
Introduction

The theory of finite dimensional Lie algebras over fieldsF of positive characteristicp
was initiated by E. Witt, N. Jacobson [Jac37] and H. Zasssenhaus [Zas39]. Sometime
before 1937 E. Witt came up with the following example of a simple Lie algebra of
dimensionp (for p > 3), afterwards named theWitt algebraW(1; 1). On the vector
space

⊕p−2
i=−1 Fei define the Lie product

[ei, ej ] :=
{

(j − i)ei+j if − 1 ≤ i + j ≤ p − 2,

0 otherwise.

This algebra behaves completely different from those algebras we know in charac-
teristic 0. As an example, it contains a unique subalgebra of codimension 1, namely∑

i≥0 Fei . It also has sandwich elements, i.e., elementsc �= 0 satisfying(adc)2 = 0
(for example,ep−2). E. Witt himself never published this example or generalizations
of it, which he presumably knew of. At that time he was interested in the search for new
finite simple groups. When he realized that these new structures had only known au-
tomorphism groups he apparently lost his interest in these algebras. We have only oral
and indirect information of Witt’s work on this field by two publications of H. Zassen-
haus [Zas39] and Chang Ho Yu [Cha41]. Chang determined the automorphisms and
irreducible representations ofW(1; 1) over algebraically closed fields. He also men-
tioned that Witt himself gave a realization ofW(1; 1) in terms of truncated polynomial
rings. Namely,W(1; 1) is isomorphic with the vector spaceF [X]/(Xp) endowed with
the product{f, g} := f d/dx(g) − gd/dx(f ) for all f, g ∈ F [X]/(Xp) under the
mappingei �→ xi+1, wherex = X + (Xp).

In [Jac37] N. Jacobson proved a Galois type theorem for inseparable field exten-
sions by substituting the algebra of derivations for the automorphism group of a field
extension. More explicitly, he was able to show that the set of intermediate fields of a
field extensionF(c1, . . . , cn) : F with c

p
i ∈ F is in bijection with the set of those Lie

subalgebras of DerF F (c1, . . . , cn), which areF(c1, . . . , cn)-modules and are closed
under thep-power mappingD �→ Dp. At that early time Jacobson already introduced
the term“restrictable” for those Lie algebras, which admit ap-mappingx �→ x[p]
satisfying the equation adx[p] = (adx)p for all x. Later he preferred to use the term
“restricted Lie algebra” for pairs(L, [p]), when such ap-mapping is fixed. The Lie
algebras of linear algebraic groups overF are all equipped with a naturalp-mapping,
hence they carry canonical restricted Lie algebra structures.
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H. Zassenhaus [Zas39] generalized the construction of E. Witt in a natural way.
Let G be a subgroup of orderpn in the additive group ofF and give the direct sum⊕

g∈G Fug a Lie algebra structure via

[ug, uh] := (h − g)ug+h for all g, h ∈ G.

Such Lie algebras are now calledZassenhaus algebras. He also proved the first
classification result, saying that a simple Lie algebra having a 1-dimensional CSA (=
Cartan subalgebra) such that all roots are GF(p)-dependent and all root spaces are
1-dimensional is isomorphic tosl(2) or W(1; 1).

Since then a great number of publications on this new theory ofmodular Lie alge-
brashave appeared. We were shown how to construct analogues of the characteristic
0 simple Lie algebras [Jac41], [Jac43], [Che56], [M-S57] (these algebras, including
the exceptional ones, are calledclassicalin the modular theory), and in which way
classes of non-classical algebras (calledCartan type) arise from infinite dimensional
algebras of differential operators overC [K-S66], [K-S69], [Wil69], [Kac74], [Wil76].
In some sense [Wil76] was a cornerstone. In this paper the previously known finite
dimensional simple Lie algebras had been categorized into the classes of classical Lie
algebras and“generalized” Cartan type Lie algebras for characteristicp > 3. People
began to believe that the list of finite dimensional Lie algebras known so far could pos-
sibly be complete, at least forp > 5. There were some indications that characteristic
5 is a borderline case. In fact, additional examples of simple Lie algebras were known
in characteristics 2 and 3 (G. Brown, M. Frank, I. Kaplansky, A. I. Kostrikin) as early
as from 1967. In 1980 G. M. Melikian published a new family of simple Lie algebras
in characteristic 5 ([Mel80]), now namedMelikian algebras. The present Classifica-
tion Theory of Block–Wilson–Strade–Premet indeed proves that the classical, Cartan
type, and Melikian algebras exhaust the class of simple Lie algebras forp > 3. It
could also well be that the list of known simple Lie algebras in characteristic 3 is close
to complete. But, as an example, Yu. Kotchetkov and D. Leites [K-L92] constructed
simple Lie algebras in characteristic 2 from superalgebras. This indicates that a greater
variety of constructions could yield many more examples in characteristic 2.

A more complete history of this search for new simple Lie algebras would have
to mention many other mathematicians who prepared the ground well, whose names,
unfortunately, will remain in the dark during this short introduction.

