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@ Radial part of Laplacian corrected by the Euler operator.
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@ Radial part of Laplacian corrected by the Euler operator.

Olshanetsky—Perelomov (1980)
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Calogero-Moser—Sutherland operators

N
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EZ—Z@-FZ# , k=15,

= 0 sin?(z; — x;)

g__XN: xi 2—|—k(k—1) Z _zig; | 90
N laxi Ti — Tj 83:1

i=1 1<i#j<n

@ Radial part of Laplacian corrected by the Euler operator.

Olshanetsky—Perelomov (1980)

Ma(Ma + 2maq + 1)(a, @)
P — _A :
+ €Z<1>+ sin? (o, )

@ Eigenstates are expressible as Jack symmetric functions.

A= (A1, ), A1 >+ > A >0 = Jyx = m) + lower order terms

<
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Polynomial coefficient differential operators

e Z(W) , GL(W)x PZ(W)—= P(W), g pw):=plg~" w).

° 9w By -+ O,
( ) . 1
0up(u) o= lim (1o +10) — plw) )

e (W) = 8§(W) as GL(W)-modules.

10/104



finslspectuumiendyinterpotationgbe lyaomials multiplicity-free spaces and the Capelli basis

The spectrum c) (u)

multiplicity-free spaces and the Capelli basis

Polynomial coefficient differential operators

e Z(W) , GL(W)x PZ(W)—= P(W), g pw):=plg~" w).

° 9w By -+ O,
( ) . 1
0up(w) = liny ol + t0) = p(w))

e (W) = 8§(W) as GL(W)-modules.

0 W)@ I(W) =2 PI(W) |, p® Oy pdy
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GL(W) x Z(W) = (W) , g-p(w) :==p(g~" - w).

e (W) = 8§(W) as GL(W)-modules.
0 W)@ (W)= LPP(W) , pR0y+— pdy

geGL(W), De 29(W) = (9-D)p:=g-(D(g""-p)) )

R
. 1
0up(w) = liny ol + t0) = p(w))
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Polynomial coefficient differential operators

e Z(W) , GL(W)x PZ(W)—= P(W), g pw):=plg~" w).

° 9w By -+ O,
( ) . 1
0up(w) = liny ol + t0) = p(w))

e (W) = 8§(W) as GL(W)-modules.

PW) @ IW) 2 PYW) , p®dy — pdy

g€ GL(W), D€ 9(W) = (g-D)p:=g- (D(g~" - p))

@ Problem. Study Z2(W)€ for a reductive subgroup G C GL(W). J
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Assume W is G-multiplicity-free: S(W') & @)\ ~m)Vy where my < 1.

=P =20 PV

AETw AETw
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The spectrum c) (u)

Assume W is G-multiplicity-free:

@V)\ﬁ(@

AeZw

S(W)

PIW) = P(W)S(W)
AN, uELyy

Pp viev

@Ae@ m )V where my < 1.

~ P W

NeZyy

@ Hom¢ (V7 V)
A pELw
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Assume W is G-multiplicity-free: S(W') & ®)\E@ myV\ where my < 1.

P =20 P vy

AETw AETw

PIW) = (PW)®8W)) @(V/\®Vu = P Homg(V;,Vy)
AN, WETyy AN, wELyy
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multiplicity-free spaces and the Capelli basis

Assume W is G-multiplicity-free: S(W') & 69)\6@ myV\ where my < 1.

P =20 P vy

AETw AETw

29W)C = (2(W) @ 8(W)) = P (Vy@V) G P Homg(V;:,Vy)

A€y A, uE€Lyy

C if A = p,

Homg (V,;, VY) = {{0} if A # p.
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multiplicity-free spaces and the Capelli basis

Assume W is G-multiplicity-free: S(W') & @)\Eé myV\ where my < 1.

sWy= @ v = 2W)= @ V.

AETw AETw

29W)¢ = (2W)@sW) > @ (VieoVu)® @ Homg(Vy, V)
N, u€lwy A HELy
C if A = p,

Homg(V;,V;) = { Dy <+ 1€ HOII]G(V;,V;)

{0} if A p

e The basis {Dx}aczy, is called the Capelli basis for PPW)C.
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multiplicity-free spaces and the Capelli basis

Assume W is G-multiplicity-free: S(W') & @)\Eé myV\ where my < 1.

sWy= @ v = 2W)= @ V.

AETw AETw

29W)¢ = (2W)@sW) > @ (VieoVu)® @ Homg(Vy, V)
N, u€lwy A HELy
C if A = p,

Homg(V:,V;) = { Dy <+ 1€ HOII]G(V;,V;)

{0} if A p

e The basis {Dx}aczy, is called the Capelli basis for PPW)C.

@ \u€Zw = Dy:V; — V7 acts by ex(u) € C.

@ Problem (Kostant). Give an explicit description of ¢y ().
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Vv=Ccr

W =82(V) , G=GL(V)=GL,(C) , K=0(V)20,(C).
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V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).

o P(W) EBVA where A = (A1,...,An), A1 > -+ > A, > 0.
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V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).
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@ A =hw. of Vi = (=2\p)e1 + -+ (=2X1)en
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The spectrum cy ()

V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).

o P(W) EBVA where A = (A1,...,An), A1 > -+ > A, > 0.

@ A =hw. of Vi = (=2\p)e1 + -+ (=2X1)en

@ Every V¥ C (W) contains a K-invariant vector 0 # zy € V.
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The spectrum cy ()

V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).
@ P(W)=EPVy where A= (A1,...,An), A1 >+ > An > 0.
A
@ A =hw. of Vi = (=2X\p)e1 + -+ (=2X1)en.
@ Every V¥ C (W) contains a K-invariant vector 0 # zy € V.

