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Exercise 23

Show that the restriction of the functor Man→ Diff , M 7→ DM to the category Manfin
of finite-dimensional manifolds is fully faithful.

Exercise 24

Let Y, Y ′, Z, Z ′ be diffeological spaces and f : Y ′ → Y , g : Z → Z ′ be morphisms in Diff .
Show that

Diff(Y,Z)→ Diff(Y ′, Z ′), ϕ 7→ g ◦ ϕ ◦ f

is a morphism in Diff .

Exercise 25

Show that the category Diff of diffeological spaces has arbitrary (small) colimits.

Exercise 26

Show that a morphism f : Y → Y of principal G-bundles ver Z is in local trivialisations

Φ′i ◦ f ◦ Φ−1i : Ui ×X → Ui ×X, (y, x) 7→ (y, ξi(y, x))

always given by (y, g) 7→ ξi(y) · g, where ξi : Uij → G is smooth. Deduce from this that
morphisms of principal bundles are automatically isomorphisms.

Exercise 27

Let π : Y → Z be a principal G-bundle. Show that Y ×Z Y is isomorphic to the trivial
principal G-bundle over Y . Hint: (y, y′) ∈ Y ×Z Y gives rise to a unique g ∈ G with
y′ = y · g.

Exercise 28

Let π : Y → Z be a bundle. Show that

(U ⊆◦ Z) 7→ Γπ(U) := {γ ∈ C∞(U, Y ) | π ◦ γ = idU}

is a sheaf on OpenX . This is also called the sheaf of sections of π : Y → Z.


