitre 5] or [31, Chapter 4.3]). In shape recognition two dimensional sets can be decomposed into perceptually meaningful parts by considering convex and concave parts of their boundaries [16]. There exist numerous generalizations of convexity [18, Chapter 6.2]. Ronse gave a bibliography on convexity which covers the years 1961 to 1988 [24]. A very detailed history of the topic is given by Hübler [10]. For a quite recent account of the subject including also detailed historical informations the reader is referred to Klette’s survey article [12].

Convexity is closely related to the geometry of lines. Convex sets are defined by means of line segments and on the other hand line segments are convex hulls of two-point sets. In an abstract setting a hyperplane is a nonempty convex set whose complement is also nonempty and convex [29, Part II].

The aim of this article is to give a review on digital lines and digital convexity. Most of the proofs are omitted in this paper. Only in cases where the proof is not easily available or if it involves some special constructions, a sketch of it is indicated.

2 The Digital Space

Given a linear space X over the real numbers R, for example R^d , the ordinary ddimensional real vector space. In X we consider a certain subset X_Δ, the ‘digital space’. In the standard example X = R^d , we can take X_Δ = Z^d which is the set of all vectors whose components have integer values. Although it is also possible to treat a good deal of the theory in irregular digital sets, we concentrate here exclusively on the case (R^d , Z^d).

The topic of digital geometry is to translate continuous concepts, i.e. concepts in X into the digital world in X_Δ. There are basically two possibilities. The pragmatic way is to define a discretization mapping X → X_Δ. A digital set S_Δ ⊆ X_Δ is said to have a certain property if there is a continuous set S ⊆ X having this property such that S_Δ is the image of S under the discretization mapping (for a related approach see [13]). Of course, one has to take care that such a definition is well-defined. One disadvantage of this approach is that it is not canonic, it depends on the discretization mapping used.

The other possible approach is the axiomatic way. Here, suitable characteristic properties are translated into the digital setting. The main advantage of this approach is that it is mathematically more attractive than the pragmatic way and that it allows to derive properties of the digital objects in a rigorous abstract way. In some fortunate cases both approaches lead to the same concepts.

3 Digital Lines

For sake of simplicity we now concentrate on planar sets, i. e. we consider

(R^2 , Z^2). In digital (plane) geometry two metrics are popular. Let x = (ξ1, ξ2)

and y = (η_1, η_2) two vectors in R^2 . Then the 4-metric is defined as

d_4(x, y) = |ξ_1 − η_1| + |ξ_2 − η_2|

and the 8-metric is

d_8(x, y) = max (|ξ_1 − η_1|, |ξ_1 − η_1|) .

These metrics are named according to the number of Z^2-neighbors of distance 1 of a point in Z^2.

A digital set S_Δ ⊆ Z^2 is termed σ-connected, σ ∈ {4, 8}, if there exist points x_1, x_2, · · · , x_n such that x_i ∈ S_Δ for all i and d_σ (x_i, x_{i+1}) = 1 for i = 1, 2, · · · , n − 1. This concept of connectedness induces a ‘topology’ (more precisely: a graph structure, see e.g. [18] or [31] for details) on Z^2. We define a digital σ-curve to be a σ-connected digital set S_Δ with the property that each point x ∈ S_Δ has exactly two σ-neighbors in S_Δ with the possible exception of at most two points, the so-called end points of the curve, having exactly one neighbor in S_Δ. A finite curve without end points is a closed curve.

For any set S ⊆ R^2 and a point x ∈ R^2 we define for σ ∈ {4, 8} d_σ (x, S) = inf_{y∈S} d_σ (x, y). Then two discretization mappings can be defined

Δ_σ (S) = { x ∈ Z^2 | dσ (x, S) ≤^1_2 } , σ ∈ {4, 8}. Δ_4 is sometimes referred to as grid-intersection-discretization.

Lemma 1. If S ⊆ R^2 is connnected then Δ_σ (S) is σ^∗-connected, σ ∈ {4, 8},

σ^∗ = { 4 if σ =8, 8 if σ =4.

By means of the discretization mappings Δ_σ we could define a digital line as the image of a ontinuous line under one of these mappings. However, the image of a line under Δ_σ is not necessarily a digital σ-curve. If one wants to get digital lines which are also digital curves, the discretization mapping must be modified such that each point in R^2 is mapped to exactly one point in Z^2. If we define the influence region of a point x = (i, j) ∈ Z^2 by

π_σ (x) = { y ∈ R^{2 |} dσ (x, y) ≤^1_2 } , then the union of all π_8(x), x ∈ Z^2 covers the plane R^2 whereas for the union of all π_4(x) this is not true. Even more important, the influence regions have boundary points in common. This accounts for the fact that there exist points in

R^2 which are mapped on more than one point in Z^2 by means of the discretization

mappings Δ_σ . In the next section we see how this latter situation can be remedied in the case σ = 4.

4 The Chord Property

The first systematic approach to define digital lines by means of a suitable discretization mapping dates back to 1974 when Rosenfeld published his paper on digital straight line segments [26]. For the proofs of the theorems of this section the reader is referred to Rosenfeld’s original paper or the paper of Ronse [25].