@ wo € W a K-invariant vector ~ ¢:G/K W | g+ g - wo.
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The spectrum cy ()

V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).
@ P(W)=EPVy where A= (A1,...,An), A1 >+ > An > 0.
A
@ A =hw. of Vi = (=2X\p)e1 + -+ (=2X1)en.
@ Every V¥ C (W) contains a K-invariant vector 0 # zy € V.
@ wo € W a K-invariant vector ~ ¢:G/K W | g+ g - wo.

@ a:= {diag(ai,...,an) | a1,...,an € C} C gl,, = gl(V).
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The spectrum cy ()

V=Cr , W=8%(V) , G=GL(V)2GL,(C) , K=0(V)=0,(C).
@ P(W)=EPVy where A= (A1,...,An), A1 >+ > An > 0.
A
@ A =hw. of Vi = (=2X\p)e1 + -+ (=2X1)en.
@ Every V¥ C (W) contains a K-invariant vector 0 # zy € V.
@ wo € W a K-invariant vector ~ ¢:G/K W | g+ g - wo.

@ a:= {diag(ai,...,an) | a1,...,an € C} C gl,, = gl(V).

e gl(V) B W 2 ¢C ‘ I i=12,|, € 2(a) ‘
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eorem (Sahi Knop—Sahi ’96)

Fix A= (A, .., An), AL > - > A > 0.
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The spectrum cy ()

Theorem (Sahi '94, Knop—Sahi ’96)

Fix A= (AL, ..., An), AL > -+ > Ap > 0.
(a) There exists a polynomial J% € #(a*)» such that
deg(J}) = Al = A1+ 4+ An and cy(p) =I5 (1 + p)

wherep:"T_lsl—l—w-—l—l_T”en and p = h.w. ofVH*.
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The spectrum cy ()

Theorem (Sahi '94, Knop—Sahi ’96)

Fix A= (AL, ..., An), AL > -+ > Ap > 0.
(a) There exists a polynomial J% € #(a*)» such that

deg(J}) = Al =XM1+ -+ X and cx(p) =I5 (1 + p)

wherep:"T_lsl—l—w-—l—l_T”en and p = h.w. ofVH*.

(b) J3} is determined up to scalar by the following conditions:
o J5 € P(a*)5n,
o deg(Jy) < [A,
o J3(A+p) #0; J5 (v + p) = 0 for all other p < p s.t. || < [N
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The spectrum cy ()

Theorem (Sahi '94, Knop—Sahi ’96)

Fix A= (AL, ..., An), AL > -+ > Ap > 0.
(a) There exists a polynomial J% € #(a*)» such that

deg(J}) = Al =XM1+ -+ X and cx(p) =I5 (1 + p)

wherep:"T_lsl—l—w-—l—l_T”en and p = h.w. ofVH*.

(b) J3} is determined up to scalar by the following conditions:
o J5 € P(a*)5n,
o deg(Jy) < [A,
o J3(A+p) #0; J5 (v + p) = 0 for all other p < p s.t. || < [N

(c) Up to a scalar, J5 € £(a*) = P(a) can be written as

JX = Ji + lower degree terms
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The spectrum c) ()

The spectrum cy ()

Theorem (Sahi ’94, Knop—Sahi ’96)

Fix A= (AL, ..., An), AL > -+ > Ap > 0.
(a) There exists a polynomial J% € #(a*)» such that
deg(J}) = Al =XM1+ -+ X and cx(p) =I5 (1 + p)

wherep:"T_lsl—l—w-—l—l_T”en and p = h.w. of V.

b) J3 is determined up to scalar by the following conditions:
A
o J5 € P(a*)5n,
o deg(Jy) < [A,
o J3(A+p) #0; J5 (v + p) = 0 for all other p < p s.t. || < [N
c¢) Up to a scalar, JX € #Z(a*) = Z(a) can be written as
(c) Up A

JX = Ji + lower degree terms

Other examples: Hermitian symmetric pairs — GL(V) x GL(V)/GL(V) leads to
factorial Schur functions (Biedenharn, Louck, Okounkov, Olshanskii).

.
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Deformed CMS operators

The deformation %, , ¢ (Sergeev—Veselov, 2005)

m 82

n 2
ffm,n,e=*za 2 Z 92 Z

i=1 9y; 1§i<j§m

2000 — 1)

sin?(z; — ;)

20071 4+ 1) o D 2(0 — 1)
- XY Lo

1<i<i<n S02 (Wi — ;) (I 2 sin? (@i — ;)
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Deformed CMS operators

lov, 2005)

. 3
The deformation %, ,, ¢ (Sergee

LIN52 © G 2600 — 1)
Z, = — E E - 7
m,mn,0 1'2:1 612 = y2 sin?(z; — ;)

Yi 1§i<j§m
20071 4+ 1) @ o 206 — 1)

T ‘7zzsin2<zi—y,‘>

2(y, _
1<ici<n SN2 —vj) D23

1persymmetric func

N yn]Sm XSn gsuch that

Let Ay, n o be the subalgebra of all f € Clz1,...,Zm,y1,- .-
1] 5]
—— + 60— | f =0 on the hyperplane z; — y; = 0.
oz, 9y;

v
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Deformed CMS operators

lov, 2005)

. 3
The deformation %, ,, ¢ (Sergee

LIN52 © G 2600 — 1)
Z, = — E E - 7
m,mn,0 1'2:1 612 = y2 sin?(z; — ;)