Let us briefly describe the known simple Lie algebras forp > 3. The construction
of C. Chevalley provides in a finite dimensional simple Lie algebrag overC a basis
B of root vectors with respect to a CSAh such that the multiplication coefficients
are integers of absolute value< 5. TheZ-spangZ of B is a Z-form in g closed
under taking Lie brackets. Therefore,gF := F ⊗Z gZ is a Lie algebra overF with
basis 1⊗ B and structure constants obtained from those forgZ by reducing modulo
p. For p > 3, the Lie algebragF fails to be simple if and only if the root system
� = �(g, h) has typeAl wherel = mp−1 for somem ∈ N. If � has typeAmp−1, then
gF

∼= sl(mp) has the one dimensional center of scalar matrices and the Lie algebra
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gF /z(gF ) ∼= psl(mp) is simple. The simple Lie algebras overF thus obtained are
calledclassical. All classical Lie algebras are restricted withp-mapping given by
(1 ⊗ eα)[p] = 0 and(1 ⊗ hi)

[p] = 1 ⊗ hi for all α ∈ � and 1 ≤ i ≤ l. As in
characteristic 0, they are parametrized by Dynkin diagrams of typesAl , Bl , Cl , Dl ,
G2, F4, E6, E7, E8. We stress that, by abuse of characteristic 0 notation, the classical
simple Lie algebras overF include the Lie algebras of simple algebraicF -groups
of exceptional types. All classical simple Lie algebras are closely related to simple
algebraic groups overF .

In [K-S69] A. I. Kostrikin and I. R. Šafareviˇc gave a unified description of a
large class of non-classical simple Lie algebras overF . Their construction was mo-
tivated by classical work of E. Cartan [Car09] on infinite dimensional, simple, tran-
sitive pseudogroups of transformations. To define finite dimensional modular ana-
logues of complex Cartan type Lie algebras Kostrikin and Šafareviˇc replaced algebras
of formal power series overC by divided power algebras overF . Let Nm denote
the additive monoid of allm-tuples of non-negative integers. Forα, β ∈ Nm define(
α
β

) = (
α(1)
β(1)

)
. . .

(
α(m)
β(m)

)
andα! = ∏m

i=1 α(i)!. For 1≤ i ≤ m setεi = (δi1, . . . , δim)

and 1 = ε1 + · · · + εm. Give the graded polynomial algebraF [X1, . . . , Xm] its
standard coalgebra structure (with eachXi being primitive) and letO(m) denote the
graded dual ofF [X1, . . . , Xm], a commutative associative algebra overF . It is well-
known (and easily seen) thatO(m) has basis{x(α) | α ∈ Nm} and the product inO(m)

is given by

x(α)x(β) =
(

α

β

)
x(α+β) for all α, β ∈ Nm.

We writexi for x(εi ) ∈ O(m), 1 ≤ i ≤ m. For eachm-tuplen ∈ Nm we denote by
O(m; n) theF -span of allx(α) with 0 ≤ α(i) < pni for i ≤ m. This is a subalgebra
of O(m) of dimensionp|n|. Note thatO(m; 1) is just the commutative algebra with
generatorsx1, . . . , xm and relationsxp

i = 0 for all i. Hence it is isomorphic to the
truncated polynomial algebraF [X1, . . . , Xm]/(Xp

1 , . . . , X
p
m). There is another way

of looking at these algebras. Define in the polynomial ringC[X1, . . . , Xm] elements

X(α) := ∏m
i=1

X
α(i)
i

α(i)! . ThenPZ := ∑
α ZX(α) is aZ-subalgebra ofC[X1, . . . , Xm]

andO(m) ∼= F ⊗Z PZ under the mappingx(α) �→ 1 ⊗ X(α).
A derivationD of O(m) is calledspecial, if

D(x(α)) =
m∑

i=1

x(α−εi )D(xi)

for all α. For 1 ≤ i ≤ m, the i-th partial derivative∂i of O(m) is defined as the
special derivation ofO(m) with the property that∂i(x

(α)) = x(α−εi ) if α(i) > 0 and
0 otherwise. Each finite dimensional subalgebraO(m; n) is stable under the partial
derivatives∂1, . . . , ∂m. LetW(m) denote the space of all special derivations ofO(m).
Since eachD ∈ W(m) is uniquely determined by its valuesD(x1), . . . , D(xm), the
Lie algebraW(m) is a freeO(m)-module with basis∂1, . . . , ∂m.
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The Cartan type Lie algebraW(m; n) is theO(m; n)-submodule ofW(m) gen-
erated by the partial derivatives∂1, . . . , ∂m. This Lie algebra is canonically embed-
ded into DerO(m; n). If n = 1, it is isomorphic to the full derivation algebra of
F [X1, . . . , Xm]/(Xp

1 , . . . , X
p
m), the truncated polynomial ring inm variables. Thus

this family generalizes thep-dimensional Witt algebra.
Give theO(m)-module

�1(m) := HomO(m)(W(m), O(m))

the canonicalW(m)-module structure by setting(Dα)(D′) := D(α(D′))−α([D, D′])
for all D, D′ ∈ W(m) andα ∈ �1(m), and defined : O(m) −→ �1(m) by the rule
(df )(D) = D(f ) for all D ∈ W(m) andf ∈ O(m). Notice thatd is a homomorphism
of W(m)-modules and�1(m) is a freeO(m)-module with basisdx1, . . . , dxm. Let

�(m) =
⊕

0≤k≤m

�k(m)

be the exterior algebra overO(m) on�1(m). Then�0(m) = O(m) and each graded
component�k(m), k ≥ 1, is a freeO(m)-module with basis(dxi1 ∧ · · · ∧ dxik | 1 ≤
i1 < · · · < ik ≤ m). The elements of�(m) are calleddifferential formsonO(m).