For x and y in R^2 the (continuous) line segment joining x and y is [x, y] = { z ∈ R^2 | z = λx + (1 − λ)y, 0 ≤ λ ≤ 1^} .

A digital set S_Δ ⊆ Z^2 is said to possess the chord property whenever for any two points x, y in S_Δ and for any u ∈ [x, y] there exists a z ∈ S_Δ such that d_8(z, u) ≤ 1. S_Δ has the strict chord property if the strict inequality sign holds.

Lemma 2. A digital set S_Δ which has the strict chord property is 8-connected.

In accordance with the pragmatic approach to digital geometry we define: a digital (σ-) line segment is a digital set which is a Δ_σ discretization of a line segment in R^2 .

Theorem 1. Each 4-line segment has the chord property.

Remark 1. It is generally not true that a 4-line segment has the strict chord property.

We define the modified influence region (see figure 1) of a point x = (i, j) ∈ Z^2 by π^′_4(x) = { (ξ, η) | | | |i − ξ| + |η − j| < 1 2 } ∪ ∪ { (ξ, η) | | | ξ − i + η − j = 1 2 and i ≤ ξ ≤ i + 1 2 } ∪ ∪ { (ξ, η) | | ξ − i − η + j = 1 2 and i < ξ ≤ i + 1 2 } . Note that each point in R^2 belongs to at most one set π^′_4(x), x ∈ Z, in contrast to the situation with influence regions π_σ (x).

d

d t

t d � � � @@ @@

@ �

   �

    �

 @@
   @@
    @

1 2œ - 1 2 ? 6 1 2œ -

1 2 ? 6 x

Fig. 1. The modified influence region π^0_4(x). Parts of the boundary indicated by thick lines belong to the influence region as well as the vertices marked •

The modified grid-intersection-discretization then is given by the mapping

Δ^′_4(S) = {x ∈ Z^2 | π^′_4(x) ∩ S ≠ ∅}.

Using this concept, we can formulate a stronger variant of theorem 1.

Theorem 2. Any digital line segment generated by the modified 4-discretization mapping Δ^′_4 is an 8-curve having the strict chord property.

Remark 2. The assertion of theorem 2 is very appealing since it connects a certain discretization method with a definition for digital lines which always leads to lines having the strict chord property and being 8-curves. The price we have to pay for this greater symmetry is lack of invariance. The mapping Δ^′_4 is not invariant with respect to 90^o rotations of the plane.

In this form digital lines were introduced by Rosenfeld [26]. Usually, if we refer in this paper to digital lines, then a Δ^′_4-line is meant.

Corollary 1. Given a digital set S_Δ such that for any two points x and y in S_Δ there is a digital Δ_4- (Δ^′_4-) line segment containing x and y which is contained in S_Δ.

Then S_Δ has the (strict) chord property.

There is a converse of theorem 2:

Theorem 3. Given a digital set S_Δ ⊆ Z^2 having the strict chord property. Let x and y be points in S_Δ.

Then there exists a line segment γ ∈ R^2 such that Δ^′_4(γ) ⊆ S_Δ and x, y ∈ Δ^′_4(γ).

The proof of this theorem needs Helly’s theorem [29, Part VI] from convexity theory [25, 26].

Corollary 2. A digital 8-curve S_Δ having the strict chord property is a digital line segment (in the Δ^′_4 sense).

The theory sketched here has some advantages. Specifically, it translates the common concept of a line or a line segment, respectively, in a quite straightforward way to the digital case via a quite natural discretization mapping. All constructs used here can be generalized to higher dimensions [22, 23]. However, it is not easily possible to verify the chord property for a given digital set. There exist different approaches for finding a characterization of digital lines and line segments which makes exclusively use of Z^d-concepts. Moreover, these approaches lead to algorithms with linear time-complexity. The two main approaches in this direction are the syntactic characterization of Freeman [7], Rosenfeld [26] and Hübler, Klette and Voss [11] and the arithmetic characterization of Debled- Rennesson and Reveillès [4]. There slso exists a very interesting number-theoretic approach by Voss [30] and Bruckstein [1]. This latter approach, however, will not be treated here.

5 Syntactic Characterization of Digital Line Segments

The chain code for coding digital 8-curves was proposed by Freeman [6]. The 8-neighbors of a point x = (i, j) ∈ Z^2 are numbered according to the following scheme.

i − 1 i i + 1 j + 1 N_3(x) N_2(x) N_1(x) j N_4(x) x N_0(x) j − 1 N_5(x) N_6(x) N_7(x)

A digital 8-curve can be described by means of a simple compact linearly ordered data stucture containing the coordinates of one of its end points (or of a fixed point on it if a closed curve is treated) and a sequence of code numbers in {0, 1, 2, 3, 4, 5, 6, 7} indicating for each point on the curve which of its neighbors will be the next point on the curve.

The following theorem was proved by Rosenfeld [26].

Theorem 4. Given a digital 8-curve consisting of more than three points which has the strict chord property. Let a_1, a_2, · · · , a_n be the set of chain code numbers of the curve, 0 ≤ a_i ≤ 7. Then

1. There are at most two different code numbers among the a_i, 2. If there are two different code numbers among the a_i, say α and β, then these belong to adjacent directions, i.e. α ≡ β ± 1 (mod 8), 3. If there are two different code numbers, one of them is singular, i.e. it never occurs twice in succession.