Yi 1§i<j§m
20071 4+ 1) @ o 206 — 1)

T ‘7zzsin2<zi—y,‘>

2(y, _
1<ici<n SN2 —vj) D23

1persymmetric func

N yn]Sm XSn gsuch that

Let Ay, n o be the subalgebra of all f € Clz1,...,Zm,y1,- .-
1] 5]
—— + 60— | f =0 on the hyperplane z; — y; = 0.
oz, 9y;
ni=Cler, ..o, 2], A =limAy,

v
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Deformed CMS operators

. 3
The deformation %, ,, ¢ (Sergee

o
gm,n,& = -
i=1 ‘912

n2(y; — s
1<ici<n SN2 —vj) D23

20071 4+ 1) o D 2(0 — 1)

lov, 2005)

8?2 2600 — 1)

O o7 T2 smie—ap)
= sin?(z; — x;)

Y 1§i<j§m

-2 >

sin2 (z; — Yj )

1persymmetric func

Let Ay, n o be the subalgebra of all f € Clz1,...,Zm,y1,- .-
14}
oz, 9y;
n=Clay, .. 2a]S7, A= lim Ay,

5]
<7 + 9*) f = 0 on the hyperplane z; — y; = 0.

N yn]Sm XSn gsuch that

o 1
Wi A= Npyne s 2 Tp > Ding @l — Kl E;:l y;

35 /104



Deformed CMS operators
Generalities on Lie superalgebras

Lie superalgebras
The Lie superalgebra g[m‘”

Deformed CMS operators

lov, 2005)

. 3
The deformation %, ,, ¢ (Sergee

LIN52 © G 2600 — 1)
Z, = — E E - 7
m,mn,0 1'2:1 612 = y2 sin?(z; — ;)

Yi 1§i<j§m
20071 4+ 1) @ o 206 — 1)

T ‘7zzsin2<zi—y,‘>

2(y, _
1<ici<n SN2 —vj) D23

1persymmetric func

N yn]Sm XSn gsuch that

Let Ay, n o be the subalgebra of all f € Clz1,...,Zm,y1,- .-

1] 5]

—— + 60— | f =0 on the hyperplane z; — y; = 0.

oz, 9y;

n =:C[$17--»7In15"7 A:LiLnAn, P:iA = Ay s D T] HZI’;MT—%ZLly;
A—)A
l .
m,n,0

v
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The Lie superalgebra g[m‘”

Deformed CMS operators

The deformation lov, 2005)

m,n,0 (Sergee

LIN52 © G 2600 — 1)
o) == 0 == Z 292 D
i1 92 =1 9y; 15i<j§m sin?(z; — «;)

20071 4+ 1) @ o 206 — 1)
= ¥ =—=3%

i (0 —yy) o fo sm2 (s — u))

1persymmetric func

Let Ay, n o be the subalgebra of all f € Clzy,...,Zm,y1,-. ., yn]Smxs” such that

1] 5]
—— + 60— | f =0 on the hyperplane z; — y; = 0.

oz, 9y;

n = Clz1,... 7In]S"7 A= LiLnAny PiA = Ay g o) 2T ® — % E;:l y;
A——— A
&
@ @
Zm.,n,0
A6 m,n,0

A= (A1,A2,...) = sly :=pUy) super Jack polynomials

v
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Shifted super Jack polynomials

Quantum integrals

@ App = (C[xl,...,:ri+9(1—i),...,zn—l—e(l—n)]sn
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The Lie superalgebra g[”,‘”

Shifted super Jack polynomials

Quantum integrals

@ App = (C[xl,...,:ri+9(1—i),...,zn—l—e(l—n)]sn

Q@ Ay := l.gll\n,g
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The Lie superalgebra g[”,‘”

Shifted super Jack polynomials

Quantum integrals

@ App:i=Clar,...,xzi +0(1 —i),...,2n +0(1 —n)]n
@ Ap:=limA, ¢

= >

L o~ fef y L) = frfl,n,e for every f € Ag
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The Lie superalgebra g[”,‘”

Shifted super Jack polynomials

Quantum integrals

@ App:i=Clar,...,xzi +0(1 —i),...,2n +0(1 —n)]n
@ Ag:=limAn,
L o~ fef y L) = frfl n,0 for every f € Ag

A——A 2] osIh = F(Vsda.

m
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The Lie superalgebra g[”,‘”

Shifted super Jack polynomials

Quantum integrals

@ App:i=Clar,...,xzi +0(1 —i),...,2n +0(1 —n)]n
@ Ap:=limA, ¢

= >

L o~ fef y L) = frfl n,0 for every f € Ag
A—— A L] esh =W

A'm,n,0 f_) Am,n,e

m,n,0

@ X\ = (A1,A2,...) such that A\jup1 >n = @(Jy) =0.
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The Lie superalgebra g[”,‘”

Shifted super Jack polynomials

The algebra 1\571,.71<H and the polyn

Let AEn,n,H CClZ1,- s Tm, Y1, -, Yn]>m*5n be defined as follows:

1 1 1 1
fe Ain’"yg iff f (zl + g,yj — 5) =1f (zl - E,yj + 5) on the hyperplane z; + 0y; = 0.

v
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Lie superalgebras Generalities on Lie superalgebras

The Lie superalgebra g[,,,‘,,

Shifted super Jack polynomials

i

m,n,

The algebra A

o and the polynomials sJX

Let AEn,n,@ CClZ1,- s Tm, Y1, -, Yn]>m*5n be defined as follows:
" i 1 1 1 1
fEAm’"yg iff f zi+5,yj = 5) :f(zifg,yj+5 on the hyperplane z; + 0y; = 0.