The mapd extends uniquely to a zero-square linear operator of degree 1 on�(m)

satisfying

d(f ω) = (df ) ∧ ω + f d(ω), d(ω1 ∧ ω2) = d(ω1) ∧ ω2 + (−1)deg(ω1)ω1 ∧ d(ω2)

for all f ∈ O(m) and allω, ω1, ω2 ∈ �(m). EachD ∈ W(m) extends to a derivation
of theF -algebra�(m) commuting withd. As in the characteristic 0 case, the three
differential forms below are of particular interest:

ωS := dx1 ∧ · · · ∧ dxm, m ≥ 3,

ωH :=
r∑

i=1

dxi ∧ dxi+r , m = 2r ≥ 2,

ωK := dx2r+1 +
r∑

i=1

(xidxi+r − xi+rdxi), m = 2r + 1 ≥ 3.

These forms give rise to the following families of Lie algebras:

S(m) := {D ∈ W(m) | D(ωS) = 0}, (Special Lie algebra)

CS(m) := {D ∈ W(m) | D(ωS) ∈ FωS},
H(m) := {D ∈ W(m) | D(ωH ) = 0}, (Hamiltonian Lie algebra)

CH(m) := {D ∈ W(m) | D(ωH ) ∈ FωH }
K(m) := {D ∈ W(m) | D(ωK) ∈ O(m)ωK}, (Contact Lie algebra).
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EachX(m; n) := X(m)∩W(m; n) is a graded Lie subalgebra ofW(m), viewed with
its grading given by deg(xi) = 1 for all i if X = W , S, CS, H , CH , and deg(xi) = 1
(i �= 2r + 1), deg(x2r+1) = 2 in caseX = K.

Supposep ≥ 3. It is shown in [K-S69] that the Lie algebrasS(m; n)(1),H(m; n)(1)

andK(m; n)(1) are simple form ≥ 3 and that so isH(2; n)(2). Moreover,K(m; n) =
K(m; n)(1) unlessp|(m + 3). Any graded Lie subalgebra ofX(m; n) containing
X(m; n)(∞) for someX ∈ {W, S, CS, H, CH, K} is called a finite dimensional
gradedCartan type Lie algebra, and any filtered deformation of a graded Cartan
type Lie algebra is called a Cartan type Lie algebra.

In characteristic 5 the additional family ofMelikian algebrasM(n1, n2) occurs.

Setn = (n1, n2) ∈ N2, let W̃ (2; n) denote a copy ofW(2; n), and endow the vector
space

M(n1, n2) := O(2; n) ⊕ W(2; n) ⊕ W̃ (2; n)

with a multiplication by defining

[D, Ẽ] = [̃D, E] + 2 div(D)Ẽ

[D, f ] = D(f ) − 2 div(D)f

[f1∂̃1 + f2∂̃2, g1∂̃1 + g2∂̃2] = f1g2 − f2g1

[f, Ẽ] = f E

[f, g] = 2
(
g∂2(f ) − f ∂2(g)

)
∂̃1 + 2

(
f ∂1(g) − g∂1(f )

)
∂̃2

for all D, E ∈ W(2; n), f, g ∈ O(2; n). M(n1, n2) is a Z-graded Lie algebra by
setting

degM(D) = 3 deg(D),

degM(Ẽ) = 3 deg(E) + 2,

degM(f ) = 3 deg(f ) − 2, for all D, E ∈ W(2; n), f ∈ O(2; n).

No characteristic 0 analogue of this algebra is known. Its connection with a charac-
teristic 0 Lie algebra is of different kind. Namely, one looks at the classical simple
algebraG2 with CSAh and its depth 3 grading determined by a parabolic decomposi-
tion associated with a simple short root. Let{α1, α2} be a root base,α1 the short root
andα2 the long root. Giveα1 the degree−1 andα2 the degree 0. ThenG2 is graded,

G2,[0] = G2,α2 + h + G2,−α2, G2,[−1] = G2,α1 + G2,α1+α2,

G2,[−2] = G2,2α1+α2, G2,[−3] = G2,3α1+α2 + G2,3α1+2α2.

For a Chevalley basis ofG2 one computesαi(hi) = 2, α2(h1) = −3 = 2 (since
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p = 5), α1(h2) = −1. Thus identifying

h1 = 2x1∂1, h2 = x1∂1 − x2∂2,

eα2 = x1∂2, e−α2 = x2∂1,

eα1 = ∂̃1, eα1+α2 = ∂̃2,

e2α1+α2 = 1/2,

e3α1+α2 = ∂1, e3α1+2α2 = ∂2

gives an isomorphism of thelocal algebras
∑

i≤0 G2,[i] and
∑

i≤0 M(n1, n2)[i].

About 30 years after the first appearance of non-classical Lie algebrasA. I. Kostrikin
and I. R. Šafareviˇc [K-S66] conjectured that every simple restricted Lie algebra over
an algebraically closed field of characteristicp > 5 is of classical or Cartan type.

An early step towards the Classification had been undertaken by W. H. Mills and
G. B. Seligman [M-S57], who characterized the classical algebras by internal prop-
erties in characteristic> 3. They showed that, if a simple Lie algebra has an abelian
CSA and a root space decomposition with respect to this CSA with the properties we
are familiar with in characteristic 0, then these algebras are classical.

