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The goal of this sheet is to thoroughly investigate the symplectic algebra sp(2n, C).

Exercise 1. Let K =R or K = C. Given an nxn-matrix M € Mat(n, K), denote by
MT the transpose if K = R and the hermitian conjugate (that is, MT = Mt) it K =C.
Let g C Mat(n, K) be a Lie subalgebra with the property that whenever M € g, then
also MT € g.
(1) Define (—,—): g x g—K as (M, N) = tr(MNT). Show that this is a scalar
product on g.
(2) Given a subset S in g, define ' = {x € g | (x,s) = 0Vs € S}. Show that if I is
an ideal, so is I'.
(3) Show that if I C g is an ideal, then g = I @ I’. Conclude that g = €, g; where
each g; has no proper ideals.
Remark: g; is not necessarily simple as it may still be abelian.
(4) Show that if g has trivial centre, then g is semisimple.
(5) Let K be any field of characteristic 0. Show that sp(2n, K') has trivial centre. In
particular, sp(2n,C) is semisimple.

Exercise 2.  Consider the semisimple Lie algebra sl(2n, C). Define, for 1 < i,j < n,
the (2nx2n)-matrices

Xij=FEij— Enyjnti s Yij = Eintj+ Ejpti s Zijg = Entij+ Entji -
Let
h=spanc{ X;;|i=1,...,n}.

(1) Define the sets X = {X;; | ¢,7 =1,....,n}, Y ={Yi; | 1 <i < j < n},
Z=A{Z;;]1<i<j<n}. Showthat X UY UZ is a basis of sp(2n, C).
(2) Give the adjoint action of

h - ihl Xi,i € f)
i=1

(h; € C) on each of the X;
sp(2n, C).
(3) Show that b is a maximal toral subalgebra (also called Cartan algebra) of sp(2n, C).
1

j» Yij, Zi;. Conclude that b is a toral subalgebra of
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(4) Define the basis {x; }i=1,.., of the dual space b* via x;(X; ;) = d; ;. Give the roots
of sp(2n,C) in terms of the x;.
Hint: You should find 2n? roots.

Exercise 3. Recall the Cartan subalgebra b of sp(2n,C) defined in the previous
exercise, as well as the matrices X ;.
(1) Let h, ke [] be given by h = Z?:l hszz,z and k = Z?:l lew, (Wlth h“kl S C)
Show that Rsp(2n,C) (h, k) = 4(n + 1) Z?:l hl kl
Hint: In the previous exercise you found that the roots of sp(2n,C) are

{£xi x|l <i<j<n}u{x2x;|i=1,...,n}.
(here +x; £ x; stands for four distinct terms).

(2) Show that F = {Z?:l lz Xi ’ ll € R} and that (X“ Xj) = méi’j.

(3) In the case of sp(4,C) (so n = 2), verify that there is an isometry E—R? such
that the image of the root system is:

K

Exercise 4.  Using the roots of sp(2n, C) found in Exercise 2 and recalled in Exercise
3, show that a possible choice of base A for ® is {ay,...,a,} with

a; =%Xi — Xir1 (fori=1,...,n—1) and «,=2x, .
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