Set
P hg o AL o WH()(p,a) == F(F (P, q)

v
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras

The Lie superalgebra g[,,,‘,,

Shifted super Jack polynomials

The algebra 1\571,.71<6 and the polynomi:

]8m*Sn be defined as follows:

Let AEn,n,@ < C[l‘l,...,fl?m,yl,...,yn

1 1 1 1
fe Ain,n,e iff f (zl + g,yj — 5) =1f (zl - E,yj + 5) on the hyperplane z; + 0y; = 0.

Set
P hg o AL o WH()(p,a) == F(F (P, q)

where the map
F: {()\1,~~-7)\m:l117~~~:ﬂn)} - (Cm+’ﬂ

is given by “Frobenius coordinates”:
pi:)\i—O(i—%)—%(n—Gm) 1<i<m,

g =p; 071G -3+ 530 n+m) 1<j<n
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The Lie superalgebra g[m‘”

Shifted super Jack polynomials

The algebra “‘\En,.n‘e and the polynomials sJ}

]3m*Sn be defined as follows:

Let’Ah QCC[xlv"'7xm7y17"'7yn

1 1 1 1
fEAmnS iff f(zi+5,yj75) :f<zi*5»yj+5) on the hyperplane z; + 0y; = 0.

Set
g AR o (P a) = f(FTH(Pa)

where the map
F: {()\1,~~-7)\m:l117~~~:ﬂn)} - (Cm+’ﬂ

is given by “Frobenius coordinates”:
piz)\i—ﬁ(i—%)—%(n—em) 1<%

g =p;—0Gi-3)+50 'mtm) 1<j<n

sJ} = b (J3) shifted super Jack polynomials

v

46 /104




Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras

The Lie superalgebra g[m‘”

Shifted super Jack polynomials

The algebra “‘\En,.n‘e and the polynomials sJ}

]3m*Sn be defined as follows:

Let’Ah QCC[xlv"'7xm7y17"'7yn

1 1 1 1
fEAmnS iff f(zi+7,yj77) :f(ziff,yj+5) on the hyperplane z; + 0y; = 0.

2 2 2

Set
g AR o (P a) = f(FTH(Pa)

where the map
F: {()\1,~~-7)\m:l117~~~:ﬂn)} - (Cm+’ﬂ

is given by “Frobenius coordinates”:
piz)\i—ﬁ(i—%)—%(n—em) 1<%

g =p;—0Gi-3)+50 'mtm) 1<j<n
sJ} = b (J3) shifted super Jack polynomials

A= (A1,A2,...) such that A1 >n = sJ3 =0

<
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The spectrum and interpolation polynomials Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
Main Theorem The Lie superalgebra gl,

m|n
Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.

z/2 = {0,1} V € objgyee ~ V=V V4.
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Lie superalgebras Generalities on Lie superalgebras
Main Theorem The Lie superalgebra gl,

m|n

Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.
Z/2 =1{0,1} V € objgyee ~ V=V V4.

Morsvee(V, W) = {T € Home(V, W) : TV C Wy and TV C WT}

v
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Main Theorem The Lie superalgebra g[m‘”

Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.
Z/2 =1{0,1} V € objgyee ~ V=V V4.

Morsvee(V, W) = {T € Home(V, W) : TV C Wy and TV C WT}

VW sWeV, vew— (—1)"lygw.

v
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The spectrum and interpolation polynomials Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras

Main Theorem The Lie superalgebra g[m‘”

Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.
Z/2 =1{0,1} V € objgyee ~ V=V V4.
Morsvee(V, W) = {T € Home(V, W) : TVg C Wy and TV € Wy}
VAW -sWeV, vew— (1) ygw.

$(V) = 8(V5) @ A(Vp) , 2(V) =8(V7)

v
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The spectrum and interpolation polynomials Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras

Main Theorem The Lie superalgebra g[m‘,,

Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.

z/2 = {0,1} V € objgyee ~ V=V V4.

Morsvee(V, W) = {T € Home(V, W) : TV C Wy and TV C WT}

VW sWeV, vew— (—1)"lygw.

8(V)=8(5) ® A(V5) , 2(V) =8(V7)
@ Lie superalgebra: g = gy @ g7 such that

(=) e, [y, 2] + (1)1, [z, 2]] + (— 1)z, [z, 4]] = 0.

v
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The spectrum and interpolation polynomials Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras

Main Theorem The Lie superalgebra g[m,‘”

Generalities on Lie superalgebras

@ SVec: symmetric monoidal category SVec of Z/2-graded vector spaces.

Z/2 =1{0,1} V € objgyee ~ V=V V4.

Morsvee(V, W) = {T € Home(V, W) : TV C Wy and TV C WT}

VAW -sWeV, vew— (1) ygw.
s(V)=s8(Vp) @ A(Vy) , (V) =8(V7)
@ Lie superalgebra: g = gy @ g7 such that
(=)= z, [y, 2] + ()" Ny, [z, 2]) + (- 1) [z, [, y]] = 0.
0 V=V;8V; ~» Endc(V)=End(V)s®End(V)z is a Lie superalgebra:

[S,T] = ST — (—1)!SHTl1g.

o’
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

oV =C"l" « gl

= End(C™").

m|n
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Root system

e V=C"" « gl =End(C™").

m|n

° g=gl,, = g=n" @h@n", where

= P ga for T =05 UL

acdt
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Root system

@ V=C"" « gl =EndC™").

m|n
- 9:9[m|n = g:n_@h@n+,where
= P ga for T =05 UL
acdt
(I)%':{si—ej 1 1<i<j<m or m+1<i<j<m+n},
<I>T+:{E¢—Ej c1<i<m<j<m+n}.

