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Exercise 1. (compare [2, Ex. 3.1.8]) Using that on an n-dimensional compact Kähler
manifold with Kähler form ω we have the equality

∫
X
ωn = n! · vol(X), show that there

is an injective ring homomorphism R[x]/xn+1 //H∗(X,R). Conclude that only the two-
dimensional sphere admits a Kähler structure.

Exercise 2. [2, Ex. 3.2.1] Let X be a Kähler manifold. Show that the Kähler form ω
is harmonic.

Exercise 3. [2, Ex. 3.2.6] Show that the odd Betti numbers of a Kähler manifold are
even.

Exercise 4. [2, Ex. 3.2.10] Show that on a compact hermitian manifold any d-harmonic
(p, q)-form is also ∂-harmonic.

Exercise 5. (compare [2, Ex. 3.2.11]) Use the ring isomorphism H∗(Pn,Z) '
Z[x]/xn+1 (where x has degree 2) to show that Hp,q(Pn) = 0 except for p = q ≤ n. Fur-
thermore, prove thatHp,p(Pn) is one-dimensional for p ≤ n and deduce that Pic(Pn) ' Z.
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