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P. SOSNA

SHEET 7

Exercise 1. cf. [2, Ex. 4.2 & 4.4]

a) Let A be a ring and I let be an ideal which is equal to its radical. Show that I
has a (possibly infinite) primary decomposition without embedded primes.

b) If f: A— B is a ring homomorphism and [ is p-primary in B, then I¢ is p°-
primary in A. Show that the converse holds if f is surjective.

c) Let A = Z[t]. Show that m = (2,¢) is a maximal ideal, that J = (4,t) is m-
primary but J is not a power of m.

Exercise 2. [3, Ex. 10.5] Let A =Z[t]/(t*+3) and [ = (2) C A.
a) Show that there exists a unique maximal ideal m such that A/m ~ Z/27Z.

b) Prove that rad/ = m and deduce that I is m-primary.
c¢) Show that I is not a product of prime ideals.

Exercise 3. [1, Ex. 18.7] Let k be a field, A = k[X,Y] and I = (X? XY). Show that
rad/ is prime and that I is not primary. Prove that if fg € I, then either 2 € I or
g el
Exercise 4. [1, Ex. 18.16] Let k be a field, A = k[X,Y,Z] and [ = (XY, X —Y 7).
Show that

I=(X,2)Nn(Y3,X -YZ)
and that this is a minimal primary decomposition of I.
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