- _ &t & — _ot
° O =—dF o7 = -
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Root system

@ V=C"" « gl =EndC™").

m|n
® g=gl,, = g=n" &h&n", where
= P ga for T =05 UL
acdt
df ={ei—¢; : 1<i<j<m or m+1<i<j<m+n},
@;:{Ei—&-j :1<i<m<j<m+n}.

- _ &t & — _ot
° O =—dF o7 = -

<

A B
C D

X = ] = str(X) = tr(A) — tr(D).

v
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Root system

@ V=C"" « gl =EndC™").

m|n
® g=gl,, = g=n" &h&n", where
= P ga for T =05 UL
acdt
df ={ei—¢; : 1<i<j<m or m+1<i<j<m+n},
@;:{Ei—&-j :1<i<m<j<m+n}.

- _ &t & — _ot
° O =—dF o7 = -

<

Invariant form

X:{é‘, g] = str(X) = tr(A) — tr(D).

X, Y egl,, = r&(XY)=str(XY) is a nondegenerate invariant form.

v
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Highest weight modules of gl

m|n

@ Every irreducible finite dimensional representation of gl s a

highest weight module V) where

m|n 1

A=MX\e1+---+ )\m+n5m+n
satisfies

N €Z and A1 > - > A and)\m+12---2)\m+n.
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

Highest weight modules of gl

m|n

@ Every irreducible finite dimensional representation of gl s a

highest weight module V\ where

m|n 1

A=MX\e1+---+ )\m+n5m+n
satisfies

N €Z and A1 > - > A and)\m+12---2)\m+n.

Signed Sg-action on yed

=1
o (@ ®uva) = (1) Ty @ v,
where e(o3v1,...,va) = Y [ve(r)] - [va(s)].

1<r<s<d
o(r)>o(s)
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

@ (m,n)-hook diagram: a Young diagram D = (b1, bs,...) that satisfies
b1 < n.
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra gl

m|n

The Lie superalgebra gl

m|n

eyl duality

@ (m,n)-hook diagram: a Young diagram D = (b1, bs,...) that satisfies
b1 < n.

@ H(m,n,d) = {(m,n)-hook diagrams of size d }.
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra g[m‘n

The Lie superalgebra gl,,,

Schur—Weyl duality

@ (m,n)-hook diagram: a Young diagram D = (b1,bo,...) that satisfies
b1 < n.

@ H(m,n,d) = {(m,n)-hook diagrams of size d }.

@ Recall: V =C™I",
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra g[m‘n

The Lie superalgebra gl,,,

Schur—Weyl duality

@ (m,n)-hook diagram: a Young diagram D = (b1, bs,...) that satisfies
bm+1 < n.

@ H(m,n,d) = {(m,n)-hook diagrams of size d }.

@ Recall: V =C™ln,

@ (Sergeev 84, Berele-Regev ’87) As gl,,,|,, X Sy-module,

y®d ~ EB Vb ® Up
DeH(m,n,d)

how. of Vb = b1e1 + -+ +bmem + Of —memt1 + -+ + b, — Mem4n

where (b, —m) := max{b; — m,0}.
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Deformed CMS operators
Lie superalgebras Generalities on Lie superalgebras
The Lie superalgebra g[m‘n

The Lie superalgebra gl,,,

Schur—Weyl duality

@ (m,n)-hook diagram: a Young diagram D = (b1, bs,...) that satisfies
bm+1 < n.

@ H(m,n,d) = {(m,n)-hook diagrams of size d }.

@ Recall: V =C™ln,

@ (Sergeev 84, Berele-Regev ’87) As gl,,,|,, X Sy-module,

vl B Vo eUp
DeH(m,n,d)
how. of Vb = b1e1 + -+ +bmem + Of —memt1 + -+ + b, — Mem4n
where (b, —m) := max{b; — m,0}.

) € H(2,3,16) ~ Te1 + bea + 2e3 +e4 + &5
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|2n)

The Lie superalgebra 05p,, |2,

0 1 .
Jo = |:71 0] , Jon = diag(Jo,. .., J2)
———

n times
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|2n)

The Lie superalgebra 05p,, |2,

0 1 .
Jo = |:71 ] , Jon = diag(Jo,. .., J2)
———

0
n times
A B — At —CtJ.
©: g[m|2n - g[m|2n ) |:C D] = |:—J2nBt JQTLDt‘ZJZ’n
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|2n)

The Lie superalgebra 05p,, |2,

0 1 .
Jo 1= |:71 0] , Jon = diag(Jo,. .., J2)
N ——

n times
A B —At —CtJ.
O: g[m|2n - g[m|2n ) |:C D] = |:_J2nBt JQnDt?]Zn:|

05y 2m = {X € glypjzn © O(X) = X}
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|2n)

The Lie superalgebra 05p,, |2,

0 1 .
Jo 1= |:71 0] , Jon = diag(Jo,. .., J2)
N ——

n times
A B —At —CtJ.
O: g[m|2n - g[m|2n ) |:C D] = |:_J2nBt JQnDt?]Zn:|

05y 2m = {X € glypjzn © O(X) = X}

g::g[m\2n7 €= 05pm\2n = g:€®u@n
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The supersymmetric pair (g[mmn, nspmmn)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|gn)

The Lie superalgebra 05p,, |2,

0 1 .
Jp = [71 O] y Jon = diag(Ja, ..., J2)
———

n times
A B — At —CtJ.
©: g[m|2n - g[m|2n ) {C D] = |:—J2nBt J2nDt3;Ln:|
lJ5prn|2'n, = {X € g[m\Zn g G(X) = X}

g::g[m\2n7 ti= 05pm\2n = g=t@adn

Proposition (Sahi-S.)