Note, however, that in the characteristicp situation most of the classical methods
fail to work. Generally speaking, no Killing form is available, Lie’s theorem on
solvable Lie algebras is not true, semisimplicity of an algebra does not imply complete
reducibility of its modules, CSAs in simple algebras need neither be abelian nor have
equal dimension, root lattices with respect to a CSA may be full vector spaces over
the prime field. The occurrence of the Cartan type Lie algebras indicates that filtration
methods should by very useful. In another Recognition Theorem, A. I. Kostrikin and
I. R. Šafareviˇc[K-S69] and V. Kac [Kac70] proved that a simple graded Lie algebra is
of Cartan type, if its gradation has some rather special properties. In particular, it is
required that the 0-componentL0 is close to classical.

The Kostrikin–Šafareviˇc conjecture has been proved forp > 7 by R. E. Block
and R. L. Wilson [B-W88]. Since the known classical methods no longer work in the
modular case, people had to develop a variety of new techniques. Unfortunately, these
techniques often rely on complex detailed arguments and subtle computations. The
most basic idea is to choose a suitable toral subalgebraT in the simple restricted Lie
algebraL (this choice has to be done in a very sophisticated manner), and to determine
the structure of 1-sections

∑
i∈GF(p) Liα(T ) and 2-sections

∑
i,j∈GF(p) Liα+jβ(T ).

The investigation of the 2-sections covers the hardest part of the Block–Wilson work.
From the knowledge obtained this way they construct a filtration onL, and deduce
that either the Mills–Seligman axioms or the Recognition Theorem applies for grL.
In the first caseL is classical, in the secondL is classical or a filtered deformation of
a graded Cartan type Lie algebra, hence is a Cartan type Lie algebra.

The generalization of the Kostrikin–Šafareviˇc conjecture for the general case of
not necessarily restricted Lie algebras andp > 7 has been proved by the author (partly
in conjunction with R. L. Wilson) in a series of papers, the result has been announced
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in [S-W91]. In order to achieve this result one embeds the simple Lie algebraL into
a restricted semisimple Lie algebraL[p], and proves that the essential parts of the
Block–Wilson results on the 2-sections remain valid. The last step of constructing
the filtration and recognizing the algebra, which in the restricted case had been rather
easy compared with the work on the determination of the 2-sections, is incomparably
more complicated in the general case.

About 30 years after the first definition of a non-classical Lie algebra by E. Witt,
the conjecture of A. I. Kostrikin and I. R. Šafareviˇc had been stated. After another 35
years A. A. Premet and the author have settled the remaining case of the Kostrikin–
Šafarevič conjecture, the casep = 7. Moreover, they completed the classification for
p > 3. The result is the following

Classification Theorem. Every simple finite dimensional Lie algebra over an al-
gebraically closed field of characteristicp > 3 is of classical, Cartan, or Melikian
type.

The strategy of a proof for the small characteristicsp = 7, 5 is the same as
before, however because of the small characteristic, is even more subtle. There is
some promising progress for characteristic 3 due to M. Kuznetsov and S. Skryabin,
but in my opinion the classification of the simple Lie algebras in characteristic 2 is far
beyond the range of the presently known methods.

Let us give an outline of the major steps of this classification work. In principle one
proceeds as in the classical case. Start with a root space decompositionL = H⊕⊕

Lα

with respect to a CSAH . There is, in general, no Jordan–Chevalley decomposition
of elements available. But this decomposition is a very important tool. In order to
obtain that, one needs to considerp-envelopes. There is an injective homomorphism

ad: L ↪→ L ⊂ DerL,

whereL is the subalgebra generated by adL and associativep-th powers. L is a
restricted Lie algebra (ap-envelopeof L), but it is no longer simple.

Next one takes a toral subalgebraT ⊂ L of maximal dimension. As in the classical
case one determines the structure of 1-sections and 2-sections with respect toT ,

L(α) =
∑

i∈GF(p)

Liα(T ), L(α, β) =
∑

i,j∈GF(p)

Liα+jβ(T ),

and puts this information together. In the classical case this procedure already yields
the list of Dynkin diagrams. In characteristicp things are much more involved. To
begin with, even a simple restricted Lie algebra might contain maximal toral subalge-
bras of various dimensions. Even worse, not all tori of maximal dimension are good
for our purpose, as we shall see below. So definethe absolute toral rankTR(L) of a
simple Lie algebraL to be the maximum of the dimensions of toral subalgebras inL.
This concept has to be generalized to all finite dimensional Lie algebras. One proves
thatk-sections with respect to a toral subalgebra of maximal dimension have absolute
toral rank≤ k.
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The next obstruction we face is the fact that Lie’s theorem on solvable Lie alge-
bras does no longer hold. However, various substitutes for particular cases have been
proved. Historically, every new result on this problem finally allowed an extension
of the Classification. As examples, R. L. Wilson [Wil77] proved that CSAs act trig-
onalizably onL (providedL is simple andp > 7). This was one major item for
Block and Wilson to achieve their classification result. The present author extended
this result to CSAs ofp-envelopes of simple Lie algebras, which are the 0-space for
toral subalgebras of maximal dimension [Str89/2]. This result allowed one to apply
the Block–Wilson classification of semisimple restricted Lie algebras of absolute toral
rank 2 to 2-sections ofp-envelopes of simple Lie algebras with respect to toral subal-
gebras of maximal dimension, and so became the starting point for the classification
of not necessarily restricted simple Lie algebras (p > 7). Finally, A. A. Premet clar-
ified the situation forp = 5, 7 and showed that the Melikian algebras are the only
exceptions to this trigonalizability theorem [Pre94]. This result encouraged us to start
the classification forp = 5, 7.