A digital 8-curve having the properties of theorem 4 is not necessarily a digital line segment.

For digital lines (with rational slope) the following theorem holds:

Theorem 5. Let Γ ⊆ Z^2 be a digital line. Then the following three assertions are equivalent:

1. The chain code of Γ fulfills the conditions of theorem 4 and is periodic. 2. There exists a line with rational slope so that Γ is the Δ^′_4 discretization of this line.

3. All lines generating Γ by discretization have the same (rational) slope.

For digital lines which are characterized as in theorem 5 the axiom of parallelity is not necessarily true. There do exist pairs of parallel lines which are different but not disjoint. The intersection of such parallel lines is not necessarily a digital line. Moreover, the intersection of two lines can contain more than one point.

Freeman [7] proposed as a heuristic criterion that the singular direction should be distributed as regularly as possible in the chain code. Hübler, Klette and Voss [11] made this heuristic statement precise by giving a syntactic characterization of digital lines and digital line segments. Assume that we are given a sequence F = {a_j }_{j∈}Z of code numbers, 0 ≤ a_j ≤ 7. An element a_k of this sequence is singular whenever a_{k−1} ≠ a_k and a_k ≠ a_{k+1}, otherwise a_k is regular. A regular piece of F is a finite subsequence of maximal length of successive elements of F with mutually equal code numbers.

Let F = { {a_k}^∞_{k=−∞} } be the set of all sequences of integers (a_k ∈ N for all k). We introduce a reduction operator R : F −→ F by means of the following procedure:

{ Delete all singular elements in F which are adjacent to two regular pieces. { Replace all regular pieces of F by their lengths. { Leave all other elements of F unchanged.

The sequence F is said to possess the Freeman property if

F_1 There exists a number a ∈ N such that a_j ∈ {a, a + 1} for all j. F_2 Whenever F contains both numbers a and a + 1 then at least one of them occurs only singularly.

The sequence F is said to possess the HKV (Hübler, Klette, Voss) property if each reduced sequence R^k(F ), k = 0, 1, 2 · · · has the Freeman property.

We now introduce a convexity concept. A digital set S_Δ ⊆ Z^2 is convex in the sense of Minsky and Papert or MP-convex if for any two points x and y in S_Δ and z ∈ [x, y] ∩ Z^2 then z ∈ S_Δ [20].

Theorem 6. Any digital 8-curve which is unbounded in both directions and MPconvex has the HKV-property.

Proof. The proof of this theorem is rather long and technical but straightforward. We give only a sketch of it. First it is shown that the chain code of an MPconvex curve has the Freeman property. This can be done by straightforward enumerative discussion of all possible cases.

Then it is shown that each reduced code sequence has the Freeman property. In order to do this it is first shown that the Freeman code of an MP-convex curve consists of only two different regular pieces of size k and k + 1. It is easily seen that one of these regular pieces occurs singularly.

The converse of theorem 6 is also true [10]:

Theorem 7. Any digital 8-curve which is unbounded in both directions and has the HKV-property is MP-convex.

Proof. One basic trick for proving this theorem is due to Hübler. Without loss of generality we can assume that the chain code F for the digital curve S_Δ has only code numbers 0 and 1. If the reduced sequence R(F ) has elements k and k + 1 and if k + 1 is singular then the linear mapping of the (real) plane with matrix M = ( k + 1 1 1 0 )

maps the vectors (1, 0) and (1, 1) on the elements (k + 1, 1) and (k + 2, 1), respectively. The mapping S_Δ → MS_Δ, if interpreted as a mapping from R^2 to

R^2 , is invertible and M^{−1}R(SΔ) can be interpreted as the chain code of a digital

curve.

The remainder of the proof is rather straightforward.

For digital line segments the HKV-property must be modified in order to cope with boundary effects. For sake of completeness we indicate this modification. For details the reader is referred to the original paper of Hübler, Klette and Voss [11].

Denote by F_0 the set of all finite sequences of integers. As above we define singular and regular elements in a sequence and also the Freeman property for sequences F ∈ F_0.

The modified reduction operator R^′ : F_0 −→ F_0 is defined as follows: All maximal subsequences of successive regular elements of F which are between two singular elements are replaced by their lengths and all other elements are deleted. If F contains no singular elements, F is replaced by its length.

For a sequence F ∈ F_0 with the Freeman property we denote by ℓ(F ) the number of regular elements preceeding the first singular element in F and by r(F ) the number of regular elements following the last singular element in F .

The modified HKV-property then looks as follows:

HKV1 All reduced sequences R^{′k}(F ), k = 0, 1, 2, · · · have the Freeman property (or are empty).

HKV2 If R^{′k}(F ), k = 1, 2, · · ·, consists of identical elements a or of two different elements a and a + 1 then ℓ(R^{′k−1}(F )) ≤ a + 1 and r(R^{′k−1}(F )) ≤ a + 1.

HKV3 If R^{′k}(F ), k = 1, 2, · · ·, contains two elements a and a + 1 such that a (≤ a + 1) is nonsingular, then

R^{′k}(F ) starts with a if ℓ(R^{′k−1}(F )) = a + 1 and R^{′k}(F ) ends with a if r(R^{′k−1}(F )) = a + 1.