For every D € H(m, 2n, d), the irreducible g-module V3, C 2 (W) contains a
unique (up to scalar) ¢-fixed vector 0 # zp.
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|gn)

The Lie superalgebra 05p,, |2,

0 1 .
Jp = [ ] y Jon = diag(Ja, ..., J2)
———

-1 0
n times
A B — At —CtJ.
O g[m|2n - g[m|2n ) {C D] = |:—J2nBt J2nDt3;Ln:|

05y 2m = {X € glypjzn © O(X) = X}

g::g[m\2n7 €= 05pm\2n = g:€®u@n

Proposition (Sahi-S.)

For every D € H(m, 2n, d), the irreducible g-module V3, C 2 (W) contains a
unique (up to scalar) ¢-fixed vector 0 # zp. (In fact z];)|Cl =slp for 6 = %)
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The supersymmetric pair (8,25, 95Pm|2n)

Main Theorem

The supersymmetric pair (g[m|2n, ospm|gn)

The Lie superalgebra 05p,, |2,

0 1 .
Jp = [ ] y Jon = diag(Ja, ..., J2)
———

-1 0
n times
A B — At —CtJ.
O g[m|2n - g[mIQn ) {C D] = |:—J2nBt J2nDt3;Ln:|

05y 2m = {X € glypjzn © O(X) = X}

g::g[m\2n7 €= 05pm\2n = QZEQBH@H

Proposition (Sahi-S.)

For every D € H(m, 2n, d), the irreducible g-module V3, C 2 (W) contains a
unique (up to scalar) ¢-fixed vector 0 # zp. (In fact z];)|Cl =slp for 6 = %)

@ (Alldridge—Schmitter ’13) Cartan-Helgason (assuming the highest weight is “high
enough”).

LDV
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The supersymmetric pair (g[m|2n, ospm|gn)

The Lie superalgebra 05p,, |2,

0 1 .
Jp = [ ] y Jon = diag(Ja, ..., J2)
———

-1 0
n times
A B — At —CtJ.
O g[m|2n - g[mIQn ) {C D] = |:—J2nBt J2nDt3;Ln:|

05y 2m = {X € glypjzn © O(X) = X}

g::g[m\2n7 €= 05pm\2n = QZEQBH@H

Proposition (Sahi-S.)

For every D € H(m, 2n, d), the irreducible g-module V3, C 2 (W) contains a
unique (up to scalar) ¢-fixed vector 0 # zp. (In fact z];)|Cl =slp for 6 = %)

@ (Alldridge—Schmitter ’13) Cartan-Helgason (assuming the highest weight is “high
enough”).

e Does not imply the above proposition.
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The eigenvalue problem

Decomposing §(82(W)) where W = 82(V)

Theorem (Brini—-Huang—Teolis 92, Cheng—Wang ’01) As a gl
W)= @B Vep.

DeH(m,n,d)

m|n-module,
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The supersymmetric pair (g[mmn, nspmmn)
Main Theorem

The eigenvalue problem

Decomposing 8§(82(W)) where W = 8§2(V)
Theorem (Brini—-Huang—Teolis '92, Cheng—Wang ’01) As a gl,,,,-module,
W)= @B Vep.

DeH(m,n,d)

The Capelli basis

Vop C8(W) hw. = A

@ DeH d) ~
€ (m,n, ) {VQ*D C gz(W) how. = \*
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The eigenvalue problem

Decomposing 8§(82(W)) where W = 8§2(V)
Theorem (Brini—-Huang—Teolis '92, Cheng—Wang ’01) As a gl,,,,-module,
W)= @B Vep.

DeH(m,n,d)

The Capelli basis

Vop C8(W) hw. =X

@ DeH d) ~
€ (m,n, ) {VQ*D C gz(W) how. = \*

@ A «» Dy e 29(W)%mi2n  Capelli basis.
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The eigenvalue problem

Decomposing 8§(82(W)) where W = 8§2(V)
Theorem (Brini—-Huang—Teolis '92, Cheng—Wang ’01) As a gl,,,,-module,
W)= @B Vep.

DeH(m,n,d)

The Capelli basis

Vop C8(W) hw. =X

@ DeH d) ~
€ (m,n, ) {VQ*D C gz(W) how. = \*

@ A «» Dy e 29(W)%mi2n  Capelli basis.

@ Vyx C P(W) = Dy : Vyur — Vyux acts by a scalar cx (™).
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The eigenvalue problem

Decomposing 8§(82(W)) where W = 8§2(V)

Theorem (Brini-Huang—Teolis 92, Cheng—Wang ’01) As a gl
W)= @B Vep.

DeH(m,n,d)

m|n-module,

The Capelli basis

Vop C8(W) hw. = A

@ DeH d) ~
€ (m,n, ) {VQ*D C gz(W) how. = \*

@ A «» Dy e 29(W)%mi2n  Capelli basis.

@ Vyx C P(W) = Dy : Vyur — Vyux acts by a scalar cx (™).

@ cy(:) € Z(a*) = H(a).
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The eigenvalue problem

Decomposing 8§(82(W)) where W = 8§2(V)

Theorem (Brini-Huang—Teolis 92, Cheng—Wang ’01) As a gl
sfw)= @ Ve

DeH(m,n,d)

m|n-module,

The Capelli basis

Vop C 8(W hw. =X
® DeHmnd) - {VQ*chg(m)o haw. = A"
2D s T

@ A «» Dy e 29(W)%mi2n  Capelli basis.
@ Vyx C P(W) = Dy : Vyur — Vyux acts by a scalar cx (™).