The semisimple quotient of a 1-sectionL(α)/ radL(α) with respect to a toral
subalgebra of maximal dimension inL has absolute toral rank at most 1, and from
this one concludes that it is(0), or contains a unique minimal idealS which has
absolute toral rank 1. IfL(α) is solvable, then due to Wilson, Premet, Strade,L(α)(1)

acts nilpotently onL (which is another important substitute for Lie’s theorem). In the
other case,S is simple containing a CSA, for which the root lattice is spanned by a
single root. At leastS is then known by a result of Wilson [Wil78] and its extension
to p > 3 by Premet [Pre86].

Next, consider theT -semisimple quotients of 2-sectionsL(α, β)/ radT L(α, β)

with respect to a toral subalgebraT of maximal dimension inL. The T -socle of
this algebra is defined to be the direct sum

⊕
Si of all its minimalT -invariant ideals.

These algebrasSi are either simple or, due to Block’s theorem (see below) of the form
S̃i ⊗F O(m; 1), whereS̃i is a simple Lie algebra. One can prove that the simple
ingredients of the socle have absolute toral rank≤ 2. This result implies that one has
to classify the simple Lie algebrasM with TR(M) = 2 in order to obtain the necessary
information on the 2-sections. I shall now indicate some principles of a proof for this
case in the work of Premet–Strade.

(A) Choose aT -invariant filtration ofM,

M = M(−r) ⊃ · · · ⊃ M(s) ⊃ (0), [T , M(i)] ⊂ M(i).

At first one has to decide if such a filtration exists for whichM(1) �= (0). To attack
that problem we constructT -sandwiches, i.e., elementsc ∈ M satisfying

[T , c] ⊂ Fc �= (0), (adc)2 = 0.

One first decides on the existence of an element satisfying(adx)3 = 0, which is
difficult only in the casep = 5. Then one uses Jordan algebra theory to construct
sandwiches. The result is the following.
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Theorem ([P-S97]). Let M be a simple Lie algebra of absolute toral rank2 over an
algebraically closed field of characteristicp > 3. ThenM is either classical or of
Cartan typeH(2; 1; 
(τ))(1), or there is a2-dimensional toral subalgebraT in the
semisimplep-envelope ofM such thatM containsT -sandwiches.

HereH(2; 1; 
(τ))(1) is a filtered deformation of a graded Hamiltonian algebra.
EveryT -sandwichc gives rise to a filtration of the required form, namely letM(0) be
a maximalT -invariant subalgebra ofM containing ker(adc). Then[M, c] ⊂ M(0)

andc ∈ M(1) hold. Here is the place to make a comment on the toral subalgebra. In
W(1; 1) = DerO(1; 1) the “good” toral subalgebraFx∂ respects the natural filtration.
There areFx∂-sandwiches. The toral subalgebraF(1 + x)∂ does not respect the
natural filtration and in fact there are noF(1 + x)∂-sandwiches. One would like to
start with a toral subalgebra, which behaves “well” simultaneously in all 1-sections,
but it is not clear at the beginning whether there are “globally well behaving” toral
subalgebras.

(B) One now has to make very technical choices ofT andM(0). By the above
theorem we may assume thatM(1) �= (0). PutG := grM, let M(G) be the maximal
ideal ofG in

∑
i<0 Gi and setḠ := G/M(G). By a result of Weisfeiler [Wei78],̄G is

semisimple and has a unique minimal idealA(Ḡ). This is a graded ideal. In this step
it is our goal to gain information on this minimal ideal and then lift this information
to determineM.

Thus let us look at semisimple Lie algebras. In characteristicp, semisimple
algebras are not necessarily direct sums of simple algebras.

Theorem ([Blo68/1]). Let I be a minimal ideal in a semisimple Lie algebraL. Then
there arem ≥ 0 and a simple Lie algebraS such that

I ∼= S ⊗ O(m; 1),

I ∼= adI I ⊂ adI L ↪→ (DerS) ⊗ O(m; 1) + IdS ⊗W(m; 1).

SupposeA(Ḡ) is isomorphic toS ⊗ O(m; 1), whereS is simple andm �= 0. The
technical choice ofT andM(0) eventually gives

S ∼= H(2; 1)(2), S0 ∼= sl(2), G−2 = (0), m = 1.

As a consequence,G = ⊕
i≥−1 Gi is graded of depth 1. In particular,M(G) = (0)

andḠ = G. ThereforeG0 = (
sl(2) ⊗ O(1; 1)

) ⊕ (
Id ⊗D

)
, whereD ⊂ W(1; 1).

The multiplication ofM gives rise to ansl(2)-invariant pairingG−1 × G−1 → D .
Determining this pairing yieldsp = 5,D = sl(2). This last result allows to construct
another maximal subalgebraM{0} of M of codimension 5, and shows that the graded
algebra associated with the standard filtration determined byM{0} is Melikian. From
this one deduces thatM is a Melikian algebra, ifm �= 0.