The following theorem characterizes digital lines by the HKV-property. The theorem was first stated by Hübler, Klette and Voss [11]. The first proof of the theorem was given by Wu [32] (see also [10]).

Theorem 8. A (finite) 8-curve S_Δ is a digital line segment if and only if it has the modified HKV-property.

The relevance of the theorems of this section lies in the fact that the modified HKV-property can be verified by a syntactic parsing of the chain code of a given digital curve. This process obviously can be performed in time proportional to the length of the curve.

6 Arithmetic Characterization of Digital Line Segments

An alternative definition of a digital line is due to J.-P. Reveilles [4]. Given numbers a, b ∈ Z with b ≠ 0 such that the greatest common divisor of a and b is 1 and a number μ ∈ Z, then a digital line is the set D(a, b, μ) = { (x, y) ∈ Z^2 | μ ≤ ax − by < μ + max(|a|, |b|) } . (1)

This definition is an immediate consequence of the modified grid-intersection-discretization of a real line. To a (nontrivial) digital line segment S_Δ one can associate two lines in R^2 , namely the line { (ξ, η) ∈ R^2 | aξ − bη = μ } and { (ξ, η) ∈ R^2 | aξ − bη = max_{(x,y)∈S} � ax − by } . The strip bounded by these two lines contains the digital line segment.

If an 8-curve is to be tested for linearity, a system of Diophantine inequalities has to be solved, since for each point (x, y) on the curve an inequality of the form (1) yields a condition for the integer variables μ, a, b. The solution of such a system is straigtforward and easy and can be done in time proportional to the length of the curve.

7 Digital Lines and Translations

Hübler [8–10] proposed a theory of digital lines which is based on translations. First one can state:

Observation The chain code of a digital line is periodic if and only if there exists a nontrivial translation of Z^2 which leaves the digital line fixed.

This leads immediately to the following definition: Given a translation T :

Z^2 −→ Z^2. A digital line in the sense of Hübler is any set of the form {x0 +

T^nx | n ∈ Z} with fixed vectors x_0, x ∈ Z^2. We assume that the translation is irreducible which means that there is no other translation T^′ : Z^2 −→ Z^2 such that T = (T^′)^k with k > 1.

By means of this concept one gets digital lines which are not necessarily 8-curves but have attractive properties.

{ For any two different points x and y in Z^2 there is exactly one digital line containing these points.

{ If two lines are parallel then they either coincide or else they are disjoint. { Two lines are parallel if and only if there is a translation mapping one of them into the other.

{ Two lines are parallel if and only if each translation leaving one of them fixed also leaves the other fixed.

{ Two lines which are not parallel intersect in at most one point.

A digital line segment is a finite subset of a digital line containing consecutive points of the line.

The main advantage of Hübler’s definition is its potential for generalizations

to Z^d._{Any digital Δ′}

4-line as defined above always contains a line in the sense of Hübler if it is generated by a line having rational slope.

8 Digital Convexity

There exist different definitions of digital convexity in the literature. We list some of the most common definitions. Let S_Δ be a digital set in Z^2 (or Z^d, respectively).

The first definition of digital convexity was stated in 1969 by Minsky and Papert [20] (see above; MP-convexity). The main reason for introducing this concept was to give an example of a predicate which has parallel order 3 (i.e. it can be verified by looking at triples of points in a digital set) and which is not ‘local’.

MP-convexity For x and y in S_Δ and z ∈ [x, y] ∩ Z^2 =⇒ z ∈ S_Δ. H-convexity The convex hull of S_Δ is the set

convS_Δ = n∑ j=1 λ_j x_j | n∑ j=1 λ_j = 1, λ_j ≥ 0 and x_j ∈ S_Δ .

S_Δ is H-convex if S_Δ = convS_Δ ∩ Z^d.

D-convexity S_Δ is digital convex or D-convex if for x, y ∈ S_Δ the Δ^′_4-line segment joining x and y belongs to S_Δ.

DH-convexity S_Δ is digital convex in the sense of Hübler or DH-convex if for x, y ∈ S_Δ the line segment (according to Hübler) joining x and y belongs to S_Δ.

Remark 3. If one considers irregular digital spaces X_Δ ⊆ R^d then the definitions of MP- and H-convexity carry over without any difficulty. However, if no three different points of X_Δ are collinear, each set S_Δ ⊆ X_Δ is MP-convex. On the other hand, D- and DH-convexity depend on a geometry of lines in X_Δ which is compatible with lines in R^d .

In figure 2 examples are given for different convexity definitions.

All these definitions have in common that the different convex sets have some of the properties which are known from ordinary convex sets. For example, the intersection of two MP- (H-, DH-) convex sets is always an MP- (H-, DH-) convex set. However, as can be seen by the conterexample in figure 3, the intersection of two D-convex sets is not always a D-convex set.

Let S_Δ be a set which is convex according to one of the definitions above. An interior point of S_Δ is a point x ∈ S_Δ such that the direct neighbors N_0(x), N_2(x), N_4(x) and N_6(x) all belong to S_Δ. The interior of S_Δ is the set of all interior points. It can easily be shown that the interior of a convex digital set is also convex.

We state some assertions on the mutual relations of these convexity concepts.