@ cy(:) € Z(a*) = H(a).

Theorem (Sahi-S.)

Ccx = 2zp |u + lower degree terms.
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The spectrum and interpolation polynomials

Lie superalgebras

Main Theorem

The supersymmetric pair (g[m|2n, ospm|2n)

Relation with shifted super J a_

p* e D =Dy = (b1, b,

)

= 9Dac
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The spectrum and interpolation polynomials
Lie superalgebras The supersymmetric pair (g[m‘zn, ospm‘zn)
Main Theorem

Relation with shifted super Jack polynomials

poew D =Dy = (b1,ha,...) J

Theorem (Sahi-S.)

@ cx(p”) is a polynomial in (b1,...,bm,b5,...,b5).
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'he spectrum and interpolation polynomials
Lie superalgebras The supersymmetric pair (g[m‘zn, ospm‘zn)
Main Theorem

Relation with shifted super Jack polynomials

W e D =Dy = (b1,ba,...)

Theorem (Sahi-S.)

@ cx(p”) is a polynomial in (by,...,b

b1y, br).

@ Up to the Frobenius coordinates, cx = sJ3 for § = %
pi=bi —0(i—3) — 3(n—6m)
4 =—-0""( -3

1<i<m,

D4+i0'n+m) 1<j<n
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The spectrum and interpolation polynomials

Main Theorem

The Capelli problem

The supersymmetric pair (g[m|2n, uspm|2n)

@ Action of gl

m|n

on Z(W):

Bij € gl ~ > (1)1l o, € 2oW).

= 9Dac
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The spectrum and interpolation polynomials

Lie superalgebras

The Capelli problem

The supersymmetric pair (glm|2n, uﬁpm|2n)

@ Action of gl,,, on Z(W):

Bij € gl ~ Y (1)1l o, € 29W)

® pigly,, > 22(W)




The spectrum and interpolation polynomials

Main Theorem

The Capelli problem

The supersymmetric pair (glm|2n, °5|’m|2n)

@ Action of gl

m|n

on Z(W):

® pigly,, > 22(W)
° p(z(«g[mm)) < ‘@@(W)g[mln'

Bij € glyyy, ~ > (1)l 2o, 5 € 2o(W)




The spectrum and interpolation polynomials

Lie superalgebras The supersymmetric pair (8,25, 95Pm|2n)

Main Theorem

The Capelli problem

@ Action of gl,,,, on Z(W):

m|n

Eij € glyy, ~ > _(—)IHly 20, € 2o(W).

@ pigly,, > 229(W) ~ p:U(gl,,) > PI2(W).
o 0(Z(al,y,)) C PD(W)min,
@ Question. Is it true that p(Z(gl,,,)) = PP(W)8'min?
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The spectrum and interpolation polynomials

Main Theorem

The Capelli problem

The supersymmetric pair (glm|2n, uspm|2n)

@ Question. Is it true that p(Z(gl,,,)) = PP(W)8'min?

@ m =0 or n=0: special case of Howe-Umeda ’91.

DA
7/104
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The spectrum and interpolation polynomials
Lie superalgebras The supersymmetric pair (le\2n’ °5Pm\2n)
Main Theorem

The Capelli problem

@ Question. Is it true that p(Z(gl,,,)) = PP(W)8'min?
@ m=0orn=0: special case of Howe-Umeda ’91.
@ See also Goodman—Wallach ’09, Turnbull ’47, Garding ’47.
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The supersymmetric pair (g[m‘zn, ospm‘zn)
Main Theorem

The Capelli problem

@ Question. Is it true that p(Z(gl,,,)) = P YW )9'min?
@ m=0orn=0: special case of Howe-Umeda ’91.
@ See also Goodman—Wallach ’09, Turnbull ’47, Garding ’47.

V.

Theorem (Sahi-S.)

p(Zd(g[mln)) = ZP4W)®min for every d > 0, where
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The supersymmetric pair (g[m‘zn, ospm‘zn)
Main Theorem

The Capelli problem

@ Question. Is it true that p(Z(gl,,,)) = P YW )9'min?
@ m=0orn=0: special case of Howe-Umeda ’91.
@ See also Goodman—Wallach ’09, Turnbull ’47, Garding ’47.

V.

Theorem (Sahi—S.)

p(Zd(g[mln)) = ZP4W)®min for every d > 0, where

@ Difference with Howe-Umeda: Use of the Capelli basis vs. generators
of the algebra P22 (W )%'min.
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The Capelli problem

Theorem (Sahi-S.)

p(Z4(gl,n))) = P2 (W)2'min for every d > 0.

Idea of proof

@ Passage to grading using Z2(W) = (W) ® §(W).

v
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The Capelli problem

Theorem (Sahi-S.)

p(Z4(gl,n))) = P2 (W)2'min for every d > 0.

Idea of proof
@ Passage to grading using Z2(W) = (W) ® §(W).
@ 8(W) is generated by {z;;}, satisfying x;; = (—1)I*'1ilz; ;.

v

92 /104



The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The Capelli problem

Theorem (Sahi-S.)

p(Z4(gl,n))) = P2 (W)2'min for every d > 0.