(C) So we may assume thatm = 0. Arguing with the absolute toral rank one
obtains that

A(Ḡ) = S is simple, TR(S) = 2.
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Suppose thatS is in the list of the Classification Theorem. It follows from the prop-
erties ofM/M(0) and the representation theory of these simple Lie algebras that
M(G) = (0). ThenḠ = G = grM ⊂ DerS and henceM is a filtered deformation
of G. This means that there is a Lie algebraQ over the polynomial ringF [t], such
that

Q/(t − λ)Q ∼= M if λ �= 0, Q/tQ ∼= G ⊃ S.

SinceM contains sandwiches, so doesG. ThenS cannot be classical.
SupposeS is Melikian. ThenS has a CSAH , for whichH(1) acts non-nilpotently.

HenceG does so, andM does so as well. But thenM is a Melikian algebra, since this
is the only algebra having such a CSA.

SupposeS is of Cartan type. Recall thatG is Z-graded. This grading defines a
1-dimensional algebraic torus in AutS. By classical theory of linear algebraic groups
this torus can be mapped under conjugation into a naturally given maximal torus. As
a result, one associates a degree with the generatorsx1, . . . , xm, this defines a grading
of S, and thenG is obtained up to isomorphisms as a graded subalgebra of DerS. Due
to the technical choice ofM(0) the only possible grading is the natural grading. Then
M is of Cartan type.

(D) So we are left with the case thatS is a counterexample to the Classification
Theorem. One repeats applying the gr-operator for good choices of the toral subalgebra
T and the maximal subalgebraM(0), and by this one obtains very strong information
on the number and dimensions of theT -weight spaces of

∑
i<0 Si .

The most difficult task now is to describe the extension

0 → radS0 → S0 → S0/ radS0 → 0.

Applying the theory of Cartan prolongation, Skryabin [Skr97] proves that one of the
following cases occurs.

radS0




= (0),

= C(S0) is 1-dimensional,

�= C(S0) is abelian.

In the first case one applies the method mentioned in (B) of determining semi-
simple Lie algebras, in the second case one concludes that(S0/ radS0)

(2) ∈
{sl(2), W(1; 1), H(2; 1)(2)}. The central extensions of these algebras are known.
In the third case one proves thatS−1 is a coinducedS0-module, and similar to the
method mentioned in (B) there is a simultaneous realization

S−1 ∼= V ⊗ O(m; 1), m > 0

S0 ↪→ gl(V ) ⊗ O(m; 1) + IdV ⊗W(m; 1).

The theory of Cartan prolongation then yields that in this case (withπ2 the projection
ontoW(m; 1))
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– π2(S0) is O(m; 1)-invariant, whenceπ2(S0) = (0) or π2(S0) = W(m; 1), and

– the extension splits.

This then gives the required list forS0. Our detailed knowledge onT -weights of∑
i<0 Si in combination with the representation theory ofS0 finally yields thatS0 is

abelian. But thenS is classical or of Witt type. Hence there is no graded counterex-
ample. This proves the theorem for the case TR(M) = 2.

Now return to the general case. By the former investigations the simple ingredients
S̃i of the T -semisimple quotients ofT -2-sections of any simple Lie algebraL are
known. This information then provides a list of 2-sections.

In a next step one determines some of the simple Lie algebrasM with TR(M) = 3.
Suppose all 1-sections ofM with respect to a torus of maximal dimension are

solvable. Then there is a 2-section having a semisimple quotient isomorphic to
H(2; 1; 
(τ))(1). The representation theory of this algebra yields information, which
allows to determine the multiplication ofM.

Suppose all 1-sections are solvable or classical, and there are 1-sections of either
type. Then one shows that there is a 2-section of typeH(2; 1; 
(τ))(1). The represen-
tation theory of this latter algebra yields a contradiction. So this case is impossible.

Suppose all non-zero 1-sections are classical. Then one rather easily shows that
M is generated by elementsx satisfying(adx)3 = 0. For such elements exp(adx) is
an automorphism ofM (sincep ≥ 5). The theory of linear algebraic groups shows
that the connected component of AutM is simple and the Lie algebra of this group is
M. ThenM is classical.

SupposeM has a 2-section of Melikian type. ThenM contains non-trigonalizable
CSAs, and from this one deduces that the 2-sections have semisimple quotients of
Melikian type or typeH(2; (1, 2)) only.

Now one puts all the information together. Start with an arbitrary toral subalgebra
T in L of maximal dimension. Thek-sections (k = 1, 2) are known. Every 1-section
is solvable, or classical, or has a distinguished subalgebra of maximal dimension.
There is a procedure (D. Winter’s toral switching) to pass to another toral subalgebra
T ′ of maximal dimension which stabilizes all these distinguished subalgebras ofT ′-
1-sections (that requires arguing inT ′-2-sections as well). Looking at 2-sections one
realizes that the sum of all distinguished subalgebras is aT ′-invariant subalgebraL(0)

of L, which gives rise to a filtration satisfyingL(1) �= (0). The partial knowledge
on the 3-sections gives information onL(0), and this information allows to apply the
Mills–Seligman theorem toL(0)/L(1). Thus one knows gr0 L, and this enables one to
apply the Recognition Theorem to grL. Once knowing grL one can determineL.

So far we mentioned only those authors who announced and proved the respective
final classification results. It should be said that, of course, many other mathematicians
have contributed to these results. Thus a large number of publications has to be read
if someone tries to follow the classification from the beginning to the end. It is rather
hard to do so. Some of these publications are even not easy to accede, most of them
use very specific techniques and rather detailed computations. People often realized
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that, in order to achieve a next result, they had to modify some older concepts and
terminology. It was inevitable that some attempts led into a fruitless direction and
some became superfluous.