Theorem 9. A digital set is DH-convex if and only if it is MP-convex.

The proof of this theorem is obvious.

∘ ∘ ∘

∘ ∘ ∘

•

• � � � ∘ ∘ ∘

∘ ∘ ∘

∘ ∘ ∘

∘ ∘ ∘

• • • ȷȷ ȷȷ ȷȷȷ ıııı ııı

Fig. 2. Examples of convex sets. The digital set (•) in the left picture is MP-convex and H-convex but not 8-connected, hence not D-convex. The digital set in the right picture is MP-convex but not H-convex

· · · · · · · · · ·

• • • � � � � � � � � ∘ ∘ ∘ ∗ ∗

Fig. 3. Two D-convex sets whose intersection is not D-convex. The origin of the coordinate system is at the leftmost point •. The real line segment joining points (0, 0) and (4, 2) generates the digital Δ^0_4-line segment consisting of all points • and ∗. Similarly, the line segment joining points (1, 0) and (5, 2) generates the digital line segment consisting of points ∘ and ∗. The intersection of both digital line segments (points ∗) is not 8–connected, hence not D-convex.

Theorem 10. A digital set has the chord property if and only if it is 8-connected and H-convex.

Theorem 11. Any MP-convex and 8-connected digital set is D-convex.

The proof of this theorem is very similar to the proof of theorem 6. The relations of all these convexity definitions are illustrated in Figure 4. It is an interesting fact that under the assumption of 8-connectedness all these different concepts coincide. In the sequel we will always assume that the sets under consideration are 8-connected so that there is no need to distinguish different convexity concepts.

D-convex

strict chord property

H-convex

MP-convex

DH-convex

? Corr. 1 6 3

?^{10} ? trivial

? 6_9

6

11

6

Fig. 4. Relations of different convexity definitions. Double frames indicate convexity definitions which imply 8-connectivity. Bold arrows mean that the corresponding relation holds under the assumption of 8-connectivity. Numbers at the arrows denote the theorems where the corresponding assertions are formulated

9 Convexity Verification

Given a finite set S ⊆ R^2 with n elements, the convex hull of S can be determined in time O(n log n) [21].

The situation is more favourable if convexity of a polygonal set P in R^2 is investigated. Such a set can be understood as an ordered set of boundary vertices such that each pair of two consecutive vertices is joined by a line segment. Convexity of a polygonal set in R^2 can be verified in a time which is proportional to the number of vertices of the polygon. By moving along the oriented boundary of the polygonal set in such a way that the interior of the set is always on the lefthand side, one determines for each vertex the direction change of the adjacent line segments. The set S_Δ is convex if and only if at each vertex these line segments form a left turn.

Given a (bounded) digital set S_Δ ∈ Z^2, it is very easy to determine its boundary points (which are all points in S_Δ having at least one 4-neighbor not in S_Δ). In Z^2 the set of boundary points of a simply connected digital set (i.e. a digital set which is 8-connected and its complement is 4-connected) is a closed 8-curve. If consecutive points on the digital boundary curve are joined by line segments, a closed polygonal curve is obtained. Thus, to each (simply connected) digital set in S_Δ ⊆ Z^2 a polygonal set P (S_Δ) can be associated in a canonical way such that S_Δ = Z^2 ∩ P (S_Δ).

Unfortunately, if S_Δ is convex in Z^2, P (S_Δ) is not necessarily convex in R^2 . It was noted by Hübler, Klette and Voss [11] that for a digital set in Z^2 convexity can be verified by traversing the boundary along digital line segments and monitoring the direction changes at each intersection point of two consecutive digital lines. This yields a linear time algorithm for convexity verification in Z^2 (see also [14]).

The approach of Debled-Rennesson and Reveillès [4] also leads to a linear time algorithm for detecting convexity.

The situation is more complex in higher dimensions. First of all, the complexity assertions for constructing convex hulls in the continuous space are no longer true, in dimensions ≥ 3 the picture is more complicated. Ronse [22, 23] was able to generalize the chord property to arbitrary dimensions. However, for algorithmic purposes the chord property is not very helpful. Hübler’s approach is independent of the dimension [10], however, it is also not immediately suitable for convexity detection. Debled-Rennesson [3] was able to carry over the main ideas of the approach proposed by her and by Reveillés [4] to three dimensions.

10 Tietze’s Theorem

In continuous convexity theory (see e.g. [29]) the boundary points of a convex set are classified by means of separation arguments. It is a remarkable fact that such arguments play virtually no role in digital convexity theory. Only in a more recent paper of Latecki and Rosenfeld digital supportedness was investigated [17].