@ Passage to grading using Z2(W) & 2(W) @ 8(W).
@ 8(W) is generated by {z;;}, satisfying x;; = (—1)I*'1ilz; ;.
@ P (W) is generated by {y;,;}, satisfying y;; = (—1)|i|"j‘yi,j.

v
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The Capelli problem

Theorem (Sahi-S.)

p(Z4(gl,n))) = P2 (W)2'min for every d > 0.

@ Passage to grading using Z2(W) & 2(W) @ 8(W).
@ 8(W) is generated by {z;;}, satisfying x;; = (—1)I*'1ilz; ;.
@ P (W) is generated by {y;,;}, satisfying y;; = (—1)|i|"j‘yi,j.

@ Schur-Weyl duality = the gl,,,|,,-invariants of (W) ® §(W) are spanned by

- Z (_1)é(a;t1Y'“’td)wta(l)»tl...cpto-(d)itd , o €8y,
t1, o tq

v
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The supersymmetric pair (8,25, 95Pm|2n)
Main Theorem

The Capelli problem

Theorem (Sahi-S.)

p(Z4(gl,n))) = P2 (W)2'min for every d > 0.

@ Passage to grading using Z2(W) & 2(W) @ 8(W).

@ 8(W) is generated by {z;;}, satisfying x;; = (—1)I*'1ilz; ;.

@ P (W) is generated by {y;,;}, satisfying y;; = (—1)|i|"j‘yi,j.

@ Schur-Weyl duality = the gl,,,|,,-invariants of (W) ® §(W) are spanned by

- Z (_1)é(a;t1Y'“’td)wta(l)»tl...cpto-(d)itd , o €8y,
t1, o tq

where Qi = Zrelmyn(_1)|T|+‘1|-|]|yr,jxr,i and

dostr, .o ta) = Y. el o)+ D o) ltos)-

1<r<s<d 1<r<s<d
o(r)<o(s)

<
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The supersymmetric pair (g[mmn, nspm\Qn)
Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

to = Z (_1)6(0’2t17...,td)<ptg(1)’tl...Lpto_(d)’td , o€ Sy
t1,.rtq
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The supersymmetric pair (g[mmn, nspm\Qn)
Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

to = Z (_1)€(U§t17...,td)<ptg(1)’tl...Lpto_(d)’td , o€ Sy
t1,.rtq

@ t, depends only on the conjugacy class of o € Sy.
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The supersymmetric pair (8,25, 95Pm|2n)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by
ty = Z (_1)€(U§t17...,td)<ptg(1)’tl e Qtayta + O € Sq
t1,emrtg
@ t, depends only on the conjugacy class of o € Sy.

@ o0=01...0y, Uk:(dk+1,...,dk+1)
0=di <-- - <dpy1 =d.
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The supersymmetric pair (g[mmn, nspm\Qn)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by
ty = Z (_1)€(U§t17...,td)<ptg(1)’tl e Qtayta + O € Sq
t1,emrtg
@ t, depends only on the conjugacy class of o € Sy.

U TS Lo E Uk:(dk+1""7dk+1) = to=to - -toy,.
0=di <-- - <dpy1 =d.
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The supersymmetric pair (g[mmn, nspm\Qn)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

to = Z (_1)€(U§t17...,td)<ptg(1)’tl...Lpto_(d)’td , o€ Sy
t1,.rtq

@ t, depends only on the conjugacy class of o € Sy.

@ o=01...00, op=(dp+1,...,dxt1) = to=to -ty
0=di <-- - <dpy1 =d.

@ E;; =(—)IE,; Z;=str(E) € U(gl

m\n)

v
TOO
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The supersymmetric pair (g[mmn, nspmmn)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

ty = Z (—1)6(6;“""’td)@to(l),il""Pio(d),id , o€ Sy
t1,emrtg

@ t, depends only on the conjugacy class of o € Sy.

@ o=01...00, op=(dp+1,...,dp11) = to=to - to,.
0=di <---<dgy1 =d.

@ E;; = (-1)IIVIE, ;, Zg = str(E?) € U(glyy)n)-

@ Gelfand elements : Z; € Zd(g[m‘n).

v
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The supersymmetric pair (g[mmn, nspmmn)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

ty = Z (—1)6(6;“""’td)@to(l),il""Pio(d),id , o€ Sy
t1,emrtg

@ t, depends only on the conjugacy class of o € Sy.

@ o=01...00, op=(dp+1,...,dp11) = to=to - to,.
0=di <---<dgy1 =d.

@ E;; = (-1)IIVIE, ;, Zg = str(E?) € U(glyy)n)-

@ Gelfand elements : Z; € Zd(g[m‘n).
0 PW)RS(W) s Z9(W) , p® s pd.
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The supersymmetric pair (g[mmn, nspmmn)

Main Theorem

The Capelli problem

P(Zd(g[m|n)) = PPUW)8min for every d > 0.

Idea of proof

@ gl,,,-invariants of (W) ® (W) are spanned by

ty = Z (—1)6(6;“""’td)@to(l),il""Pio(d),id , o€ Sy
t1,emrtg

@ t, depends only on the conjugacy class of o € Sy.

@ o=01...00, op=(dp+1,...,dp11) = to=to - to,.
0=di <---<dgy1 =d.

@ E;; = (-1)IIVIE, ;, Zg = str(E?) € U(glyy)n)-

@ Gelfand elements : Z; € Zd(g[m‘n).
0 PW)RS(W) s Z9(W) , p® s pd.

o=(1,...,d) = ord(p(Zq) —m(ts)) < d.

A/
T8
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The spectrum and interpolation polynomials
Lie superalgebras The supersymmetric pair (g[mpn, ospm‘zn)
Main Theorem

Thank you!
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