This two-volume work will include a complete presentation of the classification
of the simple Lie algebras over an algebraically closed field of characteristicp > 3,
in the sense that a list of simple Lie algebras will be presented, and a proof will be
given that this list is complete. I have included all definitions and almost all proofs.
The prospective reader is supposed to be familiar with major parts of [S-F88]. In fact,
I shall often use [S-F88] as a reference, even for results which originally have been
proved elsewhere. Besides that only some very fundamental results like the Mills–
Seligman characterization of classical algebras, Kac’Recognition Theorem, and some
basic results on linear algebraic groups will be included without giving proofs.

The original Classification Theorem does not say anything about isomorphism
classes. The present monograph will also include the solution of this isomorphism
problem, as is given in a variety of publications of several authors. There are no
isomorphisms between algebras of the different types of classical, Cartan, and Me-
likian algebras (p > 3). Among the classical algebras there are only the natural
isomorphisms. TheWitt andContactalgebras are weakly rigid, this meaning that no
non-trivial filtered deformation of naturally gradedWittorContactalgebras exist. The
isomorphism classes ofWitt, Special, andContactalgebras are determined, and so are
those of theMelikianalgebras. The isomorphism classes ofHamiltonianalgebras are
ruled by the orbits of Hamiltonian differential forms under a subgroup of automor-
phisms. Determining these has been accomplished by Skryabin. It was a challenging
task, and its complete presentation lies beyond the scope of this book. So we include
the result but only part of its proof. We shall use in the Classification Theory only
those parts which are proved in this monograph.

Finally, a list of all presently known simple Lie algebras over algebraically closed
fields of characteristic 3 is included.

The main classification work will be presented in Volume 2, while Volume 1
contains methods and results which are of general interest. More detailed, Volume 1
contains the following.

Chapter1. The basic concepts of ap-envelopeand theabsolute toral rankof
an arbitrary Lie algebra are introduced. The universalp-envelope ofL is the Lie
subalgebraL̂ of U(L) spanned byL and iterated associativep-th powers. Every
homomorphic imagêL/C with C ⊂ C(L̂), C ∩ L = (0), is called ap-envelope
of L. The absolute toral rank TR(L) of a finite dimensional Lie algebraL is the
maximum of dimensions of toral subalgebras ofL̂/C(L̂). Note that in contrast to the
characteristic 0 theory CSAs of simple Lie algebras over algebraically closed fields
of positive characteristic need not be toral subalgebras, but may contain ad-nilpotent
elements. The absolute toral rank substitutes the concept of the rank of a simple Lie
algebra in characteristic 0, and thus is an important measure of the size of a Lie algebra.
Several results on the absolute toral rank of subalgebras and homomorphic images are
proved. In particular, TR(L) ≥ TR(grL) holds for filtered algebras. Finally, we
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present a construction due to D. Winter which allows a controlled switching from one
maximal toral subalgebra to another. It is shown that all toral subalgebras of maximal
dimension in a finite dimensional restricted Lie algebra are Winter conjugate.

Chapter2. The restricted universal enveloping algebrau(L̂) allows a comul-
tiplication � : u(L̂) → u(L̂) ⊗ u(L̂). Thus the dual space HomF (u(L̂), F ) is an
algebra. In addition, it carries a unique structure ofdivided powersf �→ f (a) for
all f satisfyingf (1) = 0 and alla ∈ N, with respect to whichL acts asspe-
cial derivations. This means that everyD ∈ L respects this divided power map-
ping, i.e.,D(f (a)) = f (a−1)D(f ) holds for all suchf ∈ HomF (u(L̂), F ). Then
HomF (u(L̂), F ) =: O((m)) (with m = dimL) is a divided power algebraand
W((m)) is theWitt algebraof special derivations ofO((m)). These algebras are
the completions with respect to a naturally given topology of the respective alge-
brasO(m) andW(m) introduced earlier. Every restricted subalgebraK of L̂ de-
fines aflag E(K) on L by Ei (K) := {x ∈ L | xpi ∈ K + L̂(pi−1)}, a flag al-

gebraHomu(K)(u(L̂), F ) ∼= O((m; n)) (with m = dimL/L ∩ K), and a Witt al-
gebraW((m; n)). The Lie algebraL is naturally mapped intoW((m; n)). This
mapping is atransitive homomorphism, which means that the image ofL spans
W((m; n))/W((m; n))(0). If L(0) is a maximal subalgebra ofL andK = Nor

L̂
L(0),

andL(0) contains no ideals ofL, then this homomorphism is aminimal embedding.
For the filtered Lie algebrasL relevant in the Classification Theory one obtains a simul-
taneous minimal embedding ofL and grL into the sameW(m; n). This simultaneous
embedding is known as thecompatibility propertyof Cartan type Lie algebras.

Chapter3. Let K be a restricted subalgebra ofL̂ of finite codimension. Then
u(L̂) : u(K) is a free Frobenius extension. Therefore coinduced objects are in-
duced objects and vice versa. A Blattner–Dixmier type theorem describes irreducible
L-modules as induced from smaller algebras and modules. This result is a main part of
the proof for Block’s theorems on derivation simple algebras and modules. The proof
presented here treats algebras and their modules simultaneously. It also yields a useful
normalization of toral subalgebras in case that the algebra in question is a restricted
Lie algebra (whereas the underlying module need not be restricted). LetL be filtered.
Due to Weisfeiler’s theorem the semisimple quotientgrL := grL/ rad grL has a
unique minimal idealA(grL). The proof of Block’s theorem also gives a conceptual
proof for Weisfeiler’s structure theorems onA(grL).