Assume that R^d is equipped with Euclidean geometry, i. e. to each pair of vectors x = (ξ_1, ξ_2, · · · , ξ_d) and y = (η_1, η_2, · · · η_d) the inner product ⟨x, y⟩ = d∑ j=1 ξ_j η_j is assigned. Given a nonzero vector x^∗ ∈ R^d and a real number α, a hyperplane is a set [x^∗ : α] = { x ∈ R^d | ⟨x, x^∗⟩ = α^} . The following Characterization Theorem holds

Theorem 12. A digital set S_Δ ⊆ Z^d is digital convex if and only if for any point x ∈ Z^d \ S_Δ there exists a hyperplane [x^∗ : α] such that ⟨x, x^∗⟩ = α and ⟨y, x^∗⟩ > α for all y ∈ S_Δ. This theorem is an obvious consequence of the Separation Theorem for Convex Sets [29]. A digital variant of the theorem may be found in [17]. A point of a set S ⊆ R^d is termed an exposed point of S if there exists a hyperplane [x^∗ : α] such that ⟨x, x^∗⟩ = α and ⟨y, x^∗⟩ ≥ α for all y ∈ S. Using this concept, the assertion of the following theorem is also known from convexity theory [29]:

Theorem 13. If each boundary point of a digital set is an exposed point then the set is (digital) convex.

In 1929 H. Tietze [28] proved a remarkable theorem. A set S ⊆ R^d is termed weakly supported locally if for each boundary point x of S there exists an (open) neighborhood U(x) and a hyperplane [x^∗ : α] such that ⟨x, x^∗⟩ = α and ⟨y, x^∗⟩ < α for y ∈ U(x), y ≠ x =⇒ y /∈ S. Tietze’s theorem now is [29, Theorem 4.10].

Theorem 14. Let S be an open connected set in R^d . If each point of the boundary of S is one at which S is weakly supported locally, then S is convex.

The assertion of Tietze’s theorem means that in R^d each set can be tested for convexity by looking only locally at boundary points. It is surprising that in Tietze’s theorem one needs topological assumptions (S is required to be open). It would be very attractive to translate this theorem into the digital world since it would allow to test any digital set for convexity in a time proportional to the number of its boundary points. Unfortunately, however, Tietze’s theorem does not hold in general in digital spaces.

For a point x ∈ Z^d denote by N_8(x) the set consisting of x together with its 8-neighbors. First we define: Given a set S_Δ ⊆ Z^d. A point x ∈ S_Δ is a locally exposed point of S_Δ if there exists a hyperplane [x^∗ : α] such that ⟨x, x^∗⟩ = α and ⟨y, x^∗⟩ ≥ α for all y ∈ (S_Δ ∩ N_8(x)).

A set S_Δ ⊆ Z^d is said to meet the interior point condition at point x ∈ S_Δ if the digital set (N_8(x) ∩ S) \ {x} is 4-connected and contains at least two points.

Now the following theorem is true:

Theorem 15. Let S_Δ ⊆ Z^d be a digital set and let x be a boundary point in S_Δ which is locally exposed. Assume further that the interior point condition does not hold at x.

Then there exists a digital set S^′_Δ with N_8(x) ∩ S_Δ = N_8(x) ∩ S^′_Δ such that each boundary point of S^′_Δ is a locally exposed point and S^′_Δ is not convex.

The meaning of this theorem is that without the interior point condition nothing can be said about convexity of a set only by looking at neighborhoods. The theorem can be proved by a rather lengthy discussion of all possible cases. We treat only one of these cases.

Since x was assumed to be a boundary point, one of the direct neighbors of x, say N_6(x), must not belong to S_Δ. We consider the case that also one of the indirect neighbors, say N_1(x), is not in S_Δ. Furthermore we assume that N_0(x) and N_7(x) are in S_Δ. By convexity of S_Δ is N_5(x) /∈ S_Δ. Therefore we have the following situation (• denotes a point in S_Δ, ∘ a point not in S_Δ and · denotes a point whose status with respect to S_Δ is left open):

x_{c c s}

·^s

· ·^c

If the interior point condition does not hold, one of the remaining points in N_8(x) belongs to S_Δ. If e.g. N_2(x) were in S_Δ, then we choose S^′_Δ as follows (all points which are not marked • are assumed not to belong to S^′_Δ):

x_{c c s}

·^s

·^{s c} s c · s · · s · · HHH HHH Obviously all points of S^′_Δ are locally exposed points and S^′_Δ is not convex.

The situation becomes less pessimistic if one considers digital sets fulfilling the interior point condition. Each of the eight neighbors of a point either belongs to S_Δ or not, hence there are 2^8 = 256 different possible neighborhood configurations. These configurations can be obtained from 51 generating configurations by rotations and reflections. If one is interested in configurations fulfilling the interior point condition, there remain 8 generating configurations (these are exactly the “simple strict boundary point-configurations” of [5, p. 160]). 7 of these configurations are digitally convex and 6 of them are configurations of locally exposed points. These latter are given in Figure 5.

There remains one configuration which fulfills the interior point condition and is convex but not locally exposed:

c c c

c 3 s

c c s

c c c

c 7 s

c s s

c c c

c 14 c

s s s

c c c

c 15 s

s s s

c c c

s 31 s

s s s

s c c

s 62 c

s s s

Fig. 5. Configurations of exposed points. • denotes points in SΔ and ∘ denotes points not in SΔ. The number in the center of each configuration is the configuration number #(N8) = P^7_{j=0} cj · 2^j where cj = 1 for points in SΔ and cj = 0 for points not in SΔ. It is assumed that the center point belongs to SΔ

s c c

s 63^s

s s s

We formulate an encouraging result sharpening the assertion of theorem 13:

Theorem 16. Given a simply connected digital set S_Δ such that all boundary points of S_Δ fulfill the interior point condition and are locally exposed.

