EXERCISES, COMPLEX GEOMETRY, UNIVERSITY OF HAMBURG,
WINTER SEMESTER 2015/2016

P. SOSNA

SHEET 5

Exercise 1. The following exercise is taken from the book “Introduction to Commu-
tative algebra” by Atiyah-MacDonald.

Let I be a partially ordered set, that is, we have a relation < which is reflexive,
antisymmetric and transitive. We call I a directed set if for each pair i,7 € I there
exists a k € I such that i < k and j < k. Now let (M;);c; be a family of modules over
a ring R, indexed by a directed set I. Assume that for each pair 7,7 € I, there exists
a homomorphism p;;: M;— M, such that (1) p; = idy; for all ¢ (2) pur = pjk © fj
whenever ¢ < j < k. We call the datum (M;, p;;) a direct system.

Let C be the direct sum of all the M; and identify every M; with its image in C. Let
D be the submodule of C' generated by elements of the form x; — p;;(z;) where ¢ < j and
x; € M;. Set M := C/D, let u: C— M be the projection and let p; be the restriction
of i to M;. The module M with the homomorphisms p;: M;— M is called the direct
limit of the direct system and written lim M.

(1) Show that p; = p; o p1;; whenever i < j.

(2) Show that every element in M can be written as p;(z;) for some i € I and some
x; € M;.

(3) Prove that if V is any R-module such that for any ¢ € I there exists a homomor-
phism «;: M;— N satisfying a; = o o p;; for ¢ < j, then there exists a unique
homomorphism «: M — N such that a; = a o y; for all ©+ € I. In particular, the
direct limit is unique.

Exercise 2. (compare [2] Ex. 2.2.1]) Verify the cocycle descriptions given in Propo-
sition 5.5(1)-(3) in the lecture.

Exercise 3. [2, Ex. 2.2.3] Show that for any holomorphic vector bundle E of rank r
there exists a non-degenerate pairing

/\k E x /\’"_k E— det(E).

Deduce that there is a natural isomorphism of holomorphic vector bundles /\kE ~
N FE* @ det(E).

Exercise 4. [2, Ex. 2.2.4] Show that any homomorphism f: F—F of holomorphic
vector bundles E and F' induces a natural homomorphism f ®idg: F ® G—F ® G for

any holomorphic vector bundle G. Show that if f is injective, then so is f ® idg.
1



P. SOSNA

REFERENCES

| R. Hartshorne, Algebraic geometry, Springer, New York, 1977.

| D. Huybrechts, Complexz geometry: An introduction, Springer, Berlin (2005).

] M. Kashiwara and P. Shapira, Sheaves on manifolds, Springer, Berlin (1994).

] C. Schnell, Complex manifolds, available at http://www.math.stonybrook.edu/~cschnell/.

] C. Voisin, Hodge theory and complex algebraic geometry, Cambridge University Press, Cambridge
(2002).


http://www.math.stonybrook.edu/~cschnell/

	Sheet 5
	References