Chapter4. The simple Lie algebras ofclassical, Cartan andMelikian type are
introduced. It is shown that the Cartan and Melikian algebras carry a distinguished
natural filtration. In addition, the list of all presently known simple Lie algebras in
characteristic 3 is presented.

Chapter5. An important observation made by Kostrikin and Šhafareviˇc and by Kac
states that a graded Lie algebraL is determined by its non-positive part

∑
i≤0 gri L,

provided this non-positive part has some (rather strict) properties. We develop this
theory by employing cohomology theory. As a result, various Recognition theorems
including the Weak Recognition Theorem and Wilson’s theorem are proved, which
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state that a simple Lie algebra having certain additional properties is of classical,
Cartan or Melikian type. Although the general Recognition Theorem is valid only for
p > 3, large parts of this chapter are valid forp = 3 as well.

Chapter6. In this chapter a complete solution of the isomorphism problem of
classical, Cartan type, and Melikian algebras is given. For every isomorphism class
of the Cartan type Lie algebras a sample is exhibited as a subalgebra of an adequate
Witt algebra.

Chapter7. In this chapter the derivation algebras and automorphism groups of
Cartan type and Melikian algebras are determined. We describe thep-envelopes of
the simple Lie algebras in their derivation algebras, and prove Kac’ result, that the
only simple restricted Lie algebras of Cartan type are those of the formX(m; 1)(2)

(X = W, S, H, K), and also show that the only restricted Melikian algebra isM(1, 1).
It will be proved that all gradings of the Cartan type Lie algebras occur in a natural
way by a degree function on the underlying divided power algebra, i.e., by assigning
degrees to the generatorsx1, . . . , xm. Maximal tori of the restricted Cartan type Lie
algebras are determined up to algebra automorphisms (Demuškin’s theorems). Finally
the simplest type of algebras, namelyW(1; n), is discussed in detail.

Chapter8. Three different techniques are presented which have tremendous im-
pact in the Classification. This is the technique of Cartan prolongation and some
generalization, the pairing of induced modules into Witt algebras, and a pairing of
induced modules into another induced module. The first will give us information on
the 0-component of graded Lie algebras, the second will provide information on fil-
tered deformations, and the third is an important result on trigonalizability of solvable
subalgebras (a substitute of Lie’s theorem).

Chapter9. This chapter contains a first classification result in the spirit of Premet–
Strade. Namely, all simple Lie algebrasL are classified, which satisfy one of the
following conditions:

– L contains a maximal subalgebraQ for whichQ/nil(Q, L) is nilpotent;

– L contains a solvable maximalT -invariant subalgebra (T a torus in DerL) and
p > 3;

– L contains a CSAH of toral rank TR(H, L) = 1.

In the first caseL is isomorphic to one ofsl(2) or W(1; n), and in the other two cases
L is of this type or a filtered deformation ofH(2; n).

As a general assumption,F always denotes the ground field, which isalgebraically
closed of positive characteristicp. Although the Classification Theory essentially
needs the assumptionp > 3, I presented all results in as a general form as possible.
The techniques and results of Chapters 1–3 are of rather general nature. All results of
these chapters are valid forall positive characteristics.Beginning with Chapter 4 the
assumptionp ≥ 3 is needed, only few results of Chapters 4–7 and 9 needp > 3. In
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Chapter 8 the situation is different, where many of the results are true only forp > 3.
The assumptionp > 3 will be needed in full, however, in the second volume.

This two-volume publication covers a large part of my scientific work during the
last 20 years. I therefore feel that this is the right place to say “thanks” to some math-
ematicians, who made this work possible or promoted it by cooperation and encour-
agement. I am greatly indebted to my supervisor Hel Braun (3.6.1914–15.5.1986).
Her support was really quite unusual, her everlasting confidence had been an ex-
treme encouragement to me, and without her I would find myself at a different place.
A. I. Kostrikin (12.2.1929–22.9.2000) and G. B. Seligman have always been an exam-
ple to me. There were important moments, when their advice was a great help to me.
During the academic year 1987–1988 the University of Wisconsin, Madison, hosted
a Special Year of Lie Algebras organized by J. M. Osborn and G. Benkart. This event
drew my attention to the Classification Problem. The warm and friendly atmosphere
during this year brought to light the best talents of all participants. Since these days
ties of friendship connect my family with the organizers, participants and the place of
this conference. Basic first steps towards the Classification had been done during this
year, but it was a long way to go until the proof of the main theorem was completed.
One difficult case, at the time the last open case forp > 7, could be solved in cooper-
ation with R. L. Wilson (Rutgers University) as early as 1990. We had announced the
Classification forp > 7 ([S-W91]), although the complete publication of all proofs
lasted until 1997. I say thanks to R. L. Wilson for the pleasant cooperation. The
more challenging work on the small characteristicsp = 7, 5 became a joint project
with A. A. Premet. At first he stayed in Hamburg for more than a year, then the work
turned into a long-distance cooperation Manchester–Hamburg. This long lasting in-
tense work was a source of great pleasure and let friendship grow. I would not want
to miss that.
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