Then S_Δ is convex.

Proof. Assume that S_Δ is simply connected and that all of its boundary points fulfill the interior point condition. Then the polygonal set P (S_Δ) in R^2 associated canonically to S_Δ as above is “regular”, i.e. the (topological) closure of its interior is the set itself (This can be seen easily by inspection of the neighborhood configurations in Figure 5). So, P (S_Δ) fulfills all conditions of Tietze’s theorem, which completes the proof.

The relevance of the latter theorem is rather limited since digitally convex sets rarely have only locally exposed boundary points, which means that configuration 63 above (as well as its rotated or reflected versions) occurs quite often in realistic digital sets. If this happens, neighborhood information alone is not sufficient for testing convexity. However, it is possible to monitor the occurence of critical configurations and to remedy the situation. One possibility, of course, for treating this situation is to segment the boundary into digital line segments in the manner of Hübler, Klette and Voss [11] or of Debled-Rennesson and Reveillès [4]. These approaches, however, are not local in the sense of Tietze’s theorem.

The problems encountered in connection with application of Tietze’s principle are sketched here by means of a special application. For retrieving shapes from a pictoral database it is necessary to simplify the contours of the objects under

consideration. This can be done by removing “irrelevant” points from the contour

[16]. Such a procedure has the advantage that the original data structure (a

linearly ordered list of points in Z^2) is not changed. Moreover, this approach

also has a favourable stability behaviour [15]. A first step in the method could

be to replace the polygonal set P (S_Δ) obtained canonically from the chain code

by a set Q(S_Δ) having the properties:

1. Q(S_Δ) is a polygonal set obtained from P (S_Δ) by deleting vertices,

2. S_Δ = Q(S_Δ) ∩ Z^2.

3. Q(S_Δ) has the same “convexity behaviour” of the boundary as S_Δ.

It can be shown that such a set Q(S_Δ) cannot be found in a canonic way from S_Δ.

Of course, there is some freedom of choice in interpreting the third requirement

which is not mathematically precise.

In Figure 6 a specific digital set is shown. The set was reduced by deleting

points from the boundary as long as this is possible in a unique way under the

first two conditions indicated above.

qaq aq aqa q aq qa q aq qa qaq aqaqqqqqqqqqaqqq aq q q qa q aq aq aqa qaq qaqqaq qqqqaqq qqa qqa qaq aqa qaq aqa qa qa qa qa qa q aq qa q aq q qa q q qaq qaq q qa qqqqqqqq aq aq aq aqa qqq qqaqqq aqqqqqaqqaqa qqa qaq aq aq qaq qqq qqqqqq q qaq q aq q aq q qaq q aq qaq qa qa qa qa qaq qaq aq aqa qa qaq aqa qqq aqqa q

p p p p p p p p p p p p pp pppppppppppppppp p p p p p p p p p p p p p p p p p p p ppppppp pp pp pp pp pp pp p p p p p p pp p p pp p p p p pp p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p pp p p pp pp pp pp pp pp pp p pp pp pp pp ppp ppp p

qq qq q q qq qq qqqq q q qq q qq q q qq qqq q q

q

q q q q q q qq q qq q q qq qq qq q q q qq q q q q q q q q q q q q qqq

Fig. 6. Construction of an enclosing polyhedral set. In the left picture the boundary

of a digital set is shown. Points having neighborhood configuration 63 (up to rotation

and reflection) are indicated by ∘. In the right picture the enclosing polyhedral set

after detection of digital lines is given. The original boundary contains 297 points, the

reduced polygonal set has 75 vertices

Further reduction under the conditions stated above is no longer possible in

a well-defined way. The problem is that a part of the boundary may have the

following form (notations as in Figure 6, left image):

s c s s · · · s s c s @@ �

It is assumed here that the interior of the set is below the curve. It is possible to delete one of the critical points ∘, but this is not an invariant action. There are other pragmatic possibilities to cope with this situation, e.g. one can introduce additional points not in Z^2 thus relaxing the first two conditions above. Another pragmatic approach which is based on a “relevance measure” associated to the vertices of the polygon is given in [16].

11 Conclusions

The concepts of digital lines and digital convexity were introduced thirty years ago in a pragmatic way by means of the grid-intersection discretization. It turned out that these concepts share a number of properties with lines and convex sets in continuous spaces. It could be shown [10] that these pragmatic concepts can be embedded into a formal axiomatic theory. Moreover, different definitions of digital convexity coincide if in addition 8–connectedness is required. Thus, at present digital lines and digital convexity are well understood theoretically and the different approaches to the subject can be unified within the framework of a nice theory.

Due to the practical relevance of the subject, a number of algorithmic methods were developed to verify convexity of digital sets. They can be classified as syntactic [11], arithmetic [4] and number-theoretic characterizations [30]. Typically, these methods allow to verify convexity in a time proportional to the length of the boundary of the set under investigation.

There do exist differences between digital and continuous convexity. In contrast to continuous sets, it is not possible to verify digital convexity by local inspections only.

References

1. Bruckstein, A.M.: Self-similarity properties of digitized straight lines. 1989, Contemp. Mathem. 119 (1991) 1–20 2. Chassery, J.-M., Montanvert, A.: Géométrie discrète en analyse d’images. Traite des Nouvelles Technologies. Serie Images. Hermes, Paris (1991) 3. Debled-Rennesson, I.: Etude et reconnaisance des droites et plans discrets. These, Université Strasbourg, 1995.

4. Debled-Rennesson, I., Reveillès, J.-P.: A linear algorithm for segmentation of digital curves. Int. J. Pattern Recogn. Artif. Intell. 9 (1995) 635–662 5. Eckhardt, U., Maderlechner, G.: Invariant thinning. Int. J. Pattern Recognition Artif. Intell. 7 (1993) 1115–1144 6. Freeman, H.: On the encoding of arbitrary geometric configurations. IRE Trans.

EC-10 (1961) 260–268

7. Freeman, H.: Boundary encoding and processing. In: Rosenfeld, A., Lipkin, B.S.

(eds.): Picture Processing and Psychopictorics. Academic Press, New York (1970) 241–266 8. Hübler, A.: A theoretical basis for digital geometry — an axiomatic approach. In:

Eckhardt, U. (ed.): Mathematical Methods in Image Processing. Proceedings of a Minisymposium at ECMI ’90 in Lahti. Hamburger Beiträge zur Angewandten Mathematik, Reihe B, Bericht 15 (1991) 5–20 9. Hübler, A.: Geometrische Transformationen in der diskreten Ebene. In: Burkhardt, H., Höhne, K. H., Neumann, B. (eds.): Mustererkennung 1989. 11. DAGM- Symposium, Hamburg, 2.–4. Oktober 1989. Proceedings. Informatik-Fachberichte, Vol. 219. Springer-Verlag, Berlin Heidelberg New York (1989) 36–43 10. Hübler, A.: Diskrete Geometrie für die digitale Bildverarbeitung. Dissertation B, Universität Jena (1989) 11. Hübler, A., Klette, R., Voss, K.: Determination of the convex hull of a finite set of planar points within linear time. Elektronische Informationsverarbeitung und Kybernetik EIK 17 (1981) 121–139 12. Klette, R.: Digital Geometry — The Birth of a New Discipline. (Festschrift for Azriel Rosenfeld, to appear 2001). CITR-TR-79 13. Klette, R., Stojmenovic, I., Žunić, J.: A parametrization of digital planes by leastsquares fits and generalizations. Graphical Models and Image Processing 58 (1996) 295–300 14. Klette, R.: On the approximation of convex hulls of finite grid point sets. Pattern Recognition Letters 2 (1983) 19–22 15. Latecki, L.J., Ghadially, R.-R., Lakämper, R., Eckhardt, U.: Continuity of discrete curve evolution. J. Electron. Imaging 9 (2000) 317–326 16. Latecki, L.J., Lakämper, R.: Convexity rule for shape decomposition based on discrete contour evolution. Computer Vision and Image Understanding 73 (1999) 441–454 17. Latecki, L.J., Rosenfeld, A.: Supportedness and tameness. Differentialless geometry of plane curves. Pattern Recognition, 31 (1998) 607–622 18. Latecki, L.J.: Discrete Representation of Spatial Objects in Computer Vision. Computational Imaging and Vision. Kluwer Academic Publishers, Dordrecht Boston London (1998) 19. Matheron, G.: Random Sets and Integral Geometry. John Wiley & Sons, New York London Sydney Toronto (1975) 20. Minsky, M., Papert, S.: Perceptrons. An Introduction to Computational Geometry.

The MIT Press, Cambridge London (1969) 21. Preparata, F.P., Shamos. M.I.: Computational Geometry. An Introduction. Texts and Monographs in Computer Science. Corr. 3rd printing, Springer-Verlag, New York Berlin Heidelberg (1985) 22. Ronse, C.: A note on the approximation of linear and affine functions: The case of bounded slope. Arch. Math. 54 (1990) 601–609 23. Ronse, C.: Criteria for approximation of linear and affine functions. Arch. Math., 46 (1986) 371–384 24. Ronse, C.: A bibliography on digital and computational convexity (1961-1988).

IEEE Trans. PAMI-11 (1989) 181–190 25. Ronse, C.: A simple proof of Rosenfeld’s characterization of digital straight line segments. Pattern Recognition Letters 3 (1985) 323–326 26. Rosenfeld, A.: Digital straight line segments. IEEE Trans. C-23 (1974) 1254–1269 27. Stoyan, D., Kendall, W.S., Mecke, J.: Stochastic Geometry and Its Applications.

John Wiley & Sons, Chichester New York (1987)

28. Tietze, H.: Bemerkungen über konvexe und nicht-konvexe Figuren. J. Reine Angew.

Math 160 (1929) 67–69 29. Valentine, F.A.: Convex Sets. McGraw-Hill Series in Higher Mathematics.

McGraw-Hill Book Company, New York San Francisco Toronto London (1964) 30. Voss, K.: Coding of digital straight lines by continued fractions. Comput. Artif.

Intell., 10 (1991) 75–80 31. Voss, K.: Discrete Images, Objects, and Functions in Z^n. Algorithms and Combinatorics, Vol. 11. Springer-Verlag, Berlin Heidelberg New York (1993) 32. Wu, L.-D.: On the chain code of a line. IEEE Trans., PAMI-4 (1982) 347–353